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Abstract

Abstract. In this paper we use the combinatorics of alcove walks to give a uniform
combinatorial formula for Macdonald polynomials for all Lie types. These formulas are
generalizations of the formulas of Haglund-Haiman-Loehr for Macdonald polynoimals of type
GL,. At g = 0 these formulas specialize to the formula of Schwer for the Macdonald spherical
function in terms of positively folded alcove walks and at ¢ = t = 0 these formulas specialize
to the formula for the Weyl character in terms of the Littelmann path model (in the positively
folded gallery form of Gaussent-Littelmann).

1 Introduction

The Macdonald polynomials were introduced in the mid 1980s [Macl] [Mac2] as a remarkable
family of orthogonal polynomials generalizing the spherical functions for a p-adic group, the Weyl
characters, the Jack polynomials and the zonal polynomials. In the early 1990s Cherednik [Ch]
introduced the double affine Hecke algebra (the DAHA) and used it as a tool to prove conjectures
of Macdonald. The DAHA is a fundamental tool for studying Macdonald polynomials. Using the
DAHA, the nonsymmetric Macdonald polynomials E,, can be constructed by applying products
of “intertwining operators” 7,” to the generator 1 of the polynomial representation of the DAHA
(see [Hai, Prop. 6.13]), and the symmetric Macdonald polynomials P, can then be constructed
from the F,, by “symmetrizing” (see [Mac3, Remarks after (6.8)]).

Of recent note in the theory of Macdonald polynomials has been the success of Haglund-
Haiman-Loehr in giving, in the type GL,, case, explicit combinatorial formulas for the expan-
sion of Macdonald polynomials in terms of monomials. These formulas were conjectured by J.
Haglund and proved by Haglund-Haiman-Loehr in [HHLI1] and [HHL2]. The papers [GR] and
[Hai] are excellent survey articles discussing these developments.
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Following a key idea of C. Schwer [Sc], the paper [Ra] developed a combinatorics for working
in the affine Hecke algebra, the alcove walk model. It turns out that this combinatorics is the
ideal tool for expansion of products of intertwining operators in the DAHA. These expansions,
when applied to the generator of the polynomial representation of the DAHA, give formulas
for the Macdonald polynomials which are generalizations, to all root systems, of the formulas
obtained by Haglund-Haiman-Loehr [HHLI] [HHL2] in type GL,.

At ¢ = 0 the symmetric Macdonald polynomials are the Hall-Littlewood polynomials or the
Macdonald spherical functions. These are the spherical functions for G/K, where G is a p—adic
group and K is a maximal compact subgroup. The work of Schwer [Sc, Thm. 1.1] provided
fomulas for the expansion of the Macdonald spherical functions in terms of positively folded
alcove walks. See [Ral, Thm. 4.2(a)] for a description of the Schwer-KLM formula in terms of
the alcove walk model. The formula for Macdonald polynomials which we give in Theorem B.4]
reduces to the Schwer formula at ¢ = 0.

At ¢ = t = 0 the symmetric Macdonald polynomials are the Weyl characters or Schur
functions. In this case our formula for the Macdonald polynomial specializes to the formula
for the Weyl character in terms of the Littelmann path model (in the maximal dimensional
positively folded gallery form of Gaussent-Littelmann |GIL, Cor. 1 p. 62]).

It is interesting to note that, in the formulas for the symmetric Macdonald polynomials, the
negative folds and the positive folds play an equal role. It is known [GL] that the alcove walks
with only positive folds contain detailed information about the geometry of Mirkovié-Vilonen
intersections in the loop Grassmannian. It is tantalizing to wonder whether the alcove walks
with both positive and negative folds play a similar role in the geometry of flag varieties for
reductive groups over two dimensional local fields and whether the expansions of Macdonald
polynomials in this paper are shadows of geometric decompositions.

The papers [GL] and [Ra] explain how the combinatorics of alcove walks is almost equivalent
to the combinatorics of crystal bases and Kashiwara operators (at least for the positively folded
alcove walks of maximal dimension). Our expansions of Macdonald polynomials in terms of
alcove walks give insight into possible relationships between Macdonald polynomials and crystal
and canonical bases.

This research was partially supported by the National Science Foundation (NSF) under
grant DMS-0353038 at the University of Wisconsin, Madison. We thank the NSF for continuing
support of our research. This paper was completed while the authors were in residence at the
special semester in Combinatorial Representation Theory at Mathematical Sciences Research
Institute (MSRI). It is a pleasure to thank MSRI for hospitality, support and a wonderful
and stimulating working environment. A. Ram thanks S. Griffeth for many many instructive
conversations about double affine Hecke algebras and Macdonald polynomials, without which
this paper would never have been possible.

