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Abstract

This paper gives a Schur-Weyl duality approach to the representation theory of the affine
Hecke algebras of type C with unequal parameters. The first step is to realize the affine braid
group of type C} as the group of braids on k strands with two poles. Generalizing familiar
methods from the one pole (type A) case, this provides commuting actions of the quantum
group U,g and the affine braid group of type C}, on a tensor space M ® N ® V®k_ Special cases
provide Schur-Weyl pairings between the affine Hecke algebra of type C) and the quantum
group of type gl,,, resulting in natural labelings of many representations of the affine Hecke
algebras of type C by partitions. Following an analysis of the structure of weights of affine Hecke
algebra representations (extending the one parameter case to the three parameter case necessary
for affine Hecke algebras of type C), we provide an explicit identification of the affine Hecke
algebra representations that appear in tensor space (essentially by identifying their Langlands
parameters).
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1 Introduction

This paper explores a Schur-Weyl duality approach to the representations of the affine Hecke
algebras of type C with unequal parameters. Following Kazhdan-Lusztig [KL], the irreducible
representations of the affine Hecke algebra are usually constructed via the K-theory of generalized
Springer fibers. This method works well when an algebraic group is available, which is only for
special cases of the three parameters t, tg, t; of the affine Hecke algebras of type C.

G. Lusztig gave a general approach to the unequal parameter case using Kazhdan-Lusztig bases
and cells. In [Lu2], the challenges for pushing this method through in type C are outlined in a set
of conjectures, many of which have now been settled in work of Geck, Bonnafé, and others (see
[Gel, Bol [Gul and references there). Another analytic approach, closer to the original classification
and construction of Kazhdan-Lusztig, is given by Opdam and Solleveld (see [OS] and [So| and the
references there). In the type C case, Kato [Kt] explained that the “exotic nilpotent cone” can be
used to replace the Kazhdan-Lusztig geometry and obtain a complete geometric classification of
the irreducible representations of affine Hecke algebras (with mild restrictions on parameters).

In the type A case, there is a powerful alternative to the geometric method via Schur-Weyl
duality (see for example [AS] [OR] [VV]). In this paper we provide an analogue of this Schur-Weyl
duality approach for the type C case, with unequal parameters. This is a generalization of the
degenerate case studied by Daugherty [Dal.

The method is the following: Let U,gl,, be the Drinfeld-Jimbo quantum group corresponding to
the general linear Lie algebra, and let V' = C™ be the standard representation of U,gl,,. Write L(\)
for the irreducible polynomial representation of U,gl,, indexed by the partition A, let M = L((a®))
and N = L((b%)) be irreducible representations of U,gl,, indexed by a x ¢ and b x d rectangles. There
is an action of an extension of the affine Hecke algebra of type Cj, denoted H*®, with parameters

= —ig®te (where i = \/—1),

B NI

1
t2 = q, t5 = —ig""", and t

such that
M@N@V® isa (Ugl,, H**)-bimodule.

We show that the commuting actions of U,gl,, and HP** provide a Schur-Weyl duality, which can
be used to derive the representation theory of Hf*' from the quantum group Uggl,,. We work out
the combinatorics of this correspondence, relating the natural indexing of H{**-modules coming
from the Schur-Weyl duality to the other indexings, by describing the weights for the action of the
polynomial part (generated by Bernstein generators) on each irreducible module.

A significant portion of the work in identifying the centralizer of the U,gl,, action on M ®@N QV®k
as an extended affine Hecke algebra of type C is in relating Coxeter and Bernstein presentations,
and putting the parameter conversions into focus. The relationships between these presentations

are given in Theorem for the affine braid group of type C, and in Theorem for the affine
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Hecke algebra of type C. Sections 3, 4 and 5 could, perhaps have stood as papers on their own.
In Section [3] we give the combinatorics of local regions and standard tableaux for the case of
type C with unequal parameters (following the equal parameter case done in [Ra2]). The main
result of Section 3, Theorem (3.3 provides a classification and a construction of all irreducible
calibrated H,‘éXt—modules. As in [Ra2], this classification is via skew local regions, whose precise
definition of skew local regions depends on the careful analysis of the structure of the irreducible
representations of rank two affine Hecke algebras. This analysis was done in the single parameter
case in [Ral]. Since the corresponding analysis for three distinct parameters in the type Cy case is,
to our knowledge, not available in the literature, we have provided it in Section 4. This will ensure
that our classification of calibrated irreducible representations for H{** with distinct parameters,
as given in Theorem is on firm footing. The construction of the action of H** on tensor
space is completed in Theorems [5.1] and Finally, armed with these tools we prove the main
result, Theorem|5.5, which determines exactly which representations of H ,‘j’“ appear in tensor space,
comparing the natural indexing from the highest weight theory for gl,, to the combinatorics of the
weights of the action of the polynomial part of H{*".

Following the schematic from [OR], one would like to generalize the analysis in this paper by
replacing finite-dimensional M and N with, for example, other modules from category O. In the
finite-dimensional case, the key is that R-matrices for M ® V and N ® V have only two eigenvalues.
This strongly restricts the choices for M and N. Non-finite-dimensional choices of modules M
and N that satisfy these conditions exist in category O, but additional work toward understanding
the combinatorics of M @ N ® V®F in these cases is needed. This understanding would yield an
interesting generalization of the work in this paper.

The seeds of the idea for this paper were sown during conversations of A. Ram with P. Pyatov
and V. Rittenberg in Bonn in 2005. They suggested that one should analyze two boundary spin
chains by R-matrices, thus implying the possibility for Schur-Weyl duality approach to represen-
tations of affine braid groups of type C. This idea was completed in the degenerate case in [Dal,
and significant information was obtained in the Temperley-Lieb case in [GN] (see also references
there). In [DR] we shall complete the connection to the statistical mechanics by using the results
of this paper to identify the representations of the two boundary Temperley-Lieb algebra given, in
a diagrammatic form, by de Gier and Nichols in [GN].

Acknowledgements. We thank the Australian Research Council and the National Science Foun-
dation for support of our research under grants DP130100674 and DMS-1162010. Much of the
research for this paper was completed during residency at the special semester on “Automorphic
forms, Combinatorial representation theory, and Multiple Dirichlet series” at ICERM in 2013. We
thank ICERM, all the ICERM staff and the organizers of the special semester for providing a
wonderful and stimulating working environment.

2 The two boundary Hecke algebra

In this section we define the two boundary braid group and Hecke algebras and establish multiple
presentations of each. The conversion between presentations is important for matching the algebraic
approach to the representation theory with the Schur-Weyl duality approach that we give in Section
5.



For generators g;, g;, encode relations graphically by

Gi g;

(@) O means gigj = gjgi,

Gi gj

O——0 means ¢;gjgi = g;9:9;, and (2.1)

Gi 9j
C——=—=0 means ¢;9;9i9; = 9;9i9;9;-

For example, the group of signed permutations,

Wi — bijections w: {—k,...,—1,1,...,k} = {—k,...,—1,1,... k} (2.2)
0 such that w(—i) = —w(i) fori =1,...,k ’ '
has a presentation by generators sg, s1,...,Sk_1, with relations
S0 S1 S9 Sk—2 Sk—1
O——0——0--------- o——o0 and  si=1fori=0,1,2,...,k— 1. (2.3)
2.1 The two boundary braid group
The two boundary braid group is the group By, generated by Ty, Ty, ..., Tk, with relations
h T T Tp2 Tho1 Tp (2.4)

O——0——0--------- 0——0——0

Pictorially, the generators of By are identified with the braid diagrams

SR anne

i t+1

S 11101 RS ——

i 1+1

and the multiplication of braid diagrams is given by placing one diagram on top of another.
To make explicit the Schur-Weyl duality approach to representations of By appearing in Section
it is useful to move the rightmost pole to the left by conjugating by the diagram

R a0

et LK e J ][] e



and

ﬂ” /
X1 =TTy T oTho ' Ty - Ty = ﬂ ] ] ] ] ] (2.8)
U U~

Define

7
Jiny
Z1=X1Y7 and Z; =T, 1T - -ThXiV11T1---Ti 1 = \. ; (2.9)
U Ui
7

fori=2,...,k.

Theorem 2.1. The two boundary braid group By is presented in the following three ways, using

the notation defined in (2.1)).

