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1. Symmetric functions

Tableaux

Let X be a partition and let u = (u1, ..., pn) € Z%, be a sequence of nonnegative integers. A
column strict tableau of shape \ and weight i is a filling of the boxes of A\ with p; 1s, po 2s, ...,
n NS, such that

(a) the rows are weakly increasing from left to right,
(b) the columns are strictly increasing from top to bottom.

If p is a column strict tableau write shp(p) and wt(p) for the shape and the weight of p so that

shp(p) = (A1, ..., \n), where \; = number of boxes in row i of p, and

wt(p) = (1, -+, fn), where p; = number of is in p.
For example,
L[] ]1]2]2]
p= 2121212133

3131344145 has shp(p) =(9,7,7,4,2,1,0) and

415|516 wt(p) = (7,6,5,5,3,2,2).

6|7

L7
For a partition A and a sequence p = (u1, ..., tn) € Z>o of nonnegative integers write

B(A) = {column strict tableaux p | shp(p) = "
B(\) w= {column strict tableaux p | shp(p) = .

Define B,, = {b1,...,b,} and let

Bff’k:{bil"'bik |1 <idy,...,ik <n}
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be the set of words of length k in the alphabet B. For each 1 <1i < n define root operators
£:BSF — B = {0} and  f:BE* — B = {0}

by the following process. If b = b;, - - - b;, in B®* place the value

+1 over each b;,
—1 over each b;11,

0 over each bj, j # 4,7 + 1.

Ignoring 0Os read this sequence of 1 from left to right and successively remove adjacent (+1,—1)
pairs until the sequence is of the form

cogood  good

Ll
+1 +1...+41 -1 —-1...—-1

conormal nodes normal nodes

The —1s in this sequence are the normal nodes and the +1s are the conormal nodes. The good
node is the leftmost normal node and the cogood node is the right most conormal node. Then

€;(b) = same as b except with the cogood node path step changed to b;,
ﬂ(b) = same as b except with the good node path step changed to b;,

For example, if n = 5, k = 30,

b = byb3b3b1b2b2abybibibab3bsbabibybabsbsbabibybsbsbibibibibababy,

and 7 = 1, then the parentheses in the table

() -1 C ) - ) )+l
o 0 0 41 -1 -1 0 O +1 -1 O 0O -1 +41 +1 -1 0 0 -1 +1
by b b3 bi by by by by b1 b2 by b3 by b1 by b2 by by b2 by

+1 +1  ( ( ) ) 0
o 0 0 +1 +1 +1 +1 -1 -1 O
bs bs bs b1 by b1t by b2 by by

indicate the (41, —1) pairings and the numbers in the top row indicate the resulting sequence of
—1s and +1s. Then

€1(b) = babgb3bibabobabsbibabsbsbabibibabsbzbabababsbsbibybibibababy, and

f1(b) = babsb3bibabobababibabzbsbibibibabsbszbabibabsbsbibibibybababay.
If A is a partition of k define an imbedding

B(\) — B&k

n

p — bibi, b

k
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where the entries 714z - - - ix are the entries of p read in Arabic reading order. The action of €; and
fi preserves the image of B()\) in B®* and so the set B()\) can be viewed as a subcrystal.
If B is a normal crystal and b € B the i-string of b is the set

FoOp s PP fib s b b s 82k s e s @O

and (3) is equivalent to <Wt(~€l( )b) )= —<Wt(ﬁo(b)b),aiv> so that every i string in a normal
crystal B is a model for a finite dzmenszonal sla-module.
If B is a normal crystal define a bijection s;: B — B by

F(wt(b),a)) .
s;b = { fi b, if (wt(b), a) 20, so that wt(s;b) = s;wt(b), for all b € B.
0,

*<W“”>°‘>b if (wt(b), o))

IN IV

The map s; flips each i-string in B. The equality wt(s;b) = s;wt(b) implies
x? e zZ[P]V, for any normal crystal B.

Proposition 1.2. [Kashiwara, Duke 73 (1994), 383-413] Let B be a normal crystal. The maps
si: B — B i € 1, define an action of W on B.

Proof. 11

Theorem 1.3. Let B be a subcrystal of B such that B,, is finite for all 4 € P. Then

XB: Z Swt(b)s

beB
bCC—p

where sy denotes the Weyl character corresponding to A\ € PT.

