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1. The GL,(C) case
The following fundamental example motivates the general case.

Let 1,...,&, be the Z-basis of Z™ = {(A\1,...,\n) | \i € Z} given by ¢; = (0,...,0,1,0,...,0),
with the 1 in the ith entry, so that

P =7" =Z-span{eq,...,en},
and let Pt ={A=Xe1+ -+ M €Z" | A\ > - >\, ), (1.1)
and Pr={=XNe1+ - +Men €Z" | A1 > >\ }.

Then P is a set of representatives of the orbits of the action of the symmetric group S,, on Z"
given by permuting the coordinates,

WE; = Eyw(4) forw e S,, 1 <i<n. (1.2)
There is a bijection

Pt — ptt

Ao ot where p=(n—1)e1+(n—2)ea + - +ep_1. (1.3)
The group algebra of P is
Z[|P) = Z-span{z* | A € Z"} with ztz# = 2 r for A\ pu € 2" (1.4)
For 1 <17 < n write
T; = x° so that = :ri‘l . -xﬁ" for A = Aieq + - + Anen,
and Z[P] = Z[z£', ..., 2. The action of S,, on Z" induces an action of S,, on Z[P] given by
wa* = v, for w e S, A € Z". (1.5)
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so that
WT; = Top(s), forwe S, and 1 <i<n, (1.6)

The ring of symmetric functions is

2P = 2. o] .
={f¢ Z[xfl, el J(@w)s s Twm)) = f(@1,...,2y) for all w € Sy, }, .
The orbit sums, or monomial symmetric functions, are
my = Z x7, for \ € P,
YESKA
where S, A is the orbit of A under the action of S,,. Then
{my | X e Pt} is a Z-basis of Z[X]%". (1.8)

The set of skew polynomials is
ZIP)f = {g € Z[zE', ... 2] | wg = det(w)g for all w € S,}.

If f € Z[P]S and g € Z[P]¢ then fg € Z[P]¢ and so Z[P]¢ is a Z[X,]%"-module. Let ¢ be the

n

element of the group algebra of S, given by

e= Y det(w)w, (1.9)

wWES,
and define
a, = €e(a!) = Z det(w)wz*, for = (p1,..., pn) € Z>o. (1.10)
wWES,
Then
a, = det(w)aqy, and a, =0, if p; = p; for some i # j. (1.11)

Using that {z* | A € P} is a basis of Z[P] it follows that
{a, | pe P +} ={axsp | A€ PT} is a Z-basis of Z[P]*. (1.12)

Thus
Z[P|¢ = e - Z|P]. (1.13)

The polynomial x; — z; divides a4, since setting x; = z; in the determinantal expression for
ax+, makes it equal to 0, and thus

SC>\1+7’L*1 x>\2+n72 . x}\n
%\1—1—71—1 }\2+n—2 n
artp = det . | isdivisibleby [ (a5 - ). (1.14)

. n>j>i>1
5621—’_”_1 xﬁz-ﬁ-n—z e pin
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since the polynomials z; — x;, 1 < i < j < n are coprime in Z[zfl,...,xfl]. When A = 0,

comparing coefficients of the maximal terms in ax, and [[(z; — ;) shows that the Vandermonde
determinant

n—1 n—2 0
Ty L 1 , Ty
xg_ xg_ o oe . xg
a, = det : S| = H (xj — ;). (1.15)
- ) o n>j>i>1
n— n—
xn :L'n .. xn

Since {axy, | A € P} is a basis of A, and each a4, is divisible by a,, the inverse of the map

Zlx1,. .., z.)%" — A,
’ 1.16
is well defined, and thus it is an isomorphism of Z[P]%»-modules.
The Schur functions are
A)\+p
Sy = —+, for A € P.
@p
Since {axy, | A € P} is a basis of 4,, and the map in (??7?) is an isomorphism,
{sx| Ae P'} is a basis of Z[x1,...,z,]%".
The dot action of S,, on Z™ is given by
wopu=w(u+p)—p, forw e S, pez". (1.17)
The first relation in 777 and the definition of s, imply that
Swop = det(w)s,, for pe P,weS,. (1.18)

2. The general case

A lattice is a free Z-module. Let P be a lattice with a (Z-linear) action of a finite group W so
that P is a module for the group algebra ZW. Extending coefficients, define

bp=R®zP and h" =C Qg bg,

so that hi and h* are vector spaces which are modules for the group algebras RW and CW,
respectively.
Assume that the action of W on bhj has fundamental regions???, and fix a fundamental region
C in bi. Define
Pt =PnNnC and Pttt =pPnC

so that PT is a set of representatives of the orbits of the action of W on P. Assume???? that PT
is a cone in P (a module for the monoid Zx). A set of fundamental weights is a set of wy,...,wy,
generators of (the Z>g-module) PT which also form a Z-basis of P. There is a bijection

where p=w;+...+ wy. (2.1)
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Let (,):bx X b — R be a W-invariant symmetric bilinear form on b (such that the restriction to
P is a perfect pairing??? with values in Z??77). The simple coroots are oy, ..., the dual basis

to the fundamental weights,

<wi, Oé;/> = 51]

Define . .
W == ZRSOO[;/ and CV == ZR<OO£;/.
i=1 =1

The dominance order is the partial order on by given by
A> U if pweXN+COV.