(a) By is presented by generators X1,Y1,Z1,T1,...,Tx—1 and relations

X T, T T o T
o S S it (al)
Y, n T Ty Th
S e S il (a2)
Z n T Ty Th_
s S S (a3)
and
71 = X1Yi. (ad)

(b) By is presented by generators X1,Y1,T1,...,Tk—1 and relations , , and

(M X T Y = W(Th Xa T ). (b3)
(c) By is presented by generators Zi, ..., Zy, Y1, T1, ..., Tx_1, and relations ,
ZiZ; = Z;Z; fori,5=1,...,k, (c1)
Y\Z, = Z;Yq fori=2,....k, and (c2)
T,Z; = Z;T; forj#ii+1, withi=1,....,k—1, and j=1,...,k, (c3)
and
Zivy1 =T, Z;T; fori=1,....k—1. (c4)

Proof. With ¢ as in (2.6)) let T}, = oT),0 !, so that the original generators are the o-conjugates of

To,Tl,...,Tk. (0)



Conjugate the relations in (2.4) by o to rewrite them in the form

Yi T T Ty—2 Tp—
O=——=0—"0-------~" oO—=o0 Ty Tk 1T T = T 1 T Th—1Tk, (01)
T.Y1 = 1Ty, and T, T; =T;T, fori=1,...,k—2. (02)

The conversions between the generators in presentations (a), (b), and (c) are given in (2.7)),
(2.8), and (2.9). For generators (a) and (b) in terms of generators (o)), the key relations are

Y =Ty, Xi=T ' T\ T Ty T and  Tp=Tpy - T XT0 - T

Relations (a) from relations (b): Relation is the conversion from generators (b) to gen-
erators (a). The relations in then follow from

T:72y = T; X1 Y1 = Xo' Yy = XanTh = Z17T5, fori=2,..., k-1,
and
T2\ T 7, = i X\ ZWh X Y = I X (MT X Ty DT = T X (T Xa T ) Ty
= X\ X\ VT Ny = X\ X Ty = X o X T ' Ty
= X)WL X T N T = 20T 20 Ty
Relations (b) from relations (a): Multiplying

TX (X Ty )Y, = X X T 'nys = X o X I ' v T v
= X' X Ty T = X\ WO X T T = 20T 20Ty
= T1Z1T1Z1 = T1X1Y1T1X1Y1 = T1X1(Y1T1X1T1_1)T1Y1

on the left by (71 X1)~" and on the right by (71Y1)™! gives Ty X1 T, 'Y = iT1 X1 T, ', establishing
(b3).

Relations (b) from relations (0): The pictorial computations

WII-3RI00 B0

I

IR
i || ]

show that X1T; = T;X; for i = 1,2,....k — 1, V1 X4 T, ' = T X Ty 'Yy, and XiTW X4 Ty =
T1 X171 X1. Hence the relations and follow from the relations in and .



Relations (o) from relations (b): The first set of relations in are the same as the relations
in . Let A=Ty_1---T1 and B =Ty_1---T5. Since X7 commutes with T; for ¢t =2,...,k — 1,
then BX;B~! = X; so that

ABX;B 'A7! =

and

ABT,B 'A7! =

-1

=1 R -me
2

Thus, by conjugation by AB, the relation X171 X177 = T1 X171 X1 becomes TiTy 1TiTp 1 =
Ty 1Ty Ty_1T), establishing the second relation in . Fori=1,...,k—2,
LT =TT T X Ty T = Ter - T T T X0 Ty T
=Typ1 - T2 T A LT Tiy - TV XA T T
=Ty TiX Ty T AT T T T

i+1°
=Ty DX T T T T T
=Ty 1 T1X1T1_1 ...... Tk_lTi =TT,

Similarly, gives

ViTp = VT 1 DX T Ty T =Ty - (M X0 T DTy - T
=Ty (X T 'Y Ty T = Ty - TV X T Ty - T Yy = Ty,

giving the relations in (02]).

Relations (c) from relations (0): The first set of relations in are the same as the relations
in . Relations are exactly the definitions in the second part of (2.9). The pictorial

computation
i [ J
-0~ J
-1~
$

i J

— 7,7

Z;Z; l/J

give relations . Similarly, pictorial computations readily show that Y7 2; = Z;Y; for ¢ > 1 and
T;Z; = Z;T; for i # j,j + 1, proving relations and .



Generators (o) from generators (c): The key formula for the generator T is

Tpy=Te1--Th (Tfl . 'Tl;—llTka—l ST (T - 'Tk—1)(T;;_11 e Tfl)yfl(Tfl . .ka_ll)
= (Tpr---T)X (T - - T 1) Ts, = ZiT5)

where »
Ts, =Tk1Tk—2 - -T1¥1Th - T 2Tk 1 = HM

Relations (o) from relations (c): The first set of relations in (ol]) are the same as the relations
in . The relations

T, Y1 = V1T, and Ty, T; = TiT, fori=1,...,k—2, (2.10)

LP7
are verified pictorially by
1 N 1 -1 ﬂ ’ { J
-k - i -l
or by direct computation using the relations in .
By and , Zy, =T} Ts, and, by and respectively,

T.T; = ZkTs;lTi = ZkTiTs;l = TiZkTS;} =TTy, fori=1,...,k—2, and (2.11)
.Y, = ZkTsfplYl = Zkles;l = lekTs;l =Y Ty,

which proves the relations in .
By the relations in (2.11)) and the second set of relations in (2.10)),

(T4 T, T )T = T(T T, T ) and (T4 T, T )T, = T (T, 4 Ts, T ),
so that (Tl;llTsz,;fl)(TkTsv) = (Tkqu;)(T,;llTsz,;ll). Using these and the equality
T-1Zy Zj—1 = Tho1Zi—1Zk = Zk T\ 21 = Z Zp—1Th—1,
we have

Ti1Z1Zk—1 = Tho1 Ze(T 4 26T ) = Th1 (TeTs, )Ty (Ti T, ) T Y
= Th1 Te D1 (T, 4 T T ) TR s, Ty = (Thoaa To T Te) (T To, Ty T, T3 )
= ZyZp-1Th1 = Zp(T; L Zu T3 )Ty = (TeTs ) Ty (ThTs,) = TiThoor (T4 T, T ) (T Ts,)
= Ty T (TeTs )Ty 1\ T, Ti ) = (T Toa T T ) (T3 T T o, T )

Multiplying on the right by (T, ', Ts, T, L T, T )~ gives T Tx—1TxTs—1 = Th—1TT—1 T, estab-
lishing the last relation in (ol)). O



If

pe- T

then
7 &
P2y, p1/2 = @\J ‘ [ ‘ - ﬂ . [ ‘ Y7y (2.13)
G e
and f’J J
PY2x, P12 = L‘%I = H\ =Y (2.14)
0]

Following these pictorial computations, the eztended affine braid group is the group Bf** generated
by By and P with the additional relations

PX,\P'=7'X12,, PP '=27'"17, (2.15)
PZ, Pt =27, and PTiP ' =T fori=1,...,k—1. (2.16)

Note that the element
Zy=PZ---Zy is central in B (c0)

since the group BE* is a subgroup of the braid group on k + 2 strands, and Z; is the generator of
the center of the braid group on k + 2 strands (see [GM, Theorem 4.2]). So

ifD={Z]|jeZ} then BX=DxDB, withDXZ

2.2 The two boundary Hecke algebra H**

In this subsection we define the two boundary Hecke algebras and relate it to the presentation of
the affine Hecke algebra of type C that is found, for example, in [Lull, Proposition 3.6] and [Mac2),
(4.2.4)].

Fix al,ag,bl,bg,t% € C*. The extended two boundary Hecke algebra H{' is the quotient of
Bt by the relations

)T +172)=0,  (b)

N[ =

(Xl — al)(Xl — a2) = 0, (Yl — bl)(Yi — bg) = 0, and (TZ —1

fori=1,...,k—1. Let

1 1 1 1 1 )
tp =aj(—az)”2 and t5 =bj(—by) 2. (2.17)
With Z; € HP* as in (2.9)), define
_1
Ty=b, 2(=by) 2V, Wi =—(agaghiby)"2Z; fori=1,... k, and (2.18)
Wo=PWi--- Wy = (—1)k(alagb1b2)7gpzl e L = (—1)k(a1a2b1b2)7§Z0. (2.19)
Then )
Xy = Z1Y] ! = a2 (—ag) 2 WA Ty . (2.20)

9



Theorem 2.2. Fix tg,t,t € C* and use notations for relations as defined in (2.1)). The extended
affine Hecke algebra Hlfl’t defined in 1s presented by generators, Ty, Ty, ..., Tp—_1, Wo, W1, ...,
Wy and relations

o Ty Ty Th—2 Th—1

ext — -1 .
WO € Z(H )7 O—— 00— O mmm e e e o—o0 (Bl)
Win = WjWi, fO?“ i,j = 0, 1, ey k,‘ (B2)
ToW; = WiTy, forj #1; (B3)
TiW; =WiT; fori=1,....,k—1andj=1,...,k with j #i,i+1; (B4)
1 _1
(To—t2)(Th+t5 %) =0, and (Ti—t2)(Ty+t 2)=0 fori=1,....k—1. (H)
Fori=1,...,k—1,

W, —W; 1 1 Wi =W,
T,W; = Wi Ty + (¢ 2—t*%)7+_11, T Wi = WiT, + (12 —t73)—H L (C1)

WiWi 1 -WiWii

1 T 1 Wy —wi;t
and  ToWy = Wi Ty + ((t@ ot 4 (5 —wwﬁ) T (©2)
- W

Proof. The conversion between the different sets of generators of H{** is provided by (2.18)).