2 Double Weyl groups, braid groups and Hecke algebras

In this section we review the basic definitions and notations for affine Weyl groups and double
affine Hecke algebras following the expositions in [Ral], [Ch], [Mac4] and [Hai]. Following the
definitions we prove Theorem 2.2] a formula for the expansion of products of intertwining op-
erators in the DAHA. This formula is a “lift into the DAHA” of the expansions of Macdonald
polynomials given in Section 3.



2.1 Double affine Weyl groups

Let bz be a Z-lattice with an action of a finite subgroup Wy of GL(bhz) generated by reflections.
Then Wy acts on b7, by

(wp ) = (uw XYY, where (A, ) = p(\Y) for \V € bz pebs  (21)

Let Rt C b} and (RY)™ C bz denote fixed choices of the positive roots and the positive coroots
so that the reflections s, in Wy act on bz and on by by

sad = A — (N, V) and sa) =AY = (WY a)aY, respectively. (2.2)
The groups
X={X"|pebhy} and Y ={Y" |\ ebz} (2.3)
with
XHEXY = XFFH and Y'Y =y e (2.4)

are the groups b7, and bz respectively, except written multiplicatively, and the semidirect product
Wo i (X x V) = {XPwY | we Wy, puebi, A € bz} (2.5)
has additional relations
wX* = XM and wY =Y, (2.6)
for w € Wp, pu € b3 and \V € by.
__ Assume that the action of Wy on hc = C®z bz is irreducible. The double affine Weyl group

W is the universal central extension of Wy x (X x Y). If e is the smallest integer such that
A\, ) € %Z for all \Y € bz and p € b3, then W is presented by

W = {¢*X Y™ | ke 12, e b\ € hz,w e Wo}
with (24]), (2.8) and
XYY = Ay X for e by, AY € by (2.7)
The subgroup {qu“YAv | k € %Z, w € bz, AV € bz} is a Heisenberg group and
W ={Xtw|p€bz,we Wy} and WY ={wY* |AY € bz, we Wy} (2.8)
are affine Weyl groups inside W. Letting
g=X=y (2.9)
and extending the notation of (Z€) gives actions of W on b} + Z3§ and W on bz & Zd with
YN p=p— (A6 and  XPAY =AY — (A, p)d. (2.10)
Let ¢ € R be the highest root and ¢¥ € RY the highest coroot and let

S0 = Y“’vsqJ and sq = X¥s,v. (2.11)



Let
ag=—p+6, af=—¢ +d, (d,p) =0, (\Y,8) =0, (d,d) =0, (2.12)

so that
sop = p— (i, o Yy and sgAY =AY — (A, ag)ay (2.13)

The alcoves of hy = R ®z b7, are the connected components of

i\ U 02 where  pH={zebp| (maY)=—j}.  (214)
aVe(RY)t,jeZ

The action of W = {X*"w | p € b3, w € Wy} on by given by

Xt v=v+upu and w-v=wy, for w € Wy, p € by and v € by, (2.15)
sends alcoves to alcoves; s, ..., s, are the reflections in the walls f)o‘g ey f)o‘X of the fundamental
alcove

l={zeby | (z,o)) >0, fori=0,1,...,n}k and (2.16)
¢(v) = (number of hyperplanes between 1 and v) (2.17)
is the length of v € W. Let QY be the set of length zero elements of W. The affine Weyl group
W has an alternate presentation by generators sy, sy, ..., s, and QY with relations
(5;/)2 =1, 5;/5;'/ = 5;'/5;/ Y and g\/S;/(g\/)fl = S\O/V(i)? for gV € Qv’ (218)
—_— N~

where W/ng is the angle between f)o‘iv and [)O‘JV and " denotes the permutation of the f)o‘iv

induced by the action of g¥. If QY x bi is QY| copies of b (sheets), with QY acting by
switching sheets then there is a bijection

W «—— {alcoves in Q" x hi} (2.19)

and we will often identify v € W with the corresponding alcove in QY x hf. The pictures
illustrating this bijection in type SLs are displayed in the appendix.
The periodic orientation is the orientation of the hyperplanes f)o‘v+kd such that

(a) 1 is on the positive side of h*" for a¥ € (RY)™,
(2.20)
(b) ho'+hd and h” have parallel orientations.

The pictures in the appendix illustrate the periodic orientation for type SLs.