The group algebra of the abelian group P is

Z|P) = Z-span{z* | A € P} with 2zt = 2 * for \,u € P.

The action of W on P induces an action of W on Z[P] given by
wr = ", forwe W, e P.
The ring of symmetric functions is
Z[P)W = {f € Z|P] | wf = f for all w € W},
Define the orbit sums, or monomial symmetric functions, by

my = Z x7, for A € PT,
yEWX

where W\ is the orbit of A\ under the action of W. Then

{my | A€ Pt} is a Z-basis of Z[P]"V.

Theorem 2.9. Z[P] is a free Z[P]" of rank |W|.
Proof. 777777 11
The set of skew polynomials is

Z[P)® ={g € Z|P] | wg = det(w)g for all w € W}.

(2.2)

(2.3)

If f € Z[X,]S and g € Z[P]¢ then fg € Z[P]¢ and so A,, is a Z[P]"-module. Let ¢ be the element

of the group algebra of W given by

€= Z det(w)w,

weW
and define
a, = €(z") = Z det(w)wz*, for p € P.
weWw

(2.10)

(2.11)
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Then
a, = det(w)ay, and a, =0, if (u,a¥) =0 for some o € R™. (2.12)

Using that {z* | A € P} is a basis of Z[P] it follows that
{a, | pe P} ={axs, | A€ P} is a Z-basis of Z[P]c. (2.13)

Thus
Z[P|¢ =€ - Z|P]. (2.14)

Let f € Z[P]° and let « € R*. If f, is the coeflicient of 27 in f then

Z fvx’y =f=—s5.f= Z —fyﬁﬂso"y, and so f= z fV(l"Y — gjsa'y)’

ver ver (s 20
since fs,~ = —fy. Since each term z7 — x%7 is divisible 1 — 2™, f is divisible by 1 — 27¢, and
thus
each f € Z[P]° is divisible by z* H (1—z7%) = H (/% — g=/2), (2.15)
aERT aERT

since the polynomials 1 — 2=, a € R* are coprime in Z[P] (and z” is a unit in Z[P]). Comparing
coeflicients of the maximal terms in a, and z” [[ ¢ g+ (1 —27) shows that the Weyl denominator,

a,= [] @2 —a7) =2 T @-27). (2.16)

a€Rt a€Rt
Since each f € Z[P] is divisible by a, the inverse of the map

7PV — Z[P]*

! — af (2.17)
is well defined and, thus, is an isomorphism of Z[P]" -modules.
The Schur functions or Weyl characters are
sy = 2 g ae P (2.18)
@p
Since {axy, | A € P} is a basis of Z[P]¢ and the map in (??7?) is an isomorphism,
{sx | A€ PT}  is a basis of Z[P]". (2.19)
The dot action of S,, on P is given by
wou=w(u+p)—p, for w e S,, p € P. (2.20)

The first relation in 77?7 and the definition of s, imply that

Swop = det(w)s,, for pe P,weW. (2.21)
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Lemma 2.22. Let f € Z[P]" and write f = Zf7x7 so that f, is the coefficient of 7 in f.
¥

f: Z fﬂmﬂ = Z nASA) where 77>\ = Z det(w)f)\—i-p—wp-

peP+ AeP+ weEW

Then

Proof. The first equality is immediate from the definition of m,,. Since f € Z[P|W, fe(x?) = e(fz?)
and f,, = f,,-1,, and so

1 1 e(z7tP)
f=—Ffa,=—fe(x’) = —e(fa) = Z N
ap @ yeP
= Z frysy = Z Z JworSwox = Z Sx Z det(w) fuwon
yeP AeP+ weEW AeP+  weW
= Z SA Z det(w)fwfl(wo)\) = Z SX Z det(w)_lfk+0*wp’
Aep+t weW AeP+ weW

which establishes the second equality. I

Define positive integers p(y) by

H ﬁ = Z p(y)z7. (2.23)

Corollary 2.24. Let K, be the integers defined by

Sy = Z Kxumy, for A € PT. (2.25)
neP+

Then Kyy=1 and Ky, =0 unlessp <\, and

= > det(w)p(w(X+ p) = (1+ rho)).
weWw

Proof. If w # 1 then w(A + p) < A+ p so that w(A+ p) — p < A and
1
Sx = ( Z det(w)ew(’\+p)_p> I = 2> + ((lower terms in dominance order).
weWw
Thus Kxy = 1 and Ky, = 0 unless u < A. The coefficient of z# in