Equivalence between (cOHc4))and the second and third relations of with the relations
(B1HB4) and (H]). Since Ty and Y; differ by a constant, and W; and Z; differ by a constant,

the relations in (cOHc4)) are equivalent to the relations in (B1HB4]), respectively. Since
1 1 1 11 1 _1 1
0= (Y1 —01)(Y1 = b2) = bf (=b2)2(To — bf (—b2) " 2)bf (=b2)2(To + by *(—b2)2)
1 _1
= —biba(To —t§)(To + 5 2),

the relations are equivalent to the second and third relations in .

Relations (CIHC2) from relations (cOHc4)) and (h): From (2.9) and (2.18), W;11 = TW,T;,
1

and by the last relation in (), 7; ' = T; — (t2 — t2). So

W; —W;
Wi = Wit T = Wit (T = (12 = 72)) = Wi Ty + (¢ —73) 5 and
WWH—l
W; W;
T,Wis1 = TPWIT, = (t7 — t72) Wit + WiTi = WiT, + (¢7 — t_%)Lp
WiW, 5

which establishes the relations in (C1J).

10



1
By the first relation in (i), X;' = —a;'ay ' X1 + (a7 +ay'). Since Wi = q; 2 (—ag)_%XlTo and
PR
To—-Ty'=t3 —t, 7,

N[

_1
TOW1 - WflTo = aq 2 (—CLQ)_ (TOX1T0 - al(—ag)TalelTo)

=a; *(—az)”

D=

(ToX1To + araTy (—ay tay ' X1 + (a7t + a3 1)) To)

(To — Ty H X1 To + (a1 — (—az)))

11 [
=(tg —to I)Wi+(t; —t.°),

N

1
=a; *(—az)”

which establishes (C2)).

The first relation in from the relations (B1-B4), and (C1HC2). By (C2),

al_é (—a2) " 2(To X1 Th — ay (—ag)Ty ' X7 ' To) = ToWh — Wy Ty = (t§ - tJ%)Wl + (t% - t;%)
= a0 * (~a2) "2 (Ty — Ty )X To + (ar — (—a2))
= al_%(fag)_%(ToXlTo + alangl(faflangl + (af1 + a;l))Tg),
giving X; ' = —aytay ' X1 + (a7! + a5 '), which establishes the first relation in (fl). O

As vector spaces,
HP = W, witt, ..., W @ Hi", (2.21)

where H,ﬁn is the subalgebra of H{** generated by Tp, T1, ..., Ti—1. The algebra H ,fjn is the Iwahori-
Hecke algebra of finite type Cy. If sg, s1,...,Sk_1 are the generators of Wy as given in ([2.3)), write
Tw = . ~Tsi[ for a reduced expression w = s;, - - - s;,, so that

Sil
{Tw | weWp} is a C-basis of Him.
Thus (2.21) means that any element h € H{** can be written uniquely as

h = Z ho Ty, with  hy, € C(WE, Wittt ... W,
wEWYH

Let
WA = WoWM W2 Wk for A= (Ao, A1,- .., Ag) € ZFFL, (2.22)

Relations and produce an action of W, on
CWEE, Witt, .., Wi = spanc (W | A = (Mo, A1y.. .0 Ag) € ZFTL
Namely, for w € Wy and A € ZFF1,
wW? = WA, where 5o\ = s0(Ag, A1y .5 M) = (Aos =A1, ..., M), and

Si)\ = Si()\o,)\l, PPN )\k) = ()\0, )\1, .. .,)\1;1,)\“,1,)\1', )\i+2, e ,)\k), (223)
11



fori=1,2,...,k—1 (see [Ra2 (1.12)]). With this notation, for A € Z¥*!, the relations (CI]) and
(C2) give

A SiA
TZ‘W)\ — WSMTi + (t% _ t*%)% and (2.24)
L=WiWi
1 1 1 1 WA — WsoA
ToW™ = WA, + <(t5 —to?) + (g — 1y 2)VV11> T _w=2 (2.25)
1-Ww
and, replacing s; A by pu,
WH — Wik
WHT, = T,WSiH 4+ (t% — t_%)iq and (2.26)
L =WiW;

1 _1 1 _1 1 WH — JWSok
W“TO == j-'OVVSO'u + <(t§ — tO 2) + (tlg - tk' 2)I/I/vl_ ) 17‘/1/72, for 12 € Zk+1. (227)
- 1

The subalgebra Hy, C H,‘:;Xt generated by W1y, ..., Wy and Ty, ..., Tr_1 is the affine Hecke algebra
of type C considered, for example, in [Lul]. The following theorem determines the center of H**
and shows that, as algebras, Hg*' is a tensor product of Hy, by the algebra of Laurent polynomials
in one variable. It follows that the irreducible representations of H,‘:;Xt are indexed by C* x I:Ik,
where H, & 1s an indexing set for the irreducible representations of Hj.

Theorem 2.3. Let Hy be the subalgebra of Hﬁ” generated by Wy, ..., Wy and Ty, ..., Tp_1. As
algebras,
HE™ = CWi | @ Hy, (2.28)

The center of H*' is
Z(HP) = CWi' e CWT, ..., Wi Y,
and HZY is a free module of rank Card(Wy)? = 22 (k!)? over Z(H).

Proof. As observed in (c0)), Zo is central in B{*', and therefore Wy = (—1)*(a1asb1b2)*/? Zy is central
in H**. Thus
HP = CWi @ Hy,. (2.29)

By the formulas in (2.23), the Laurent polynomial ring C[Wlﬂ, ce Wkﬂ] is a Wy-submodule of
Cwgt, witt, ..., W, and

CWg, witt, ..., wEPY = cwiE, L WEY @ e, (2.30)

The proof that Z(HZ") = (C[Woﬂ, Wit Wkil]wo is exactly as in [RRL Thm. 4.12]. The fact
that Hg* is a free module of rank Card(Wj)? over C[C[W5!, Wi, ..., WE V] follows from (2.21))
and |[Ra2, Theorem1.17]. O

2.3 Weights of representations and intertwiners

Let t3 € CX be such that (t%)e # 1 for £ € Z. All irreducible complex representations 7 of the
algebra (C[Woil, VVf[l7 ce W,;H] are one-dimensional. Identify the sets

C = {irreducible representations v of C[W;™, Wi, ..., Wkﬂ]} (2.31)
< {sequences (z,71,...,7) € (CX)F+1 1

< {sequences (C,ci,...,c) € CFH1Y

12



via
Y(Wo) = z = (—=1)kt¢ and Yy(W;) =~ =—tfori=1,...,k (2.32)

(the choice of sign in the last equation is an artifact of equations ([5.32)) and (5.33)) and an effort to
make the combinatorics of contents of boxes Section 5 optimally helpful). The action of Wy from
(2.23) induces an action of Wy on C by

(wy) (W) =~(W* ), for w e W, and A € ZF+L. (2.33)
Equivalently, on sequences ((,ci,...,cx), this action is given by
w(C, sy k) = (G Cu1(1)s -+ +» Cor1(k))s for w € Wy. (2.34)
Let I:I,‘;Xt be the extensions of Hf*' by the rational functions in Wr,. .., Wy:

Tt = CWE ) @ C(Wh, ..., W) @ H®,

where H,f;m is the subalgebra of H** generated by Ty, T1, ..., Tx—1. The intertwining operators for
H,‘iXt are
TR NP S N L
ty —t + (7 =t L t2 —t 2
T():To—(o u ) (k72 k ) L and Ti:Ti_7,1 (2.35)
1-w; 1 =WiW; 4

fori = 1,2,...,k — 1. Proposition shows that these operators satisfy 7oW* = W%, and
;W = W9, so that, for w € Wy and A = (Ao, ..., \x) € ZFFL,

TwW = W¥rr,, where 7, = 7i, ... T, (2.36)

for a reduced expression w = s;, - - - 5;,.

