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1 Loop groups

1.1 The Iwahori subgroup

A common setup is where F is the field of fractions of o, the discrete valuation ring o is the
ring of integers in F, p is the unique maximal ideal in o and k = o/p is the residue field. The
favourite examples are

F = C((t)) o = C[[t]] k = C,
F = Qp o = Zp k = Fp,
F = Fq((t)) o = Fq[[t]] k = Fq,

where Qp is the field of p-adic numbers, Zp is the ring of p-adic integers, and Fq is the finite field
with q elements.

The diagram

F

∪pp
o −→ k = o/p

gives

G = G(F)

∪pp ∪pp
K = G(o) Φ−→ G(k)

∪pp ∪pp ∪pp
I = Φ−1(B(k)) −→ B(k) ,

where
B(k) is the group generated by xα(c) and hλ∨(d)

for α ∈ R+, λ∨ ∈ P∨, c ∈ k, d ∈ k×. Then I is the Iwahori subgroup of G,

G(k)/B(k) is the flag variety,

G/I is the affine flag variety, and G/K is the loop Grassmanian.

If t is the generator of the maximal ideal p,

Ñ = 〈nα, hλ∨(d), hλ∨(t) | α ∈ R+, λ∨ ∈ P∨, c ∈ k×〉,
H = 〈hλ∨(d) | λ∨ ∈ P∨, d ∈ k×〉, and

W̃ = W n P∨ = {tλ∨w | λ∨ ∈ P∨, w ∈W},
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then H is a normal subgroup of Ñ and the map

W̃ −→ Ñ/H
sα −→ nαH
tλ∨ −→ hλ∨(t−1)H

is an isomorphism.

Since H ⊆ I the coset notation wI makes sense for w ∈ W̃ .
The following theorem is a consequence of ??? and ???.

Theorem 1.1. With notations as in (???), (???) and (???)

Bruhat
decomposition

G(k) =
⊔
w∈W

BwB K =
⊔
w∈W

IwI

Iwahori
decomposition

G =
⊔
w∈W̃

IwI G =
⊔
v∈W̃

U−vI

Cartan
decomposition

G =
⊔

λ∨∈P∨+

Ktλ∨K G =
⊔

µ∨∈P∨
U−tµ∨K

Iwasawa
decomposition

1.2 G/I points in IwI

Let R̃ = R+ Zδ and define

xα+jδ(c) = xα(ctj) and h(α+jδ)∨(d) = hα∨(d),

for α+ jδ ∈ R̃, c ∈ k and d ∈ k×. The action of W̃ on R̃ is determined by

wxα+jδ(c)w−1 = xw(α+jδ)(c) mod H.

The analog of R+ for G is

R̃I = {α+ jδ | xα+jδ(c) ∈ I for c ∈ k}
= {α+ jδ | α ∈ R+, j ∈ Z≥0} t {−α+ jδ | α ∈ R+, j ∈ Z>0}.

and the length of w ∈ W̃ is

`(w) = Card(R(w)) where R(w) = {α+ jδ ∈ R̃I | w(α+ jδ) 6∈ R̃I}.

The simple reflections s0, . . . , sn are the elements of length 1 in W̃ and the simple roots α0, . . . , αn
are determined by

R(si) = {αi} and we define Ω = {γ ∈ W̃ | `(γ) = 0}.

If `(γ) = 0 then
IγI = γIγI = γI.

Since
IsjI = sjI

sjI = sjX−αjI = XαjsjI,
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{xj(c)sjI | c ∈ k} ⊆ IsjI. If xj(c′)sjI = xj(c)sjI then sjxj(c′− c)sj ∈ I and x−αj (c
′− c) ∈ I so

that c′ − c = 0 and c′ = c. Thus

{xαj (c)sj | c ∈ k} is a set of coset representatives of the I-cosets in IsjI.

The elements of length 0 and 1 generate W̃ . If w = γsi1 · · · si` is a reduced word for w then

γxi1(c1)si1 · · ·xi`(c`)si`I = xβ1(c1) · · ·xβ`(c`)wI ∈ IwI,

since β1 = αi1 , β2 = si1αi2 , . . ., β` = si1 · · · si`−1
αi` are all in R̃I .

Proposition 1.2.