A similar “pictorial” viewpoint applies to the group WV acting on Q x hg where hg = R®zbz
and Q is the set of length zero elements of WV. Then WV has an alternate presentation by
generators sg, S1,...,S, and §2 with relations

si =1, §iSj = 5j8; ", and gsig ! = S0(i), for g €, (2.21)

where 7/m;; is the angle between h* and h® and o denotes the permutation of the h* induced
by the action of g.



2.2 Double affine braid groups
The double affine braid group B is the group generated by Ty, ..., T,, Q and X with relations

TiTj- =TT+, gLig ' =T,u, gX"=X%g, (2.22)
—_——— N —
mij mij

for g € Q, and
T, XH = X5, if (p,o)) =0,
EXMTZ = XSiM, if </L,O[;/> = 1’

where the action of WY on b}, @ Zd is as in (ZI0). The element

fori=0,1,...,n, (2.23)

q¢=X° is in the center of B. (2.24)

For w € WY, view a reduced word w = gs;, ---s;, as a minimal length path p from the
fundamental alcove to w in hr and define

+1, if the kth step of p is

Ve =g(T;y)" - (T,)*,  with = (2.25)

—1, if the kth step of pis ]

¥

with respect to the periodic orientation (see (2.20]) and the pictures in the appendix). For v € W,
view a reduced word v = g"sy, -+ s} as a minimal length path p" from the fundamental alcove
to v in by and define

| +
—1, if the kth step of p¥'is _{ o ,
v Vv .
XV =g"(T)) - (T))%, with ¢ = . R (2.26)
+1, if the kth step of pV¥ is I
Let T, =T;, for i = 1,2,...,n,
gV = XTIy . ()TN =XPTY, g=Y9T,), . To=Y¢T.l. (2.27)

where ¢ and ¢ are as in (Z.I1)) and, using the action in [2I8), wy = g¥ -0 and w, is the longest
element of the stabilizer of w, in Wy.

The following theorem, discovered by Cherednik [Chl, Thm. 2.2], is proved in [Mac4l, 3.5-3.7],
in [To], and in [Hail 4.13-4.18].

T\Eleorem 2.1. (Duality) Let Y& = q~'. The double braid group B is generated by Ty , Ty, ..., T\,
QY and Y with relations
TTY - =TYT oy TV (g ) =T, g YN =YY, (2.28)
mY. mY.
i i
for g¥ € QV, and
YN =vysiNTy if (A, ;) =0 ,
; ’ ’ =0,1,... 2.29
@) (@) =Y i Wy =1, ST e (229

where the action of W on bz & Zd is as in (2.10]).



2.3 Double affine Hecke algebras

Let RY = (RY)T U (—(RY)") be the set of coroots and fix parameters cgv, indexed by ¥ €
RY + Zd, such that for all w € W and 8Y € RY + Zd,

Cav = Cypv- Set tgv =¢%" and t;=t,v. (2.30)

The double affine Hecke algebra H is the group algebra C2B of the double braid group with the
additional relations

/2 _ 4=1/2

The double affine Hecke algebra H has bases
(ToX* |weW, pebyazst, {YNTV |weW, \ € bz o Zd},

T = (t

2

)T, +1,  fori=0,1,...,n. (2.31)

and
(" XIT, YN | we Wo, Y € bz, i € b3, k € 17}

(see [Hail Prop. 5.4 and Cor. 5.8]).
In the presence of ([231]) the relations (2.29) are equivalent to

’ 1 it Y)\V _ Ysi)\v
TYYN = ysN'TY 4 (12 —t, Dy fri=01.n, (2.32)
In turn (232)) is equivalent to
YN =ysN e fori=0,1,...,n, (2.33)
where
It £3(1 =ty oY
t. — . — t: i
vV _ Vv i v Vy—1 i ¢
7 =T, + Ty =(T;")" + L y-ar (2.34)
Using that the 7, satisfy the braid relations and that
g'YN = y9'N gV write 7'1\1fY>‘v = Y“’AVTJ, for w e W.