Each H**-module M can be written as M = @ ME™, where for each v = (z,715-+-»7%) €C,
~veC

(2.37)

N there exists N € Z~q such that (Wy — 2)¥m =0
ME™ = {m eM ’

and (W; —y)¥m=0fori=1,...,k

is the generalized weight space associated to . The intertwiners (2.35)) define vector space homo-
morphisms

To: ME™ — MES and T ME — MET fori=1,.... k-1, (2.38)

where

79 is defined only when v; # 1, so that (1 — W, 1)™! is well-defined on ME™ and
7; is defined only when ~; # 7,41, so that (1 — VVZVV;ll)_l is well-defined on M,%en

fori=1,...,k—1.
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Proposition 2.4. (Intertwiner presentation) The algebra fl,?‘t is generated by g, . .., Tk, Wo,
and C(Wh, ..., Wy) with relations

T0 T1 T Te—2 Tk—1
O=——=0——0--------- 0—0 (2.39)
in the notation of (2.1));
T0W1 = Wl_lTo and TQWj = WjTO fOT’j 75 1; (2.40)

fori=1,...,k—1,

TiWZ’ == WiJrlTi and T/L'W/L'Jr]_ = VVZ"TZ' fOT’i > 0, and Tin = WjTZ‘ fOT’j 75 i,i + 1; (241)

11 11 11 11
22— (L= WY (L83, W) (Lt 22WT) (L=t 6, 2 W) (2.42)
0 1—wt 1+ Wt 14+ Wt 1—wyt
, (82—t Wi (8 — WA W)
and TS = ’ - fori=1,...)k—1. (2.43)

(1= W, W) (1 — WA W)

Proof.  The proof of the relations in (2.39)) is accomplished exactly as in the proof of [Ra2,
Proposition 2.14(e)]; relation (2.43) is [Ra2, Proposition 2.14(c)]. Let us check the relations in

and @13,
Using ,

1 1
t2 —t 2 W; — W; %
W= T o\ Wi = Wi T+ (82—t 8)— L g g L
1 - Win’+1 1- Win‘+1 1 - Win‘+1
1 1
t2 — 172
=W; Ti— ——— | = Wi
i+1 < 7 1— WZWZ:_]i> i+172

Similarly, using (C2]),

1 1 1

1 _1 1 _1
(t2 —tg )+ (t7 —t, )Wt

%
- w2 '

T()W1 = Tg -

1 1 1 1
_ A A t2 —ty 2)Wi+ (t2 —t, 2
=W+ (0~ W+ - ) - O Of @ék a
- 1

1 1 1 1

(t5 —to *) + (8 — 1, )Wy "

= Wi ln.
11— W2 v

=wit | Ty -

Fori=0,...,k—1and j # i,i+ 1, 7; and W; commute by the second set of relations in (C1]).
These computations establish the relations in (2.40) and (2.41]).

14



1 _1
By the first relation in (H), To = Ty ' + (t§ —t, 2), so that

1 _1 1 _1 1 _1 1 _1
(tg —tg?) + (t2 —t, 2 )W ! _ 11 (12—t IWEH (12—t )W
m=tp- o IEL IR gy i - oy B I
1
1 _1 1 _1
_pty 6 =t P) (I~ )
=T 5 :
Then
(1 — 1o ™) + (6 — 1 )Wy (1 —to™) + (1 — 1®)
12—ty 2) + (2 —t, )W, 12—ty )+ (t2 —t, 2)Wy
2 0 0 k k 1 0 0 k k
70 =70 | To — - = 10T — 70
(1 —to ™) + (1 —1,%)
12—ty 2)+ (t2 —t 2)W;
— [t 0% k' T
o F 1- W7 °
1 _1 1 _1 1 _1 1 _1 _1
(tg —to*) + (tp —t,.° )W TO_(tS_t02)+(t1§_tk2)W1
1— W 1—w;?
1 _1 1 _1 1 _1 1 _1 _1
g (8t ) H UL =t WA (G o )+ (t — 1 P W
1- W 1—wp?
i1, i1 1 1 i 1
[ W )W (tg —ty2) + (12 —t, )W,
1—wy? 1—wy?
1 _1 1 _1
1 B 2V£/l_2 +1W1_f B ((tlg B tO ’ )2 —i_l (té _1tk 21)2)‘/1/1 12
O\ g ) — P IW T (g — b )8 — )W
(1—w?)?
11 1 1 _1 1 _1 1
(L= WY (L85, 2 W) (Lt 22WTH) (L=t 2, 2 W)
1+wyt 1—wyt 1—-wyt +wyt
establishing (12.42)).

3 Calibrated representations of H*'

A calibrated HgXt—module is an H,‘;Xt—module M such that Wy, W1, ..., W are simultaneously diag-

onalizable as operators on M. In the context of (2.37)), M is calibrated if

M:@MW, where M, ={m e M | Wom = zm and Wym =~ym fori=1,...,k}  (3.1)
yeC

for v = (2,71,...,7%) € C. Another formulation is that M is calibrated if M has a basis of
simultaneous eigenvectors for Wy, ..., Wj. This section follows the framework of [Ra2] in developing
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combinatorial tools for describing the structure and the classification of irreducible calibrated H**-
modules. In Section 5 we will use this combinatorics to analyze and classify the H*'-modules arising
in the Schur-Weyl duality settings.

With notations as in the definition of W in , the reflection representation of Wy is the
action of Wy on br = R* given by

w(ct, .y k) = (Cyp1(1)s -+ 5 Cw1(k))s where c_; = —¢; for 1 =1,2,... k.
The dual space b, has basis €1, ..., €, where g;: hg — R is the R-linear map given by ;(v1,...,7) =
vi. With e_; = —¢;, the action of W, on R¥ produces an action on br given by we; = €,-1(;).

Let
Rt ={e1,...,exfU{ej —ci,gj+ei | 1<i<j<k}
={e1,..,entUf{ej—e |1 <i<j<k}uU{e;—e_i|1<i<j<k}
:{61,...,€k}|_l{€j—€i|i,jE{—k,...,—l,l,...,k},i<j,i7§—j}.
If w € Wy, the inversion set of w is
R(w)={a € R" | wa & R} (3.2)

={e; |ifi>0and w(i) <0} U{e; —¢& |if 0 < i< jand w(i) > w(j)} (3.3)
Ufej+e |if0<i<yjand —w(i) >w(j)}.

The chambers are the connected components of hr\ J,cp+ h*, where b® = {y € hr | a(y) = 0}.
The fundamental chamber in hg is

C={cebp|aly)eRgforac R} ={(c1,...,cx) eERF [0 <c1 <o <+ < p},
and the group Wy can be identified with the set of chambers via the bijection

Wy <«— {chambers}

w o — wlC

. A
Since - w = {C €OR | (¢) € Rug if @ € RT\R(w)

a(c) € Reg if o € R(w) and }

the set R(w) determines w.

3.1 Local regions
For v = (y1,...,7%) € (C*)*, define
Z) ={ei |vi=+13U{ej —ei | 0<i<j, vy =1 U{egj+ei | 0<i<j, vy =1},
11 11
P = (e | € {50 (1o 5=} U ey — 21 |0 < i < oy = 121
U{ej+ei | 0<i<joyiyy =t} (3.4)

Using the conversion from ~; to ¢; as in , let

1 1 1

11 1
vi=—t%, andset —t" =—t7t,* and —t"™ =177, (3.5)
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so that —t*" and —t*"2 are the eigenvalues of W; that cause 7¢ to have a nonzero kernel (see
[2.42)). Then, for ¢ = (c1,...,cx) € CF let ¢_; = —¢; and define

Z(c)={ei|ci=0}U{ej—¢e; |0<i<jandc¢; —¢ =0}

U{ej+e | 0<i<jandcj+ ¢ =0}, (3.6)
P(c)={ei | c; e {xr1,£r}} U{e; —ei | 0<i<jand ¢;j — ¢ = £1}
U{ej+e | 0<i<jandcj+¢==1} (3.7)

A local region is a pair (c,J) with ¢ € C¥ and J C P(c). The set of standard tableauz of shape
(c,J) is
Fleh) = fwe Wy | R(w)N Z(c) =0, R(w)N P(c) =J}. (3.8)

As in [Ra2, §5 and §8] the local regions (c,.J) and standard tableaux w € F(©/) can be converted
to configurations of boxes k and standard tableaux S of shape x similar to those that are familiar in
the literature on irreducible representations of Weyl groups of classical types. As explained in [Ra2),
§5.11], the definitions of Z(c) and P(c) make it possible to view the general case ¢ € CF as pieced
together from the cases ¢ € (Z 4 8)¥ where 3 runs over a set of representatives of the Z-cosets in
C. Below we make the conversion between local regions and configurations of boxes explicit for the
cases when ¢ € ZF and ¢ € (Z + %)k These are the cases that appear in the Schur-Weyl duality
approach to the representations of Hf*' explored in Section |5l As in [Ra2l §8], it is also true that
these cases are sufficient to determine the general ¢ € (Z + B)* setting.