(a) Let w ∈ W̃ . Then

IwI · IsjI =

{
IwsjI, if wsj > w,
IwI ∪ IwsjI, if wsj < w.

(b) G =
⊔
w∈fW

IwI.

(c) Let {yj(c) | c ∈ k} be coset representatives of the I-cosets in IsjI. Let w ∈ W and let
w = si1 · · · si` be a reduced word for w. Then

{yi1 · · · yi`(c`) | c1, . . . , c` ∈ k},

is a set of coset representatives of the I-cosets in IwI.

Proof. First note that

IsjI · IsjI = IIsjI = IX−αjI = X−αjI = I ∪ IsiI.

If wsj > w then wαj ∈ R+ and

IwI · IsjI = IwsjI
sjI = IwsjX−αjI = IXwαjwsjI = IwsjI,

and if wsj < w then

IwI · IsjI = IwsjI · IsjI · · · IsjI = IwsjI · (I ∪ IsjI) = IwsjI ∪ IwI.

(b) Assume IwI = IvI. If `(w) = 0 then v ∈ IwI = wI and w−1v ∈ I giving that w−1v = 1,
since I ∩ Ñ = H. If `(w) > 0 let sj be a simple reflection such that wsj < w. Then

IwsjI ⊆ IwI · IsjI = IvI · IsjI so that IwsjI = IvsjI or IwsjI = IvI,

since IvI · IsjI ⊆ IvsjI ∪ IvI. If IwsjI = IvI then, by induction, wsj = v and IwsjI = IvI =
IwI so that wsj = w. Since this is impossible, it must be that IwsjI = IvsjI so that, by
induction, wsj = vsj . Hence w = v. (c) Since G is generated by I and the xα(c)sα ∈ IsαI.
G =

⊔
w∈fW

IwI.

(d) By induction on `, the product IwI · IsjI contains the points in the sets

yi1(c1) · · · yi`(c`)I · IsjI = yi1(c1) · · · yi`(c`)IsjI = {yi1(c1) · · · yi`(c`)yj(c)I | c ∈ k}.

If yi1(c1) · · · yi`(c`)b = yi1(c′1) · · · yi`(c′`)b′ then

yi1(c′1)−1yi1(c1)yi2(c2) · · · yi`(c`)b = yi2(c′2) · · · yi`(c
′
`)b
′.

If yi1(c′1)−1yi1(c1) ∈ Isi1I · Isi1I = Isi1I ∪ I and, since the right hand side is in Isi1wI we must
have yi1(c′1)−1yi1(c1) ∈ I so that yi1(c1) ∈ yi1(c′1)I, which forces c1 = c′1.
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Proposition 1.3. Let q = Card(k). Then the characteristic functions {Tw | w ∈ W̃} of the
double cosets IwI are a basis of the Hecke algebra H̃ = Cc(I\G/I) and

TwTγ = Twγ and TwTsj =

{
Twsj , if wsj > w,

qTwsj + (q − 1)Tw, if wsj < w.

Proof. The product IwI · IsjI contains the points

xi1(c1)ni1 · · ·xi`(c`)ni`I · IsjI = xi1(c1)ni1 · · ·xi`(c`)ni`IsjI
= {xi1(c1)ni1 · · ·xi`(c`)ni`xj(c)njI | c ∈ k}.

If wsj > w then

IwsjI = IwI · IsjI = {xi1(c1)ni1 · · ·xi`(c`)ni`xj(c)njI | c1, . . . , c`, c ∈ k}.

If wsj < w and c 6= 0 then

xi1(c1)si1 · · ·xi`−1
(c`−1)si`−1

xi`(c`)si`xj(c)sjI
= xi1(c1)si1 · · ·xi`−1

(c`−1)si`−1
x1(c`)sjxj(c)sjI

= xi1(c1)si1 · · ·xi`−1
(c`−1)si`−1

xαj (c`)x−αj (c)I

= xi1(c1)si1 · · ·xi`−1
(c`−1)si`−1

xαj (c` + c−1)xαj (−c−1)x−αj (c)xαj (−c−1)I

= xi1(c1)si1 · · ·xi`−1
(c`−1)si`−1

xαj (c` + c−1)sjI.