Let w € W and let w = s} --- s, be a reduced word for w. For k=1,...,/ let

By =slsi, - chﬂaxc and tgy = iy, (2.35)
so that the sequence ), 3, ,..., 3 is the sequence of labels of the hyperplanes crossed by the

—1 _ VgV v : : = VeV V VeV VoV LV :
walk w™" = s;s; ---s). For example, in Type Ay, with w = s357s{ s3] 55855 the picture
is

YV NN NN

/N /N /N /N /NN

hﬁg hﬁg hﬁX hﬁg [)ﬁgv [)ﬁf



Let v € WV. An alcove walk of type i1,...,1, beginning at v is a sequence of steps, where a

step of type j is
- - +
==
z8; 2 285

positive j-crossing mnegative j-crossing positive j-fold negative j-fold

z z8j z z8j z

Let B(v,w) be the set of alcove walks of type @ = (i1,...,i,) beginning at v. For a walk
p € B(v, W) let

ft(p) = {k | the kth step of p is a positive fold},

f~(p) ={k | the kth step of p is a negative fold}, (2.36)

and
end(p) = endpoint of p (an element of W). (2.37)
Theorem 2.2. Let v,w € W, let w = s} -~ s}, be a reduced word for w and let By, ..., 0y be

as defined in (2.38). Then, in H,

2 (1 —tgv) /2 (1 — g )Y B

v,V _ end(p) ﬁk By ﬁv By

XTw_ ZﬂX H 1—-Y-~ By H 1—-Y-~ Bk ’
pEB(v,w) kef*(p) kef~(p)

where the sum is over all alcove walks of type W = (i1,...,1i¢) beginning at v.

Proof. The proof is by induction on the length of w, the base case being the formulas in (2.34]).
To do the induction step let p € B(v, @),

—1/2 1/2 8y
t v (1—tv) (1—tv)Y k
B By _ By
Ft(p) = I | B F — I |
(®) 1-Y % ’ (p) 4 1-Y-B
kef*(p) kef=(p)

and let
p1,p2 € B(v,Wsj) be the two extensions of p by a step of type j

by a crossing and a fold, respectively). Let z = end(p). By induction, a term in XV7,7; is
Y g Yy y J

XFFT(p)F~(p)rj = X715 (s, FF(p)) (5,F~ (p))

21— 1))
X* (TJV + a—ﬁ (stJr(p)) (st*(p)), if X#% = XszV,
= 1/2 iy
X* ((TJ‘V)—1 - ] 1(1_ Yt iﬂv )(st+(p))(st—(p)), if X% = X*(T;)~*

_ Xend(p1)F+(p1)F—(p1) + Xend(P2)F+ (p2)F_ (p2).

The last step of ps is
— Jr —
== if X?% = XZTJV, and =

z

+
if X*% = X*(T))~!

z8j z8j




3 Macdonald polynomials

In this section we use Theorem to give expansions of the nonsymmetric Macdonald polyno-
mials E,, (Theorem [BI]) and the symmetric Macdonald polynomials P, (Theorem [3.4)).

Let H be the double affine Hecke algebra (defined in (Z31))) and let H be the subalgebra of
H generated by Ty, ..., T, and €. The polynomial representation of H is

C[X] = Ind (1) = C-span{g"X"1 | k € 17, € b3} (3.1)

with

Ti1 = ti/Ql and gl=1, forge. (3.2)
The monomials X#1, u € b, form a C[g+!/¢]-basis of C[X]. Another favourite C[g*'/¢]-basis

of C[X] is the basis of nonsymmetric Macdonald polynomials

{E, | 1ebzl, where E,, =7Y,,,1 (3.3)

with X#m the minimal length element in the coset X*Wj. Note that 7,1 = 0 for w € Wy since
7¥1=0fori=1,2,...,n.

If h% is the set of dominant integral coweights (analogous to (h%)" defined in [B8)), AV € b
and YA =5, -5

, is a reduced word, then

1 1
yA1 = Ty Tl =t7 21 = q%(0i1+"'+6i4)1 _ q% Pacnt caN @) — o(Aope)q

)

since (\Y, ) is the number of hyperplanes parallel to h® which are between YA and 1. If
A € bz then AV = p¥ — vV for some p¥, vV € b5 and so, for all \Y € by,

YA 1 = M orelq, where p. = 3 Z Calr. (3.4)

More generally, if X#m is the minimal length element of the coset X#W, then

v E, = YN rxumd = Txxum Y™ XA = 1y, YTV 0d) g

— TX‘LmYmilAvq7<)‘v7/J‘>1 — q<m71)\\/7pc>7<)\\/“u]>

1 = q<>‘v 7mpcf/>‘> E

TXHm 1

= q<>\V,X"‘m-pc>EM
where, in the last line, the action of W on by is as in (ZIH). Thus the E,, are eigenvectors for
the action of the Y*" on the polynomial representation C[X].