Let (c,J) be a local region with ¢ = (cy,...,cx),

ceZF or CG(ZJF%)k, and 0<c¢ < - <. (3.9)

Start with an infinite arrangement of NW to SE diagonals, numbered consecutively from Z or Z+ %,
increasing southwest to northeast (see Example . The configuration x of boxes corresponding to
the local region (c,J) has 2k boxes (labeled box_g,...,box_1,boxy,...,box) with the following
conditions.

(k1) Location: box; is on diagonal ¢;, where c_; = —¢; for i € {—k,...,—1}.
(k2) Same diagonals: box; is NW of box; if i < j and box; and box; are on the same diagonal.

(k3) Adjacent diagonals:
If ; — e; € J, then box; is NW (strictly north and weakly west) of box;:

If e —&; € P(c) — J, then box; is SE (weakly south and strictly east) of box;:

(k4) Markings: There is a marking on each of the diagonals r1, —ry, 79 and —rs.
If ¢; € J, box; is NW of the marking on diagonal ¢;:

If ¢, € P(c) — J, then box; is SE of the marking in diagonal ¢; :

Condition (k1) enables the values (c_g,...,c_1,c1,...,c) to be read off of configuration x. The
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sets Z(c), P(c), and J can also be determined from the configuration  since

Z(c) ={e; | 0 < i and box; is in diagonal 0}
U{ej —e; | 0 <i < jand box; and box; are in the same diagonal}
U{ej+¢e; | 0 <i<jand box; and box; are both in diagonal 0},

P(c) ={e; | 0 < ¢ and box; is in diagonal r1 or ra},
U{ej —& | 0 < i< j and box; and box; are in adjacent diagonals}
U{ej+e | 0<i<jand box_; and box; are in adjacent diagonals}, and

J ={e; € P(c) | box; is NW of the marking}

U{e; —e; € P(c) | box; is northwest of box;}
U{ej +&; € P(c) | box; is northwest of box_;} .

A standard filling of the boxes of k is a bijective function S: k — {—k,...,—1,1,...k} such that
(S1) Symmetry: S(box_;) = —S(box;).

(S2) Same diagonals:
If 0 < i < j and box; and box; are on the same diagonal then S(box;) < S(box;).

(S3) Adjacent diagonals:
If 0 <4 < j, box; and box; are on adjacent diagonals, and box; is NW of box;, then
S(box;) < S(box;).
If 0 < i < j, box; and box; are on adjacent diagonals, and box; is SE of box;, then
S(box;) > S(box;).

(S4) Markings:
If box; is on a marked diagonal and is SE of the marking, then S(box;) > 0.
If box; is on a marked diagonal and is NW of the marking, then S(box;) < 0.

The identity filling of a configuration « is the filling F' of the boxes of k given by F(box;) = i, for
i=—k,...,—1,1,... k. The identity filling of « is usually not a standard filling of x (see Example

1)
Example 1. Let k =4, 1y =1, and ro = 3. Consider ¢ = (—3,—2,—2,2,2,3). Then

Z(C) = {EQ - 81} and P(C) = {83, €3 — €1, €3 — 62}.

The box configurations corresponding to J = {e3 — €2} and J = {e3,e3 — €1,e3 — 2} (filled with
their identity fillings) are

0\1\2\3\4\5\ 0\1\2\3 4 5\
-1\ ANIEN -1\ AN
2] [1]3 2] 1
-4\\ | | 2] AN
-5\ N2 N
N -3 '1‘ N -1
-3
J = {e3 —ea} J = {e3,e3 —€1,e3 — €2}
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For both configurations, the identity filling is not a standard filling. FExamples of standard fillings
of the configuration corresponding to J = {e3 — ea2} include

1
, , and , but not

The proof of the following proposition is a straightforward, though slightly tedious, check that
the conditions R(w) N Z(¢) = () and R(w) N P(c) = J from (3.8)) convert to the conditions (S2),
(S3), (S4) on standard fillings of shape . The proof is similar to the proof of [Ra2, Thm. 5.9].

Proposition 3.1. Let £ be a configuration of boxes corresponding to a local region (c,J) with
ceZF orce (Z+ %)k For w e Wy let Sy, be the filling of the boxes of k given by

Sw(box;) = w(i), fori=—k,...,—1,1,... k.

The map
Fled) s {standard fillings S of the bozes of k}

18 a bijection.
w — Sw J

_ _ 3 _ 15 . _ (11335 9 11 13 13 15 15 17
Example 2. Let kf = 12, T = 55 T = DR C = (5, 55515393595 95 99 99 9 7,7) and
J = €3,€10,€3 —€2,84 —E2,E5 —E4,E8 — €7,
€10 —€8,€10 —€9,€11 —€9,€12 —€10,€12 — €11

Let
/1 2 3 456789 10 11 12 )
w‘<—9 10 -8 763415 —11 2 —12>€]E '

Then, for the corresponding configuration of boxes k, the identity filling F', and the standard filling
Sw corresponding to w are

ol5
ol

H
(o))
wla

2 ™ 12 12
10 [ 11
11 I 11
2 3 8 |11 -2 3 12
6 9 [ 31415
201(3|5 10/-9|-8] 6
F = ‘ and Sy = ‘
4 - | 4 -7 7
15 * 15
-3 5[-3]1]2 -2 68910
Car 9|76 Cap 5|48
2o -8 22
. |-10 11
12 12
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Remark 3.2. Borrowing a physical intuition, configurations are invariant under sliding boxes along
diagonals like beads on an abacus, so long as boxes that run into each other are not allowed to
exchange places, i.e. for most ¢ € Z,

c+1 c+1 c+1

c c c

Then by arranging configurations so that the boxes are packed together, standard fillings of con-
figurations are exactly analogous to standard tableaux for partitions.

The only exception to this physical intuition is for boxes on the diagonals j:%. Note that if
G = %, then box; and box_; are on adjacent diagonals. However, since 2¢; = ¢; —e_; ¢ RT and
therefore never in P(c), the relative positions of box; and box_; will never be recorded in the set

J. For example, in Figure 2| the point where (c1,c2) = (1,1) has two configurations, each with
two boxes overlapping in indication that box; and box_; may “slide past each other”. The drawing

1
2 —

2

: =l
represents the equivalence of and ,

1

2

[NE

(with boxes filled in the identity filling) where box; and box_; can move freely past each other,

and
ﬁ] represents the equivalence of

where boxs and box_o can move freely past each other. In these two examples 1 —e_2 € P(c) and
€9 —e_1 € P(c) and so the relative orientation of boxy and box_; and the relative orientation of
box; and box_s are recorded in J. Each configuration has exactly two standard fillings.

[&]~]

[N

3.2 Classifying and constructing calibrated representations

Theorem below provides an indexing of the calibrated irreducible H**-modules by skew local
regions. A skew local region is a local region (¢, J), ¢ = (¢1,. .., ck), such that
if w e F©/) then we = ((we)y, ..., (we),) satisfies

(we) £0, (we)s #0, (we)y # —(wea,
(3.10)
(we); # (we)iyy fori=1,...,k—1, and (wc); # (we)iqo fori=1,... . k—2.
1 1 1

Theorem is completely analogous to the same theorem for the case t2 = t; =t/ in [Ra2, Theo-
rem 3.5]. As explained in the discussion and remarks before [Ra2l, Lemma 3.1] in [Ra2l, §3], getting
exactly the right definition of skew local region for the purpose of Theorem is accomplished by
a detailed computation of the irreducible representations in rank two cases. More specifically, for
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I CH{0,...,k}, let Hr be the subalgebra of Hg** generated by {T;}ic; and C[Wi, ..., Wkil] Then
the conditions in (3.10) guarantee that for w € F/) and i,j € {0,1,...,k — 1},

there exists a calibrated Hy; j;-module M with Mge" # 0.

