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The derivative of f with respect to z is d—f It is common to write f’(x) in place of d—f
x x
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The second derivative of f with respect to x is
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the derivative of the derivative of f. Both Tz and f”(z) are notations for the same thing, the
x

second derivative of f.

The third derivative of f with respect to x is
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the derivative of the second derivative of f. Use the notations s and f"’(x) interchangably for

3
x
the third derivative of f.
The fourth derivative of f with respect to x is
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the derivative of the third derivative of f.

Let a be a number. Then f evaluated at a is
f(a) :f‘mza =co+cra+ca® +egxd 4+,

if f(x) = co+ 1z + c22® + c3z3 + - - . Use both notations, f(a) and f‘x:a, interchangably, for f
evaluated at a.
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Example: If f(z) = 723 + 32% + 5z + 12 and a = 3 then
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dx
' =212 + 62 +5,
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f(3) :7‘33+3'32+5'3+12:8-33+27:9.33:35’
f‘w:g:7‘33+3‘32—|—5'3+12:8~33+27:9,33:35.
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=21-3246-3+5 =189+ 23 = 202,

f/(3) =21-3246-3+5=189+23 =202,

42 f

— 2] =42.-34+6=132
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= 42,
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=42-346 =132,

Taylor’s and Macluarin’s theorems and the limit formula for the derivative

then
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If f(x)=co+eci(z—a)+c(r—a)®+ez(r—a)P+er—a) +cs5(x—a)®+---

f(a) = co,

—a (c1 +2ca(z — a) + 3es(z — a)® + dea(x — a)® + 5es(z —a)' + -+ +) Rt
x:a:(262+3'2c3(x_a)+4'3C4($—a)2—|—5-4C5(m’—a)3+...) = %,
z:a:(3'203+4'3'2C4($_a)+5'4'365(‘”_@2+6'5'4C6(x—a)3+"')x:a — 3.9
x:a:(4'3'204—!—5-4-3-205(33—@)—|—6-5-4-3c4(x_a)2+...)m:a — 4.3.2,
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and we can continue this process to find

dr f

d$k r=aqa

= kleg, for k=1,2,3,....

Dividing both sides by k! gives
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or, equivalently,
£(&) = £(a) + @)z —a) + o /" (@)(w — 0+ 5 f (@)@ — ) + 5 FO (@) —a) o
Now subtract f(a) from both sides:

F@) ~ f(@) = (@)~ a) + (@) = 0 + 5 (@)~ a) + 1 fD @) — ) 4o

Divide both sides by =z — a.

f(x) — f(a)

r—a

/ 1 " 1 " 2 1 4
= ['(0) + 5" (@) (@ — a) + 5 /" (a)(@ — a) +If()(a)(xfa)3+...'

Evaluate both sides at x = a.

Wra:f’(a)+o+o+0+o+---.
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a+h—a a—l—h:a'

Let z =a+h. Then  f'(a) =

df | _ fla+h)— f(a)
So % r=a N h ‘h:O‘

Another way to write this is
daf

L fath) — f(@)
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r=a h—0 h

Example: Suppose you want to know what f I'm thinking of and I refuse to tell you.
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You ask me what f(0) is and I say “6”.
You ask me what f’(0) is and I say “10”.
You ask me what f”(0) is and I say “31”.
You ask me what f’/(0) is and I say “5”.
You ask me what £ (0) is and I say “7”.

You ask me what f®)(0) is and I say “0”.

You ask me what (%) (0)

You ask me what f(7)(0) is and I say “0, they are all coming out to 0 now.”.

0) is and I say “0”.

At this point you win because you know that

F() = 0 + FO)(w — 0) + 5y 7 (O0) (& = 0 + 3 f"(O)( — 0)° + -+

1 1 1
=6+ 10(x = 0) + 531(x — 0)2 4+ —5(x — 0)> + —7(x — 0)*

3! 4]
1 5 1 6, 1 7
—i-g-O(:r—O) —i-@-O(w—O) +ﬁ'0(x—0) +0+0+---

31 5 7
=64 10z + ?xQ + 6:1:3 + ﬂx‘*,

and so you have found out what f is.

Example: Suppose you want to know what f I'm thinking of and I refuse to tell you.

You ask me what f(0) is and I say “I won’t tell you, but f(3) = 4”.
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You ask me what f’(0) is and I say “I won’t tell you, but d—f

T lx=3
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You ask me what f(0) is and I say “I won’t tell you, but d—é =5".
T lz=3
You ask me what f”/(0) is and I say
, f d* f . \
“I won’t tell you, but —= = 0 and all the rest of the —- are coming out to 0”.
da? |o=3 xk lz=3

At this point you win because you know that
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and so you know what f is.