Retain the notation of (236H23T7) so that if w = s -+ s} is a reduced word then B(v, @)
denotes the set of alcove walks of type W = (i1,...,i7) beginning at v. For p € B(v,w) define
the weight wt(p) and the final direction ¢(p) of p by

Xy = Xy o with wt(p) € b, and ¢(p) € Wo. (3.5)

In other words, wt(p) is the “hexagon where p ends”. For w € W define

Voo, V

t%u/z = till/Q 112 if w=s/ s/, is a reduced word. (3.6)

i@ 5

If B = s{,--- s} i are as defined in ([Z35) then, by (3.4),

k+1

Y A1 =y rid g = gigr ey if BY = =" 4 jd



with vV € RY, j € Z. By (230) and the definition of p. in ([34]), the constant grre) is a
monomial in the symbols ti/ > To simplify the notation for these constants write ¢/ qhv’pc> =
¢Bire) so that

Y A1 = gt Piee, (3.7)

Theorem 3.1. Let u € by and let w = X#m be the minimal length element in the coset X*Wj.
Fiz a reduced word & = s, -+ s}, forw and let 3/, ..., 3 be as defined in [238). With notations

as in (FZHI ) the nonsymmetric Macdonald polynomial

1

1
301 _ 21— (=BYpe)
E,= ). D)2 11 oy 1~ toy) 11 by (1= tay)a
# ¢ (p) 1 — g(=hipe) 1 — g{=hipe) ’
peB(ii) kef*(p) kef=(p)
where the sum is over the set B(fi) = B(1,4) of alcove walks of type i1, ... iy beginning at 1.

Proof. Since E, = 7Y u,,1,

xerdo)p — XM@Y 1= xW0E 1 and YA 1= gP e
»(p) (P )

(p)
applying the formula for 7xu,, in Theorem to 1 gives the formula in the statement. O

Remark 3.2. From the expansion of E,, in Theorem 3.1, the nonsymmetric Macdonald poly-

nomial E,, has top term t%2X # where X*m is the minimal length representative of the coset

XHWy. This term is the term corresponding to the unique alcove walk in B(ji) with no folds.
Remark 3.3. If w = X#m = sl-v1 slvz is a reduced word for the minimal length element of
the coset X*Wy then w™! = 5;2 e S;/1 is a walk from 1 to w™! which stays completely in the

dominant chamber. This has the effect that the roots 8),...,3) are all of the form —" + jd
with vV € (RV)* (positive coroots) and j € Z~g. The height of a coroot 7" is

b = (V) where p=3 Y a

a€ER
In the case that all the parameters are equal (t; = t = ¢¢ for ¢ = 0,...,n) the values which
appear in Theorem [3.1],
q<7ﬁ'¥’pc> = qhv*jd’pc> = qjtht(“’v), have positive exponents (in Z~g).
The set of dominant integral weights is
(h5)T={ueby | (pafy>0fori=1,...,n} (3.8)

Recall the notation for t%v/2 from ([B6). For p € (h%)", the symmetric Macdonald polynomial

(see [Mac3l Remarks after (6.8)]) is

_1
P,=1E, where 1lo= Y tuluTu, (3.9)
weWy

so that T;19 = t}/210 for i = 1,2...n, and 1y has top term 7T, with coefficient 1. The
symmetric Macdonald polynomials are Wy-symmetric polynomials in X* which are eigenvectors
for the action of Wy-symmetric polynomials in the Y.



Theorem 3.4. Let € (h3)" and let XFm = s -5;2 be a reduced word for the minimal length

Z,l..

element X*m in the coset XFWy. Let B),...,0) be as defined in ([235) and let
P(E) = | Blv, @)
veWy

be the set of alcove walks of type W = (i1,...,i¢) beginning at an element v € Wy. Then the
symmetric Macdonald polynomial

1

2(1 - tﬁz)q<*ﬁ;¥,Pc>

1 1 t vV

_ wt(p)p2 173 % k By

Py Z X tso(p)t“’ow H 1— q(—ﬁl,pd H 1— q<—ﬁ;¥,pc)
pEP (i) kef*(p) kef=(p)

Proof. The expression

_1 _1
10 = Z twlw XY, gives P,=1E, = Z tuwcw X T um 1,
weWy weWy

which is computed by the same method as in Theorem and Theorem B.11 O

Remark 3.5. The Hall-Littlewood polynomials or Macdonald spherical functions are P,(0,t)
and the Schur functions or Weyl characters are s, = P,(0,0). In the first case the formula in
Theorem B4l reduces to the formula for the Macdonald spherical functions in terms of positively
folded alcove walks as given in [Sc, Thm. 1.1] (see also [Ral Thm. 4.2(a)]). In the case ¢ =t = 0,
the formula in Theorem [B.4] reduces to the formula for the Weyl characters in terms of maximal
dimensional positively folded alcove walks (the Littelmann path model) as given in [GL Cor. 1
p. 62].