The cases where Hy; jy is of type A x Ay or of type Ay are checked in [Rall]. However, when Hy; j
is of type C5 and there are three distinct parameters, we do not know a reference for this. So in the
effort to provide a more complete presentation, we have done the appropriate analysis in Section

for all generic choices of the three parameters t2 to, and tk, as given in the following theorem

(see also (4.1))

1 1
Theorem 3.3. Assume t%, tg, and t} are invertible, t2 is not a root of unity, and

NI

11 11 11 1
1212, —ty 2t ¢ {1, — 1,652, —tF2 ¢ F) and 1262 £ (—t, 2t2)F
(a) Let (c,J) be a skew local region and let z € C*. Define
H,gz’c"]) = spanc{v, | w € f(c"])}, (3.11)

so that the symbols vy, are a labeled basis of the vector space HIEZ’C’J). Let

v =—t% fori=1,2,...,k, and Yo = 27;11(1) x ‘%;El(k)‘

(z,¢,J)

Then the following formulas make H into an irreducible ngt—module:

PWl T kaw = ZUy, va = Y0Vw, va - ’Yw_l( )Uw, (312)

Tivw = [Tlwwvw + \ — (Dl — 1) (Tl +£3) vews fori=1,... k-1, (3.13)

Tove = [Tolwwte + V — (Dol — 12) (Dol + 5 7) vsyes (3.14)

where Vg, = 0 if s;w & Fed) and

1 1 1 1
1 1 5 Y 5 -5 -1
by (1 — o ®) + (tF — 1 )
[E]ww = £ t _21 and [To]ww = 0 0 k_2 i ) . (3.15)
1= Y10 Y1 (i1) =750

(b) The map

C* x {skew local regions (c,J)} <«— {irreducible calibrated H{™-modules}
(z,¢,J) — HIEZ’C’J)
s a bijection.

Proof. This result follows from [Ra2, Theorems 3.2 and 3.5]. It is only necessary to establish that
the formulas in (3.12), (3.13]), and (3.14)) are correct. These are derived in a similar manner to [Ra2,
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Proposition 3.3] as follows. As in [Ra2 Theorem 3.2], if M is an irreducible calibrated H**-module
then
M= M}, with dim(M§) =1 if MES # 0.
weEWy
For w € Wy, if Mgy # 0, let v, be a nonzero vector in Mgy'; otherwise if Mgy = 0, let v, = 0.
By (2.38), Tivw = [Ti]s;w,wVs;w for some constant [T;]s,. and the definition of 7; in (2.35)) gives
that

Vw + [Ti] 50,005 fori=1,...,k, (3.16)
L= Y1) V=141

and
1 1

1 1
3473 3 T3\l
(5 =1 ") + (g =4 ") V1)
) U
1- Tw=1(1)

+ [TO]Sow,wUsow- (3.17)

1 1
Thus Ty is an operator on the subspace spang{vy, vsyw} satisfying (Tp — 3 )(To + ¢, 2) = 0 by (H).
Restricting to the action on spanc{vy, Vs, }, the formulas in (3.14) now follow from the following
argument about general 2 X 2 matrices.
If a 2 x 2 matrix [Tp] has eigenvalues a; and ag,

_ [TO]ww [Tﬂ]w,sow — — ) =
[TO] o <[To]sow,w [TO]sow,so'w> ’ then ([TO] 1)([T0] 2) =0

is the characteristic polynomial for [Tp], and it follows that

TI“([T()]) = [TO]ww + [TO]sow,sow = o + a9, and
det([TO]) = [TO]ww [TO]sow,s()w - [TO]w,sow[TO]SOw,w = (1 (9.

Thus

_[TO]w,sow[TO]sow,w = g — [Tﬂ]ww[TO]sow,sow = 010 — [TO]ww((al + 052) - [TO]ww)
= 10 — (al + aZ)[TO]ww + ([TO]ww)Q = ([TO]ww - al)([TO}ww - a2)-

Choosing a normalization of vy, so that the matrix of [Tp| is symmetric, we have [Tp|w, sgw =
[T0] sow,w and

Toleowaw = \/ (Tolsoww)? = y/ [Tolusouw Tol o = v/~ (o — 1) (Lol — 02)-

4 Classification of irreducible representations of H,

In this section we do a complete classification of the irreducible representations of the algebra HS*'.
An important reason for doing this classification of H$X' representations is to provide a sound
basis for the definition of a skew local region (see the remarks immediately after the definition of
skew local region in (3.10])). The classification and construction of calibrated representations of
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HP™* in terms of skew local regions in Theorem is important for determining the irreducible
representations of H*' that arise in the Schur-Weyl duality framework (see Theorem [5.5)). We will
do the Cl&SlﬁcatIOH of irreducible H$** representations under genericity assumptions on the

parameters: t2 is not a root of unity and

11 11 11 11

1242, —tg 212 @ {1, —1,¢%%, —tF2 ¢F 4 F) and 242 £ (—t, 22 (4.1)
More specifically, this condition is used for the (rank 2) computation in equation (4 . Similar
methods apply to the nongeneric cases but the final classification needs to be stated dlﬁerently and

we will not treat the nongeneric cases here. The nongeneric case t tk — #2 is done in [Rall Ra2]
11
and [Rel; the case where t§ =17 # t2 appears in [En] (see also [KR]).
The algebra Hy is generated by Wlﬂ, Wzﬂ, To, and 17, and the Weyl group W, is generated by
so and s; with relations s? = 1 and sps18051 = $1505180- By (2.29),

H$ = C[Wi] @ Hy  as algebras,

and therefore it is sufficient to do the classification of irreducible representations of Hs. This
is because all irreducible representations of (C[Woﬂ] are one dimensional and determined by the
image of Wy; and all irreducible representations of H$*' are the tensor product of an irreducible
representation of (C[Woﬂ] and an irreducible representation of Ho.

The group Wy acts on (C*)? by

so(v,72) = (i) and  si(y1,02) = (2, m)- (4.2)

By (2.35)), the intertwiners are

1 _1 1 _1 1 1
t2 —to2) 4+ (12 —t, 2 )Wt tz —t73
(0 0 ) (k72 k ) L and 7'1:T1—771
1—W; 1 —WiW,

T0 ="Tp —

4.1 Classification of central characters

Following [Rall §5], the classification of irreducible H{**-modules begins with a classification of pos-
sible pairs (Z(c), P(c)) = (Z(7), P(7)) (where v and c are related as in (2.32))). It is straightforward
(though slightly tedious) to enumerate all the possibilities by taking note of the following:

(0) Since (Z(wvy), P(wvy)) = (wZ(7y),wP(y)), it is sufficient to do the analysis for a single repre-
sentative v of each Wy-orbit on (C*)*.

(1) The Wy-orbits of roots are {£e1, £ea} and {£(e2 £ 1)}, and our preferred representative of
the Wy-orbit will have &1 or e5 — ¢ in Z(y) if Z(y) # 0.

(2) If Z(y) = 0 and P(y) # 0 then our preferred representative of the Wy-orbit will have €1 or
g9 —e1 in Z(7).

With these preferences, the classification of (Z(7), P(7)) is accomplished by noting that

(a‘) ifvy e {(17 1)7 (_17 _1)} then (Z(7)7P(7)) = ({51752752 :f:El},@);
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(b ify € {(1’ _1)7 (_17 1)} then (Z(’Y)7P(7)) = ({51752}7®);

)
(c) e2 —e1 € Z(7y) if and only if v = (y1,7);

(d) e2+e1 € Z(v) if and only if ¥ = (1,77 1);

(e) e1 € Z(y) if and only if v = (1,72) or v = (—1,72);
(f) )

f) e € Z(y) if and only if v = (71,1 ory—('yl,—l)

1 11 _

1
(g) €1 € P(y) if and only if v = (v1,72) with v, € {to t2, —ty 2t2, to t. 2t

1 1
2tk 2}7

(h) €2 — 1 € P(v) if and only if v = (71, v2) with vo = y1tT;

(i) e2 +¢e1 € P(v) if and only if v = (y1,72) with vy, = tFL.
We shall freely use the conversion between v = (y1,72) and ¢ = (¢1, c2) given by (2.32)),
=t = 1%, and write (Z(c), P(c)) = (Z(x), P(7)).

Representatives of the 12 possible (Z(c), P(c)) with Z(c) = () are displayed in Figure|l| Represen-
tatives of the 9 possible (Z(c), P(c)) with Z(c) # 0 are displayed in Figure 2| It works out that,
in each case, the pair (Z(c), P(c)) is attained by an element c that has real coordinates (the one
complex character in the equal parameter case that behaves differently from the real characters,
namely the point ¢, in [Rall Figure 5.1], does not appear in the generic unequal parameter case
assumed in (4.1))).

