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1. Grading toroidal Hecke algebras
The toroidal Hecke algebra x Hy is the algebra given by generators
Ty, ..., T, X* XeP, and  Q,

with relations

(T, — t2)(T; +t2) = 0, for 0 < i <n,
TT;T; - =T;T;T; -,
m;; factors mgj ;;ctors
grﬂg;1 = Tjj’ if gT(Oéi) = ay,
T, X M, = XA~ if (\, o) =1,
T, X» = X T, if (\,aY) =0,

9rX>\9r_1 =Xy = X“:l’\q<“”"”\>, for r € P/Q,
Additional relations/definitions are
(436, 0) = (11, A), da = ¢ 2 to = g5,
and
X)\+j5 _ Xqu, and Y>\+j5 _ Yuqu7

and
u, = g twy, Upe = U, L Tope = T2, for r € P/Q.

For \ € P define .
YA =TIy, where Y;=T.,,

i
i=1

for 1 <i<mn. Then, for A\€ Pand 1 <i<n,
Ti—ly)\j-;—l — Y)\_ai, lf
T.Y* =Y T3, if (
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Inside H let

Yoo = ¢ty =9,
_ 1
@izﬂ—i-(t;/z—til/z)i_, for 1 <i<mn,
Y-a —1
B 12 ,—1/2 1
Dy = XT,, — (ty'" —tg )Yao —
_ 1
=t PP ———— for0<i<n,
Y-a —1
and let
S; = <I>i’yi_1, and gr =XT 1.
Then, amazingly, the sq, s1, ..., S, and the g, generate a copy of W inside x Hy.

The graded toroidal Hecke algebra x H,
The graded toroidal Hecke algebra x H, is the algebra generated by
(C[W] and Y1, Yn

with relations ,
SiYN — Ys;aSj = —Cay (A ) ), for 0 < j <,
9rYx = Yg. 2Gr; for r € P/Q.

where (\, o) = —(\, ¢Y), for X € P. If we set
g=cf. YA — et

then x H, is the £ — 0 limit of x Hy and

n
Yx+j6 = .7 + Z<)‘7 a;/>yi7
=1

The graded graded toroidal Hecke algebra ,H,

The graded graded toroidal Hecke algebra is the algebra generated by b, h*, and W, with
relations

wr =w(xr)w, wy=wy)w, T1T2=T2T1, Y1Y2 = Y2Y1,

yr —ay = (y,x,) — Y caly,a)(a", z)sa,
aERT

for 1,22, € b*, y1,y2,y € h and w € W. If

XA = 5 then xHy = liH(l) XHy.
S—

If we set

h YA = e_*/ﬁy*, and

g=e", X* = eVhor,
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then
H, = lim xHy.
cdly A X111y

The polynomial representation

Let

1
ag=—¢d+06 and pC:§ Z Ca L.
aERT

Let
Hy be the subalgebra of H generated by 7}, 1 <i <n, and Y*, A € P.

There is a one dimensional Hy module 1 given by

1: Hy I C

T +— ti/z

. 1/2
Yyeo s /29777,

Then the induced module x Hy ®p, 1 is the vector space C[X] = C-span{X* | A\ € P} with
H-action given by
_ 1 )
Ti = ti/zsi + (ti/Q — tz 1/2)W(8i — 1), for 0 S 1 S n,

1

T /2 /2 _ 4172
0=ty "s0 + (tg 0 )7qX_¢—1

(50 - 1)a

where y
So(X)\) — x (Mo >¢q<>\»¢>>,

for A € P. The trigonometric difference Dunkl operators are the

0* C[X] — C[X]
f — Y, for A € P.

Define operators 0y: C[X] — C[X], A € P, by
ON(XH) = (A, u)XH, for p e P.

Then w(dy) = Oy for A € P and w € W and the operator Dy: C[X]| — C[X] given by

L A Ca(N, aV B B
Dy=lm O =0y + Y o (1-sa) = (Ape)
is the limit of ©*: C[X] — C[X] at h — 0.
Define operators d,,: C[z] — C[z] by
du(x)\) = </J'a )\>$)\7 for )‘7M €bhr,

so that
d, = lir% 50, under the substitution X* = e5%>,
S—
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Then oY)
. COl 7a
Dy = lim sDy = dy + > T(l—sa)
aERT
and . B
Dy=-Dx—(peX) + > calha) Y I (—sw0)™ (1= s,
a€R*t LISV

where B, are the Bernoulli numbers defined by

x B,,
v —1 Z m!

mGZZO

2. Graded toroidal Hecke algebras

(1.1)

(1.2)

Let W be a real reflection group with reflection representation h. Let R* be the set of
reflections in W. Let W be a index set for the irreducible W-modules and let W* denoe the simple

W-module indexed by A € W. Fix a W-invariant function

cRT — C

« —  Cq

The Casimir element of CW is

Ke = an(l —Sq) € Z(CW).

For each A € W let k.()\) be the constant such that

Ke acts as Ke()) - Id on WA,

The toroitdal Hecke algebra H, is the algebra generated by f, h*, and W, with relations

wr =w(x)w, wy=w(y)w, Ti1Tz=T2T1, Y1Y2 = Y2Y1,

Yyxr —xy = <y7x7> - Z ca<y,a)(av,m>sa,
a€ERt

for x1,x2,x € b*, y1,y2,y € h and w € W. The “PBW”-theorem for H, is that, as vector spaces,

H, = C[h] ® CW & C[h*], where Cl’]

The principal sly

Let
{z;} be a basis of h*,

{yi} be the basis of § dual to {xz;},
{7} be the basis of h* dual to {x;} with respect to (,),
{z;} be the basis of h dual to {y;} with respect to (,),

C[h] = (the subalgebra generated by x € h*)
(the subalgebra generated by y € b).

and
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Then the elements
* * 1
ezzﬂﬁimi, f:Zyz’yi, h:§z$iyi+yi$i7
7 K 7

form an slo-triple in H..