1
Sy = (Z det(w)xw(“f’)—f)) H g Z det(w)p(y)xw(MP)—V-P,

weWw a€ERt wew
yeQT
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has a contribution only when w(\ + p) —~v — p = p so that v = w(A+ p) — (u + p). Thus

Ky, = Z det(w)p(w(X + p) — (1 + rho)).
weW

Define integers cf;l, by

S8, = E cﬁysA, for p,v € PT.
AeP+

3. Other examples
Ezample. The Spa, (C) case.

Let W = W, be the group of n x n matrices with

(a) exactly one nonzero entry in each row and each column,

(b) the nonzero entries are +1.
Then W = WC,, = O,(Z), the group of orthogonal matrices with entries in Z. Let £1,...,&, be
the Z-basis of Z" = {(A1,...,\n) | A\i € Z} given by ¢; = (0,...,0,1,0,...,0), with the 1 in the
ith entry, so that

P =7" = Z-span{ey,...,en},
and let Pr={A=Xe1+ -+ den €Z" | \y > --- > )\, >0}, (3.1)
and Pt ={A=Xe1+ -+ Men €Z" | A\ > --- >\, >0}

Then P71 is a set of representatives of the orbits of the action of the natural action of W on P.
There is a bijection

pt — ptet

Ao pta where p=mne;+(n—1)ea+ -+ 2,1 + €p. (3.2)
Let
Z[P] = Z-span{z* | A € P} with 2tz = 2 H for A\, u € P. (3.3)
For 1 <7 < n write
T; = x° so that = .%i\l . -xi‘L” for A = Aieq + - + Anéen,

and Z[P] = Z[zE', ... ).

Example. The Spin,,, , (C) case.
Let W = WB,, = WC,, where WC,, = O,(Z). Let

W1:%(€1+82+"'+5n),
W; =& + €41+ +én, for 2 <i <n,
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so that
P={A=Xe1+ -+ Mg |all X\ €Zorall \; € 3 +Z},

Pr={A=Xe1+ -+, €P|0< A <~ <\ )

3.4
Pr={A=Xe1+ -+ €EP|0< A <--- <\, (3:4)
p=c1+2+ - +ne, —3(e1+- +en)
Ezample. The Spin,,, (C) case.
Let W = W D,, be the group of n x n matrices with
(a) exactly one nonzero entry in each row and each column,
(b) the nonzero entries are +1, and
(c) there are an even number of —1 entries.
Then W D,, is a normal subgroup of index 2 in WC,, = O,,(Z). Let
wi=3(—€e1+e+...+e),
wo = 5(e1+ e+ ... +6n),
Wi =€ + €41+ ...+ €p, for i > 2,
so that
P:{A:)\lel‘i'""i’)\nsn | Al € %Zand, fori>1,all \; € Zor all \; € %—FZ},
Pt={A=Xe1+ -+ en €P| [N <A< <A (3.5)

P++:{)\:)\181+"‘+)\n8n€P| |)\1|<"'<)\n},
p=ci+22+ -+ne, — (14 +epn).

Ezample. The SL,,(C)-case

Letey,...,&, bethe R-basis of R” = {(A1,...,A,) |\ € R} givenby e; = (0,...,0,1,0,...,0),
with the 1 in the ith entry. The symmetric group S, acts on R™ by permuting the coordinates
and, by restriction, S,, acts on

hi:{7:7161+"'+7n5n‘7i€R>'71+"‘+'7n:0}-

Let
Wy =€1+ -+ En.

Then S,, acts also on the Z-submodule of hy given by

P={A=Xe1 4+ Aen — 2w, | N € Zso},

n

which has Z-basis {w1,...,w,_1} where

1
wi=¢e1+ - +w ——(wp), for1<i<n-—1 (3.6)
n
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Then
Pt={AeP|\> >N}
Pt ={AeP| A > >} (3.7)
p=m—1e1+(n—2e4 - +en_1— (%5%) wn.
Let

Z|P) = Z-span{X* | A € P}  with X*X* = X " for \,u € P. (3.8)
For 1 <17 < n write

xi:XE"’*%‘“” so that X)‘:aci\l---x’\" for)\:/\lal—l—---—l—)\nan—%wnEP.

n

Then Z[P] is the quotient of the Laurent polynomial ring Z[zE!, ..., '] by the ideal generated

by the element z1 ---x, — 1,

Zlzyt, ... ]

Z|P| = .
7] (X1 xy — 1)
The action of S,, on P induces an action of S,, on Z[P] given by

WL = Top(s), forwe S, and 1 <17 < n, (3.9)

and the ring of symmetric functions is

Z[P)°» = {f € Z|P] | wf = f for all w € S,,}, (3.10)

Example: Type As,.

Ezample: Type Bs.

Ezxample: Type Cs,
Ezample: Type Gs.
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