With notation as at the beginning of Section 3, in Figures[I] and [2] the fundamental region C
is the shaded area, the solid lines are the hyperplanes h® for & € R, and the dotted hyperplanes
are labeled by the equation that defines them. If ¢ = (¢1,¢2) € C, so that 0 < ¢; < ¢, then

Z(c) = {solid hyperplanes through ¢} and P(c) = {dotted hyperplanes through c}.
The bijection

Wy <> {chambers}

W w-lC identifies each F(©/) with a set of chambers, (4.3)

a local region in bhy. As illustrated by the example at the bottom right of Figures |1f and [2| F (e.])
is identified with the set of chambers that are on the negative side of the hyperplanes in J and on
the positive side of the hyperplanes in P(c) — J . For each (c,J) the corresponding configuration
of boxes & is displayed in the local region of chambers corresponding to the elements of F(©7) by
. In Figure (1, only the boxes on positive diagonals are shown, since they determine the entire
doubled configuration when Z(c) = (). The diagram at the bottom right of each figure gives an
example of the correspondence between chambers corresponding to F(c,J), the elements of F (e.]),
and the standard fillings of the corresponding configuration of boxes x: the point ¢ = (r; — 1,7;)
in the bottom right of Figure (1, and the point ¢ = (0,1) in the bottom right of Figure

In Figure[2} the small graphs nearby each marked ¢ = (c1, ¢z) indicate the structure (generalized
weight spaces and intertwiner maps) of the irreducible modules M of central character c¢. This
structure is determined below in Section 1.2l There is a vertex in the chamber w=!C for each
element of a basis of Mge and there is an edge if the matrix of 7; (or 7T; if 7; is not defined on
M) is nonzero in the entry corresponding to the two vertices that are connected.
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Figure 1: Regular central characters in rank 2. See the description in Section
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Figure 2: Non-regular points
61:0 cC1 =T Cl1 =T2 Cl1 = C
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4.2 Construction of the irreducible Hs-modules

The group Wy acts on (C*)? as in and the central characters are the Wy-orbits on (C*)2.
The regular central characters are the Wo-orbits of v = (71,72) € (C*)? that have Z(v) = 0, i.e.
where the intertwining operators in are defined. Let C[W] = C[W:t!, Wif] C Hy. By Kato’s
criterion (see [Ra2l Proposition 2.11b]), for central characters v = (v1,72) with P(y) = 0 there is
a single irreducible module of dimension eight given by

Ly, o) = Indg[w] (Cqi0)s where C,, ,, = Cv with Wiv = y1v and Wav = yov.

All irreducible modules with Z(y) = () are calibrated and can be constructed as in Theorem
Representatives of the Wy-orbits of v = (71,72) € (C*)? that have Z(vy) # () and P(y) # () are

as follows:
7 =(,72) Z(v) P(v)
(tévt% 7(_t%7_t%) {€2 _51} {€2+51}
11 11 11 11
(totp toty), (=t *tp, —ty *t;) | {e2 —en} {e1, 62} (4.4)
(11a1)7(_17_t) - {51} {52_51752+51}
(ilatth)v(ilv_t(;étZ)v {51} {82}

This classification is valid under the genericity assumption on the parameters , which guaran-
tees that none of these representatives are in the Wy-orbit of another.

The following analysis of modules of central character v = (v1,72) in shows that no
irreducible calibrated Hs-modules appear at these central characters. As in , the values r1 and
ro are defined by

11 11
" = —t2t, 2 and  —t" = 242,
Case (71,72) = (=1,—t") for i = 1 or 2: Let Hyyp be the subalgebra of Hy generated by

T, V[/ljtl7 WQﬂ. For each of ¢ = 1 and ¢ = 2, there are two irreducible modules of central character
¢ = (Oa 7"@'):

Wiv = —thiwo,
L?B’Ti) = Indgio} (Ciri0))s where C(,, o) = Cv with Wav = Y

Tov = tgv,

and
Wiv = =t ",

L(_OM) - Indg?o} (C(—m,O))’ where C(_Ti70) = Co with Wav = 71_)’1

Tov = —t, *v.

With M = LEB ) the generalized weight space decomposition is

M =M™ & Mg, with  dim (M) = dim(MG7 ) = 2. (4.5)

The element W7 W, L acts on Mg?no) with eigenvalues t"*. Since the parameters are generic (see

(@), tr # ! and thus, by (2.43)), 7 has no kernel. Thus the intertwiner 7y : Mffno) — M{goei_) is
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invertible and M = La”) is irreducible. Replacing r; with —r; in (4.5)) yields the decomposition
of M =L

(0r2) analogously.

Case (71,72) = (—t%, —t%): Let Hyyy be the subalgebra of Hy generated by T1, Wlﬂ, W2i1. There

are two irreducible modules of central character ¢ = (3, 3):
1
Wiv = —t 2w,
+ _ Hy _ : _ i
L(%,%) = IndH{l}(C(_%é)), where C(—%,%) = Cv with Wy = : t2v,
Tiv =t2v,
and 1
Wiv = —t2v,
— 1. 1H _ . .
L(%é) = IndH{l}((C(l _%)), where C(%,—% = Cv with ~ Wyv = —t 121;,
Tiv=—t"2v0.
With M = L, ,., the generalized weight space decomposition is

(3:3)

M:Mgfn1 @Mgenl 1

Bh O MEY L with dim(ME ) = dim(ME L) =2. (4.6)

(5:5 (=33

The element W, ! acts on M (gf Y ) with eigenvalues —t2. Since the parameters are generic (see (4.1))),
272

—t3 ¢ {—t*"1, —t*¥2} and thus, by (2.42), 7 has no kernel. Thus the intertwiner mo: M5" ;. —

77_7)

2 2

ME ) is invertible and M = L?_l 1 is irreducible. Similarly, the structure of M = L7, , ) is
27 2 272 272

given by swapping % and —% in (4.6)).

Case (71,72) = (—t",—t") for i = 1 or 2: Let Hyy be the subalgebra of Hy generated by
T, Wlil, WQﬂ. For each of i = 1 and i = 2, there are two irreducible modules of central character
c = (ri,r):

Wiv = —thiwv,
H . — ¢4+ Ti
Lz;i,n-) = IndH?O}((C(m,m), where C,, _,,) = Cv with Wav = ; t iy,
Tov = t§v,
and
Wiv = —t ",
_ H . — 4T
Loy = IndHfo}(C(_n.,n.)), where C(_,, ,,) = Cv with Wav = t_lv,
Tov = —t, *v.

The irreducibility of L and L

(7i,m4) (risri
irreducible; the irreducibility of L(_T'iﬂ'i) is proved analogously.
_l’_

(ri,rs)

) is not immediate. We will show that M = LT is

(riyrs)
The generalized weight space decomposition of M = L is

_ gen gen gen 3 i
M — M(riy_ri) @ M(—T‘i,?"i) @ M(ri7ri) Wlth dim(Mgen ) — 2'
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The element W; Wy ! acts on M (gre_n_r,) with eigenvalue ¢"i~(="1) Since the parameters are generic

(see (A1), > # t*! and thus, by (2.43), 72 has no kernel. Thus the intertwiner 71 : M, (gfirj_m —

M (gfr; ) is invertible. As a H{O}—module, M(%f_nr_) is irreducible (2-dimensional). So either N =
M gfnr) is an Ho-submodule or M is irreducible.

For the purpose of deriving a contradiction, assume that N = M(gre_nr,) is an Ho-submodule of
M. The space N has a basis

{n’vaIn'y} with Wln'y — _trin’}/’ and WQ’I?MY _ —t”nw.