4 Examples
4.1 Type A;
The Weyl group Wy = (s1 | s2 = 1) has order two and acts on the lattices
bz = Zw" and b} = Zw by siw’ = —w’ and sw = —w, (4.1)
and
' =a" =2w", p=a=2w, and (WY a)=1. (4.2)
IngXsYsg 9'sos  g7sq o gY o g'si gVsisg IQVSYS(YSYI

I I I I
X*Sw X—wsl Xv stl Xw XBwsl X3w

VoVoV V.V Vv Vv V.V VoV oV
815051 5150 51 1 S0 S0 51 S05150
| | | l | |
| | | t I
X% X © 51 1 X%s1 X X2

hav—l—Zd hav—l—d hav hav —d haV—Qd hozv—?)d
The double affine braid group B is generated by Ty, T, 9, X, and ¢'/2, with relations

To=ghg™', ¢*=1, ¢=X°
(4.3)
gX¥ = ql/zX*“’g7 Ty X¢Ty =X, and ToX “Ty=q 'X¥.

10



In the double affine braid group
g=Y“'T, To=Y?Ty ¢V =XxTy, (TY) ' = X1y, (4.4)

At this point, the following Proposition, which is the Type A; case of Theorem 2.]] is easily

proved by direct computation.

Proposition 4.1. (Duality). Let Y% = ¢~'. The double affine braid group B is generated by
Ty, TY, 9", Y*" and ¢*/* with relations

Yi=¢',  (¢")=1 T =¢"TY(g") ",
gV =g Y T =YY and (T) YT = gy
The double affine Hecke algebra H is CB with the additional relations
T? = ("2 —t7V)Ty 41, fori=0,1, and tg=1t; =t =" (4.5)

Using (45, the relations in Proposition (1)) give

v 1/2y —w" v v 1/2 o Y -y
g\/Yw =q / YW gv, TyYy® =y T1+(t/ —t / )W, and

wi - 71Y7w\/
TQ\/yw\/ _ q—ly—w\/TO\/ + (t1/2 o t_1/2) < - _(;Ya\/ )

With Y* = ¢Y* and Y = Y%, then
1

— |, for i =0, 1.
1-Y %

T;/ = gV, and TZV = z"i\/ _ (tl/Q _ t_1/2) <

To illustrate Theorem 2.2 note that X —2* = sYsy is a reduced word and

21—t
Yy = <T1v St )> ry

1-y—of
t1/2(1 — 1) 20— (Pa-y) (VPA -y
vV v Vy—1
=T"Ty + 1y vy +(15) 1 _ v —soay + 1 — y—soof 1-Y~
21— 1) 1/2(1 — ) =121 — t) 1201 — )y o
. —2w \/7 2w Vv
=X""+T 11—y XL [y sy T\ T_y-say 1—Y~% '

The corresponding paths in B(1, —2w) = B(—2w) are

b | | Bl | || || P

1 1 T 1 1 T
_ _ _ _ _ AV
Xf2w T\/t 1/2(1 B t) XQwT\/t 1/2(1 - t) t 1/2(1 - t) t 1/2(1 - t)Y @0
Ly _y—o Ly _y—soaf 1—ysoof ]_y-o

The polynomial representation is defined by

T:1 = t1/21, and gl =1.

11



In this case

1
pe = 5ca and WO ={X"% |0 eZso} U{X¥sY | L€ Zspl, (4.6)

is the set of minimal length coset representatives of WV /Wj.
Applying the expansion of 7y/7y to 1 and using

Y01 = gV 1 = g¢°1 = qt1, and y ool = yelt2dy — 2ye’y = g%,
gives

E o, =711

t=12(1 —t) t=12(1 —t) V21 =)\ (720 —t)gt

_ X 2w g 41/2 X 2wyl/2

+ 1—qt + 1—q?t + 1—q?t 1—qt
1—t

— 1—-t 1—-t 1—-t
pxm ety (o) ()
1—qt 1—gqg-t 1—gqg-t 1—qt

Since 1p = Tlv +t71/2 the symmetric Macdonald polynomial Py, = 19Fs, = loTo\/ 1is