If c = 0 then

xi1(c1)si1 · · ·xi`−1
(c`−1)si`−1

x1(c`)sjxj(0)sjI = xi1(c1)si1 · · ·xi`−1
(c`−1)si`−1

I. (1.1)

Hence, in the product

xi1(c1)si1 · · ·xi`−1
(c`−1)si`−1

xj(c`)sjI · IsjI
= xi1(c1)si1 · · ·xi`−1

(c`−1)si`−1
xj(c`)sjIsjI

= {xi1(c1)si1 · · ·xi`−1
(c`−1)si`−1

xj(c`)sjxj(c)sjI | c ∈ k},

the coset
xi1(c1)si1 · · ·xi`−1

(c`−1)si`−1
xαj (a`)sjI,

appears once for each choice of c` ∈ k and c ∈ k× such that c` + c−1 = a`, a total of q− 1 times.
The coset

xi1(c1)si1 · · ·xi`−1
(c`−1)si`−1

I,

appears once for each choice of c` ∈ F, a total of q times.

1.3 G/I points in U−vI ∩ IwI

The group
U− = 〈x−α(f) | f ∈ F〉 and R̃U = R− + Zδ

so that Xα+kδ ⊆ U− exactly when α + kδ ∈ R̃U . The periodic orientation is an orientation of
the hyperplanes Hα+kδ such that

(a) 1 is on the postive side of Hα for α ∈ R+,
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(b) Hα+kδ and Hα have parallel orientiations.

Then
α+ kδ ∈ R̃U if and only if the orientation of Hα+kδ is PICTURE.

We shall use the identity

xα(f)n−1
α = x−α(f−1)x−α(−f)hα∨(f) (main folding law)

to rewrite points of IwI as elements of U−vI. Suppose that

xi1(c1)n−1
i1
· · ·xi`(c`)n

−1
i`

= xγ1(c′1) · · ·xγ`(c
′
`)nvb

Then

xi1(c1)n−1
i1
· · ·xi`(c`)n

−1
i`

= xγ1(c′1) · · ·xγ`(c
′
`)nvbxj(c)n

−1
j

= xγ1(c′1) · · ·xγ`(c
′
`)nvxj(c̃)n

−1
j b′, since bxj(c)n−1

j ∈ IsjI.

If vαj ∈ R̃U then this is equal to

xγ1(c′1) · · ·xγ`(c
′
`)xvαj (c̃)nvsjb

′ ∈ U−vI ∩ IwsjI.

If vαj 6∈ R̃U and c̃ 6= 0,
j

− +

c
vvsj

.................

.................

.................

.
..................................................................................... . Then

xβ1(c′1) · · ·xβ`(c
′
`)nvxαj (c̃)njb

′ = xβ1(c′1) · · ·xβ`(c
′
`)nvx−αj (c̃

−1)xαj (−c̃)hα∨(c̃)b′

= xβ1(c′1) · · ·xβ`(c
′
`)nvx−αj (c̃

−1)b′′

= xβ1(c′1) · · ·xβ`(c
′
`)xβ`+1

(c̃−1)nvb′′ ∈ U−vI ∩ IwsjI,

where β`+1 = −vαj . So
j

− +

c
vvsj

.................

.................

.................

.
..................................................................................... becomes

j
− +

c−1

v

.................

.................

.................

......
.................................................................. ....................

If vαj 6∈ R̃U and c̃ = 0,
j

− +

0
vvsj

.................

.................

.................

.
..................................................................................... . Then

xβ1(c′1) · · ·xβ`(c
′
`)nvxαj (0)njb′ = xβ1(c′1) · · ·xβ`(c

′
`)nvx−αj (0)njb′

= xβ1(c′1) · · ·xβ`(c
′
`)xβ`+1

(0)nvsjb
′ ∈ U−vsjI ∩ IwsjI,

where β`+1 = −vαj . So
j

− +

0
vvsj

.................

.................

.................

.
..................................................................................... becomes

j
− +

0
vvsj

.................

.................

.................

.
.....................................................................................

Case 2: wsj < w. This should follow from the computation in 5.1.
A labeled step of type j is

j
− +

c .................
.................
.................
..............

...................................................................................... .............. with c ∈ k, or

j
− +

0.................
.................
.................
..............