The spherical Hecke algebra
Let

be the minimal idempotents in CW corresponding to the trivial and the det representations,
respectively.

The spherical Hecke algebra is 1H.1 and the det-spherical Hecke algebra is eH.e. Since H e is
an (H,, eH.€) there are functors

H.-mod — €eH.e-mod and eH.e-mod — H.-mod
M — eM N — HCE ®6HC6N

Let
0.:1H._11 — End(CIb]) and O, :eH.e — End(CIh])

be the spherical and the antispherical Harish-Chandra isomorphisms, respectively. (Should the
constant function 1 be called p here???? or p¥77?7)

Theorem 2.1. (Shift isomorphism) The map
@C_l 00, :eH.e—1H, 11

is a well defined algebra isomorphism.

The category O,
The category O, is the category of H.-modules M such that

(a) For each m € M, C[h*]m is finite dimensional,
(b) If p € C[fh*]" then p—p(0) acts locally nilpotently on M (What??? does this mean???).
Let W be a index set for the irreducible W-modules and let W* denoe the simple W-module

indexed by A € W. The standard modules are
M,(\) = He @cpyrjgew W, for A€ W,
where teh C[h*] ® CW action on W is given by
pw - m = p(0)wm, for p € Clp*], w € W, m € W,

Theorem 2.2. (Berest-Etingof-Ginzburg)
(a) M.(\) has a unique simple quotient L.()).
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(b) {L.(\) | A € W} are the simple objects in O,.
(c) Every object in O, has finite length.

2. Gordon’s results

By an old theorem of Steinberg?? (exercise in Bourbaki) the A’h, 0 < i < n are nonisomorphic

irreducible representations of W. As a C[h] ® CW-module

M(A"h) = C[h] ® A'D.

The graded W-character of M.(Ah) (with respect to which grading??? there are two that coming
from h-eigenspaces and the other coming from H, as a deformation of C[h @ h*] « W, how do these

two gradings relate, I'm totally confused???) is

tre (A D) ch (A, ¢)

h(M(N'D)iw, ) = — 3o

Let m € Z>¢ and

_l’_
1+mh where h — 2Card(R™)

assume c = h y W )

is the Coxeter number. Then

(a) If A # p and there is a nonzero H.-module homomorphism
Mq(\) — Mc(p) then A =A’h and p=A’b,

for some 4 and j.

(b) If M.()) is not simple then W* =2 A%h for some 0 < i < n,

(c) If Lo(A ) is finite dimensional then W* = A’h for some 0 < i < n,
(d) [Mc(A"h) : Le(Ah)] = [eMc(A"h) = eLe(ATD)],

(e) the Hilbert series of M. (A%h) with respect to the h-eigenspaces is

t—m\R+|+i(mh+1)

[[i= (1 —t4)

P(eM,(N'D), t) = en—i(t, ..., ),

where dy,...,d, are the degrees of W, e; = d; — 1 are the exponents of W and e, (z1,...

the rth elementary symmetric function.
(f) eLe(A'h) #0,

Now
1+ h

assume ¢= ——.
h

Then

(a) there is a 1-dimensional eH.e-module €1,

(b) LC(/\Oh) = HCE ®€Hc€ €1,

(2.1)

, Ty 18
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n

() Le(A%h) = Y (=1)"Mc(A'D).

i=0
(d) The Hilbert series of L.(A%h) is

P(Lo(A0;t) = 1B N1t 442 - 7).,
(e) The graded character of L.(A%h) is

_ IR det(1 — th*1w)

ch(Le(A°h;w, ) det(1 — tw)

and, by putting ¢t = 1, the W-character of L.(A"f) is
Ch(Lc(/\O[]; w) — hdimkcr(l—w)7

and thus, by comparison with Sommers [ref??],

Q

L(A%f) = h+ D0’

as W-modules,

when W is a Weyl group and @ is the root lattice of W.

The connection to diagonal harmonics
The filtration on H,. given by
deg(z) =1, deg(y) =1, deg(w) =0, reh ,yehweW,
has associated graded
gr(He) =Clh @ b*] « W,
the ”semidirect” product of C[h & h*] and CW. Let

14k

- and L= L.(A%) =H.e Qe 1.

c
Then the surjection
(Clh @b * W)e @c(clpmn)»w)e €1 — gr(L)
and the graded C[h @ h*| « W isomorphisms

Chaobhl®e — (Clhdbh*]*W)e=gr(He), and
Clhaeh*lWe = €(C[h@bh*]*W)e = gr(eHee),

provide a graded surjection

Clh @ b*]

W = (C[b @ h*] ®C[b@h*]w €6 — gr(L) ® €.
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The KZ-connection
There is an injective algebra homomorphism
H, — D(h™8) @ CW
and a corresponding localization functor

H.,-mod — {W-equivariant D-modules on h*&}
M — M ‘

breg
The KZ-connection with values in W? is the flat connection on

M.(X\) = (trivial vector bundle C[h 8] @ W?).

hres

The corresponding monodromy representation (in a fiber over a point in §*& /W), Mon.()), of the
braid group, 71 (h*®8 /W), factors through the Hecke algebra Hyy(e*™).
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