_ X72w +

Po, = 10Bn, = (TY +t7 /)71

20—t Lt P -y
= (TlvTOV—FTlVil_;ag) + ATy T 1(_ Y)‘3‘5 1

~1/2 “1/2
_ <X2”+t1/2t /(1_t)+t*1/2X2“’T1V+t*1/2t /(1—t)qt>1

1—qt 1—qt
~ 1t (1-1t)q B 1—t
— (X 2w - X2w 1= X2w X 2w 1 - " \1.
( g 1_qt> ( + ++a7—
—
The corresponding paths in P(2w) are
| <1 | | | 1 | [ | 1 > | [ | 1= |
) 1 T ) 1 ) 1 T ) 1 1 1 T 1 1 1 ) L 1 1
X*Qw 1-1 X2w q(l — t)
1—1q 1—1q

4.2 Type A,

The Weyl group Wy = (s1, s2 | s% = s% =1, 515251 = s28152) acts on the lattices
bz = Zw) + Zwsy and b7 = Zwi + Zwo, (4.7)

where s; and s are the reflections in the hyperplanes determined by

af =20 —wy, ay =—w! +2w), o =2w —wy, and ay=—wi+ 2ws, (4.8)
with (w;’, a;) = 055, and (w;, af) = d;;. In this case,
0 =af +ay, and Y=o+ as. (4.9)

12



The double affine braid group B is generated by Ty, T1, Th, g, X“', X*2, and ¢'/3, with rela-
tions

1T = 1T;1:T5, for i # j,
XHXA = XHHA = XAXH, for u, A € b3,
Ty X@2 = Xy ToX¥ = X9Ty T X9T) = X “itez ThX@rTy = Xwi—wz2  (4.10)
=1, gX =g AXTeteg gXer = PPX Ty,
gTog™ =11, ghg™" =Ty, 9oy = To.
The formula [227)) gives
9= lele_sz_la 92 = YwQVTz_lTl_17 Th = Y¢VT1_1T2_1T1_17 (4.11)

@ = XTVTY, (@)= XPTYTY, ()7 = XPTYTYTY. (412)

At this point, the following Proposition, which is the Type Ay case of Theorem 2.1 is easily
proved by direct computation.

Proposition 4.2. (Duality). Let Y% = ¢~'. The double affine braid group B is generated by
TY, TY, Ty, gV, Y*', Y¥ and ¢'/3, with relations

(T)~' Y (M) =y (1) Y (1) T = v
()71 yeE = yes(ny)Th (1) Ty = vl (1)
(gV)3 =1, gvywlv _ q—1/3y—w}/+w2vg\/’ gvyw; _ q—2/3y—w¥g\/’
9T () =T, ¢TIV =Ty  and  g'TY(9")' =Ty

To give a concrete example of Theorem [3.4] let us compute the symmetric Macdonald poly-
nomial P, where p = a1 + az. Since

10 — XS15251 + t_1/2X8182 + t_1/2X8281 + t—2/2X81 + t—Z/ZXSQ + t_3/2,
and XPm = s§ is the minimal length element of the coset X?W,
P,=10E, =1o7y'1

—-1/2
_ <X818281 +t_1/2X8182 +t_1/2XS281> <TOV + M) 1
1-Y %

—1/2 —ay
+ (t—2/2X51 22 4 t_3/2) <(TOV)_1 n Y (I-t)Y % ) 1
1-Yy—2

_ <X81828180 + t71/2Xslsgso + t71/2X323150 + t72/2Xslso + t72/2X5250 + t73/2Xso> 1

~1/2
+ (X818281 + t—l/ZXslsg + t—1/2X5251> t / (1 — t)
1-Y
—1/2 —ay
i (t—2/2X51 /2y g t_3/2) 21 - t){ 0 1
1-Y %

13



Since Y"1 =Y¥ 91 = qYO‘IV+O‘2Vl = t2¢1,

Xwop 4 t_1/2X5152pT2V + t—l/QstslpTl\/
o= < T HRXSPTYTY 4 422X 2P YTy + t32 XPTY Ty TY ) !
t=12(1 —¢
+ (BT + P + P T ) —— _(t2q )

“1/2(1 _ )42
+ (t*Q/QTlv 22Ty +t’3/2) L Sl 1(1 tzt)t 94
—t2q

= (X0 . XSSP 4 XSSP 4 YN | X0 4 XP)