.................................................................................................... or

j
− +

c.................
.................
.................
.................
....

................................................................................ ...................... with c ∈ k×,

If w ∈ W̃ and ~w = si1 · · · si` be a minimal length walk to w define, for each v ∈ W̃ ,

P(~w)v =
{

labeled folded paths p of type ~w
which end in v

}
.
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Theorem 1.4. If (c1, . . . , c`) ∈ B(~w)v then, for some c′1, . . . , c
′
` ∈ k,

xβ1(c1)xβ2(c2) · · ·xβ`(c`)wI = xi1(c1)si1 · · ·xi`(c`)si`I = xγ1(c′1) · · ·xγ`(c
′
`)vI

where βk = zαj , if the kth step of p is
j

zsjz

.................

.................

.................

.
....................................................................... .............. ,

and

γk =



zαj , if the kth step of Φ(p) is
j

− + zsjz

.................

.................

.................

.
....................................................................... .............. ,

−zαj , if the kth step of Φ(p) is
j

− +
zzsj

.................

.................

.................

.
..................................................................................... or

j
− +

z

.................

.................

.................

......
.................................................................. .................... .

(b) The bijection in (???) restricts to a bijection

P(~w)v ←→ U−vI ∩ IwI and G =
⊔
v∈fW

U−vI.

Proposition 1.5. Let q = Card(k). Then the characteristic functions {Xv | v ∈ W̃} of the
double cosets U−vI are a basis of the right H̃-module Cc(U−\G/I),

XvTγ = Xwγ , and XvTsj =


Xvsj if − +

v vsj.................
.................
.................
.

,

qXvsj + (q − 1)Xv, if − +

vsj v.................
.................
.................
.

.

1.4 The closure order

1.5 The loop Grassmanian G/K

Let ν∨ ∈ P∨. The ν∨-hexagon is the set of alcoves in

tν∨W = PICTURE

The ending hexagon eh(p) and the final direction ϕ(p) of p ∈ P(~w) are given by

ea(p) = teh(p)∨ϕ(p), eh(p) ∈ P∨, ϕ(p) ∈W.

Let λ∨ ∈ (P∨)+ and let ~λ∨ be a minimal length walk to the λ∨-hexagon. Let W λ∨ be a set
of minimal coset representatives of W/Wλ∨ , where Wλ∨ is the stabilizer of λ∨ in W . Let

P(~λ∨) =
⊔

w∈Wλ∨

P(w~λ∨) and P(~λ∨)µ∨ = {p ∈ P(λ∨) | eh(p) = µ∨}.

As points of G/K, the 0th label on these paths is a coset representative of an I-coset in K.
Let B(~λ∨)µ∨ be the set of (unlabeled) walks that are obtained by removing the labels from

the elements of P(~λ∨)µ∨ . Let

ε+(b) = number of positive crossings in b,

f(b) = number of folds in b.

6



It is natural to define
dim(b) = ε+(b) + f(b).

since the points of G/K corresponding to b form a “cell” isomorphic to kε+(b) × (k×)f(b). If
Card(k) = q then each b ∈ B(~λ∨)µ∨ corresponds to

Cardq(b) = qε+(b)(q − 1)f(b) elements of P(~λ∨)µ∨ .

The MV-cycles of type λ and weight µ are the elements of the set

MV (λ)µ = {irreducible components of U−tµK ∩KtλK}.

Theorem 1.6.

(a) (Gaussent-Littelmann) The map B(~λ∨)µ∨ −→ MV (λ∨)µ∨
p 7−→ Z(p)

is a bijection.

(b) (Mirkovic-Vilonen [MV, 4.6]) All irreducible components of U−tµK ∩KtλK have dimension
〈λ− µ, ρ〉.

(c) (Anderson [An, Prop. 3, p. 579) MV (λ)µ is the set of irreducible components of U−tµK ∩ U+tλK
which are contained in KtλK.

Proof. By Macdonald’s spherical function formula

sλ = Pλ
∣∣
q−1=0

=
∑
µ∈P∨

Card(B(λ)µ)Xµ.

Thus the paths of maximal dimension in B̂(−λ∨)−µ∨ have dimension 〈λ∨ − µ∨, ρ〉.
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