Proof. Let € P*. Then

B — f(w) ewp wt(p) — f(w) eWt(p)+wp
Cal,, = (S e ) (Sew] | - x e v 0
weWw pEB ute wg\év

Let p € B and w € W be such that wt(p) + wp = p+ p. Let tg be maximal such that there is an
i € I with wp + p(ty) € Hy,. If to does not exist then p € C' — p and w = 1. If ¢; does exist set

*<wp70"iv>

~_<wp1av> 3 Vv

3 ‘ ’ f Pt} < Oa
®(p) = Ji bt (wp, o)

é; p,  if (wp,a)) > 0.

Then wt(p) + wp = wt(®(p)) + s,wp and and the pairs (p,w) and (P(p), s;w) cancel in the sum
(777). 1
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The symmetric group S,, acts on the vector space
7" = Z-span{z1,...,Tn} by WT; = Toy(s),

for w € S, 1 < i < n. This action induces an action of S,, on the polynomial ring Z[X,]| =
Z|z1,...,xzy] by ring automorphisms. For a sequence v = (71,...,7,) of nonnegative integers let

Y =zt so that Z[zy,...,z,] = Z-span{z” | v € Z,}.
The ring of symmetric functions is
Z[X,)% = {f € Z[X,] | wf = f for all w € S, }, (1.5)
Define the orbit sums, or monomial symmetric functions, by

my = E 7, for \ € Zgo,
YESHA

where S, A is the orbit of A\ under the action of .5,,. Let

Pr={A=(,...;0) €Z% | M1 > > X} (1.6)
so that

{my | A€ PT} is a Z-basis of Z[X,]°". (1.7)
2. Skew polynomials
The polynomial ring
LX) = Z[z1,. .., xy] has basis {a" | peZ%y}, where o =ai"xh®..-zhn,
for = (p1,...,pn) € Z%. The vector space of skew polynomials is
A, ={9€Zxy,...,x,] | wg=det(w)g for all w € S,}.

If f € Z[X,]5 and g € A, then fg € A, and so A, is a Z[X,,]*"-module.
The symmetric group S, acts on Z%, by permuting the coordinates. If

Zn:{(’yl,...,’y)”yiEZ}’
P+:{(’71777)EZH|712’7222’771}, and
P ={(y1,.. 1) €2" |71 > 72 > - >},

then PT is a set of representatives of the orbits of the S,, action on Z" and the map defined by

P+ — p+e

N where p=Mnm—-1n—-2---,210),

is a bijection.
Let
Pr={(y,.. ;) €L |y =72 >+ =7, >0}
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For each p = (u1,...,un) € Z%, such that p, > 0,
a, = Z det(w)wa" (2.1)
weESy,
is a skew polynomial. Since a, = det(w)a,, and a, = 0 unless f1q1 > pg > -+ > fip,
{axt, | A€ P} is a basis of A,,

and thus
A, =¢-Z[X,], where &= Z det(w)w.
The skew element
x/\1+n71 :Z:/\2+n72 R x}\n
il—i-n—l &2—1—77,—2 &n
Lo Lo B!
axtp = det _ ) is divisible by H (xj —z;), (2.2)
: e n>j>i>1
phtnl phatn2
since the factors (z; — z;) in the product on the right hand side are coprime in Z[z1,...,z,] and

setting x; = x; makes the determinant vanish so that a4, must be divisible by z; — x;. When
A = 0, comparing coefficients of the maximal terms on each side shows that the Vandermonde
determinant

x?_i m?_i z(l)
xg_ {L-g‘_ .o Tq
a, = det ) = H (xj — ;). (2.3)
: ) , 30 n>j>i>1
xz_ :1:2_ e xn
Since {axy, | A € P} is a basis of A4, (7??) shows that the inverse of the map
Z[xla"'axn]sn — An (2 4)
f —s apf

is well defined, and thus the map in (???) is an isomorphism of Z[X,]%"-modules.
The Schur polynomials are

ax
sy = =P for A € P,
ap

and since {axy, | A € P} is a basis of A, and the map in (???) is an isomorphism,
{sx| A€ P} is a basis of Z[xy,...,x,]".

Theorem 2.5. Let A € P,. Then

sy = Z 2WVHP),

pEB(N)

Proof. Since the action of S,, on B(\) defined in (777) satisfies wt(wp) = wwt(p) for w € S,,
p € B()\), the sum on the right hand side is an element of Z[X,,]°".
1
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