~1/2 ~1/2 2

n (t3/2 42 +t1/2> 121 - t)l n (t’l/Q 412 +t’3/2> 21—yt 44
1—1t%q 1—1t%q

1—1¢
= (X X X XXX (42 2 )T ) 1

The set P(p) contains 12 alcove walks,

and

The Hall-Littlewood polynomial and the Weyl character are

P,(0,t) =m,+ (24 1t)(1 —1) and sp = P,(0,0) =m, +2,

where m,, = XW0P | X515 | X52510 4 X519 4 X520 4 XP,
The expression X 5152759 = sysysy is a reduced word for the minimal length element in the
coset X*1°2°1/y and Theorem is illustrated by
t=12(1 —t) t=1/2(1 1)
T = (Tl T v o = TV + 7 Ty way e

t=1/2(1 — 1) 121 —t) V21—tV (1 — 1)
_ ViV \4 \4 4
- (Tl ATy e ey t Ty Ty ey |

“12(1 — 1) ST =) 721 1)

t=12(1 —t) t
— Vv \/ Vv,V
- Tl T TO + T 0 1 — Y —soay 270 1 — Y —sos2e To 1 — YV—soay | — y—sos2af

1/2(1 t) 21 =)

121 -ty o0 21—t 121 -t

\
1 1—-Y—% 1 —Y S0 1 — Y —so0s2ey
val/?(l — Y~ ~Y2(1 —¢) y V2=t V21— 1)
13 1— Y—a(\)/ 1— Y—sosza\{ ( 0 ) 1— Y—80a¥ 1— Y—sosza\{

121 — )y ¢ Y2(1 —t) 121 —¢)
1— Y—oc(\{ 1— Y—80a¥ 1— Y—sosza\{ ’
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where the eight terms in this expansion correspond to the eight alcove walks in B(1, sy sy sy) =

B(s1s2p) pictured below. Applying the expansion of 7)/7y7y to 1 and using

Y1 =Y¥ 01 = 21, y-s0os1 = yoi 91 = ¢q1,
(4.13)
and  Yroseil = Y9 o] = 4221,
computes
~1/2 ~1/2 ~1/2 2 4-1/2
J Xslsgpt1/2+tt / (1—t) +Xslptt /(1_t) —|—t1/2t / (1_t)t qt / (1_t)
152p 1—1t%q 1 —tq 1—t2q 1—tq
+X52ptt*1/2(1—t) a2t 121 —t)t2qt=12(1 —t)
1 —t2¢? 1—t%q 1 —t2¢2
et V21 —t)t=1/2(1 — ¢ )+ =121 = )2qt V21 —t) V2 (1 — 1)
1—tq 1 —t2¢2 1 —t%q 1—tq 1 —t2¢2
1—-t¢ 1—1t¢ 1—t)g(1 -t 1—-t
:t1/2 X8182p+( 2) +Xslp( )+t( Q)Q( )+X32p( 2)2
1 —t4q 1—tq 1—t“qg 1 —1tq 1 —t2q
1-—t 1-—1t 1—-1%) (1—t 1—t)g(l—1t) (1—t
00 020 00 (=0 (=Da(=0 (-1) ),
1—1t%q 1 —t2q 1—tq1—t4q 1—1t2q 1 —tq 1—1t4q
A\VARVARV/ NV NV NV NV

MMM

ngs1pt1/2 t1/2 Xslptl/Q(l _t)

1-— t2 1—tq

VNV \/ AVARAVA A\VARVARV/

/N /\ /\ /N /N /\
43/2 (1 - tq) (11_—tt2) Xs2py1/2 1( _—t;)2 £3/2 (11_—;);1 1(1_—75;)2
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A\VARVARV/ AVARA VARV

/N /N /\ /N /N /\
(1—t) (1—-1) (1-t)(A—-t)g (1-1)
Xptl/Ql—tql—th2 t3/21—tq 1—t2q 1 —t2¢?
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5 Appendix: The bijection between W and alcoves in type SL;

The following pictures illustrate the bijection of (2I9) for type SL3. In this case, QY =
{1,9",(gV)*} 2 Z/3Z, and ¥ x b has 3 sheets. The alcoves are the triangles and the (centres
of) hexagons are the elements of b

ha;—&-d bozzv b—(xz —+2d b—(xz +4d

—+—+—+—\/—+—+—+
+b7s0+4d

bfgov+3d

b—gov-&-Qd

-
hoo

bSO

he+d

v
<

KN (o
+ bg0v+4d
+ /- +/- + /- + /- + /- + /- + /-
hfaYer balv balv+2d balv+4d
Sheet 1
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bfgov+4d
b—¢v+3d
b—¢v+2d

4

bao
he’

he
b¢v+2d
b¢v+3d

bwv+4d



20

b*gov +4d
b—gov +3d

b—gov +2d

4

feo
he’

he
b¢v+2d
b¢v+3d

bwv+4d
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