By [@:24), Wy 'Tiny = TiWs 'ny + (t% - f%)Wfln'y =T (=t )ny + (t% - f%)(_t_ri)”v and
the action of W, ' and W, 2 on the basis {n., Tin,} are given by the matrices

p(Wl_l) — (—t_m) <1 (t§ — t2)> and ,O(Wl_2) _ p(Wl—l)Q —2m (1 2(t§ — t2)> ‘

0 1 0 1
Thus
1
—2(t2 -t~ 2)t7 2"
p(1—Wi2) =1 -ty [} — e — and
0 1
1 1
o 1 1 2(t2 —t~2)t= 2"
1L-WiH) = —— (- T T ).
p( 1 ) 1 —¢2) (O 1 t1

1/2 —1/2 1/2 —1/2 _
(t? =t + @ = Hyw!
11— w2

(see (239)

Since N is a submodule of M, we have 0 = 79 = T —

for the formula for 73), and so
/2 ,—1/2 /2 ,—1/2\ - o\
p(T) = (1" =15 + (1 = e Py - wy) ™
_ R B . 1
(té/Q—tal/z)—l—(ti/Q—t,:l/z)(—t*”) 1 (8=t 2 (k2 —t72) (=t 77) (1 2t ¢ §)t2n>

_ — (t1/27t_1/2)+(t1/27t_1/2)(7t—’“i) 1o
_ +—2r; 0 0 k k
1—¢2r 0 ] 1
/2 ,-1/2 12 ,-1/2 —r Y% (o= /212
@ e (1At (S 4 e )
= 1 — (=2 0 0 10 k k

+1 1
Recall, from (3.5)), that —t"* = £t, *t7, so that

1 _1
(t(l)/2 _ to 1/2) + (t’1€/2 _ tk 1/2)(_75,”) B (t(l)/Q _ t() 1/2) + (t]1€/2 _ tk 1/2)(j:tz:2t0 2)

1
=13.
_ 4—2r; 1,—1 0
L=t 1 -t

1

1 1 _1
The eigenvalues of p(Tp) are t; and, since (To —t§)(To + ¢, *) = 0, the Jordan blocks of p(Tp) are
of size 1, forcing

2=t (5> =) 2w -

1 —¢=2m (L‘(l)/2 _ t51/2) + (ti/Z _ tlzl/?)(_tfn) 1 —¢=2m (1— t*2”)t(1)/2
o(—t=ri)td + (12 — 712 B o(tT 2y ) 4 (12— 17 (T
(1— =2t (1= =2t (12t
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This is a contradiction since, by the generic condition on parameters in (4.1)), 1 # (—t™)(—t"2) =
1.1 11 1
(—tty 2)(t7t8) = —(t7)*. Thus N is not a submodule of M, and so M is irreducible.
Case (71,72) = (=1, —1t): Let Hyyy be the subalgebra of Hy generated by 71, WL Wi, There
are two irreducible modules of central character ¢ = (0, 1):

Wiv = —t_lv’
L?(_),l) = Indgil}((c(_m)), where C(_; gy = Cv with Wov = 1_1},
Tiv = t2v,
and
Wiv = —tu,
L(_(Ll) = Indgil} (C(LO)), where (C(I,O) = Cv with WQU — _,U,l
Tiv=—1"2v.
The irreducibility of th),l) and L&]’l) is not immediate. We will show that M = LEBJ) is irreducible;

the irreducibility of L(0 1
The generalized weight space decomposition of M = Lz&l) is

is proved analogously.

M Mgen Mgen Mgen ith dlm(M(gfII 0)
~ Yo P Man @ Moy W gimgen ) < o,
The element W~ Lacts on M (gf? 0) with eigenvalue —t. Since the parameters are generic (see (4.1))),
—t ¢ {—t*", —t*2} and thus, by (2.42)), 7 has no kernel. Thus the intertwiner 7y: M(gfrll 0
M (gleg) is invertible. Since M{", is irreducible as a Hjpy-module, we have either N = Mégoe ?) is an
Hs-submodule or M is irreducible.
For the purpose of deriving a contradiction, assume that N = M5™, is an Ho-submodule of M.

(0,1)
The space N has a basis

)= dim(M(gleB)) =1,

{ny, Ton,} with ~ Win, = —n,, and Wsn, = —tn,.
By (C2) and (B3,
-1 -1 12 ,—1/2 12 1y, WA =W
WAWy " Tony = ToWy Wy iny + (8" — 1o 7)) + (5~ — 1, 77)Wy )17M/_2W2 Ny
S

= Tot ™'y + (1% = 1% + (1 = 62 (=),

and the action of W, W, ! on the basis {n,, Tyn,} is given by the matrix
~ =1 (P ey L Yy 21yt
p(W1W21)2<0 (6 ="+ (= e,
Thus

- L=t (2 =t )+ () =1, ) (— 1))

1—-wwyh = 0 0 k k

p( 1VVo ) ( 0 1 _ 41
B PN (G i K it o )

= (1 —1 ) 1—1¢1 )

0 1
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and

R T G (C e e I it [ ) L
p(1 = Wi, ™) BT =] 1—¢!
0 1
1 _1
If N is a submodule of M then 0 =7 =T} — % (see (2.35)) for the formula for 7). Thus
/2 ,—1/2 /2 ,—1/2 _
P O o B it oL G
p(Ty) = t2 1— 1
0 1

Since (T} — t%)(Tl + t*%) = 0 the Jordan blocks of p(T1) are of size one, forcing

12 ,—1/2 12 ,—1/2 —L o1 12 1)2 12
Oz(to/ — 1 /)_(tk/ _tkl/):tog(to/ +tk1/ )(to/ _tk/ )-

N

1 1 1 1 _
This is a quadratic equation in ¢§ with two solutions, {§ =t} and t§ = —¢, *. This is a contradiction
1

11 11
since, by the generic condition on parameters in (4.1)), —t=™ = —t5t, *> # —1 and —t" = t5t; #
—1. Thus N is not a submodule of M, and so M is irreducible.

5 Representations of Bf** in tensor space

In this section we give a Schur-Weyl duality approach to the representations of the two boundary
Hecke algebras Hg**. More generally, in Theorem we show that, for a quantum group or
quasitriangular Hopf algebra U,g and three U,g-modules M, N and V, there is an action of the
two boundary braid group B§** on tensor space M @ N ® V@ that commutes with the Uyg-action.
This means that there is a weak Schur-Weyl duality pairing between Ugg-modules and Bf**-modules,
so that if M @ N ® V& is completely reducible as a U,g-module then

M®N ® VO @ L(\) ® B} as (Uyg, BY*)-modules,
A

where L(\) are irreducible Ujg-modules and B,’g\ are B{**-modules. In Section we will explain
that when g = gl,, and M and N and V are appropriately chosen, the B®*'-action provides an
action of the two boundary Hecke algebra H** (where the parameters depend on the choice of M
and N). Our main theorem, Theorem proves that the H{**-modules B,i‘ that appear in tensor
space M @ N ® V®F are irreducible, and identifies them in terms of the classification of irreducible
calibrated H,‘;Xt—modules which is given in Theorem

5.1 Quantum groups and R-matrices

Let g be a finite-dimensional complex Lie algebra with a symmetric nondegenerate ad-invariant
bilinear form, and let U,g be the Drinfel’d-Jimbo quantum group corresponding to g. The quantum
group U,g is a ribbon Hopf algebra with invertible R-matrix

R= Z R1 ® Ry in Uy,g® Uyg, and ribbon element v = ¢~ % u,
R
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where u = ) S(R2) Ry and p is the staircase weight (see [LRI, Corollary (2.15)]). For U,g-modules
M and N, the map

Run: NoM — M®N M®/].V
nem +— ZRzm@)Rln %
R NeM

(5.1)

is a Ugg-module isomorphism. The quasitriangularity of a ribbon Hopf algebra provides the relations
(see, for example, [OR] (2.9), (2.10), and (2.12)]),

M &N M&®N
S
_
for any isomorphism ¢ : M — M,
e
N&®M NoM

(p®@idy)Run = Ryn(idy ® @),

M®N®@V M®N®@V
/

J L

& f 'e
VeoNoM VeN@M

(Ryy ®@idy)(idy ® Ryy)(Ryy ®@idy) = (idy @ Ryy)(Ryy @ idy)(idy @ Rurw),

MINQV MRNRQV
M®(N®V) = < J (M@N)®V - k/ﬁ'
A S
A (./ % &
(NeV)e M NeVeM Ve(MeN) VoM®N

(Ruen,y) = (idy ® Byy)(Ruy @idy) (Rmen,y) = (idy ® Ryv)(Ruy ®@idy).  (5.2)
For a Uzg-module M define

CM M — M 2 = -1

m s um so that CugnN = (RMNRNM) (CM & CN) (5.3)
(see [Dil, Prop. 3.2]). Let L(\) denote the simple U,g-module generated by a highest weight vector
vj\“ of weight A\. Then

Crony =4 i,y (5.4)
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(see [LR) Prop. 2.14] or [Drl Prop. 5.1]). From (5.4) and (5.3), it follows that if M = L(u) and
N = L(v) are finite-dimensional irreducible U g-modules of highest weights p and v respectively,

then RyrnRnar acts on the L(\)-isotypic component L()\)EBC!AW of the decomposition

L(p @ L(A e by the scalar A2 it 20) = (v +2p) (5.5)

Proposition 5.1. Let g be a finite-dimensional complex Lie algebra with a symmetric nondegen-
erate ad-invariant bilinear form, let Uyg be the corresponding Drinfeld-Jimbo quantum group, and
let Z = Z(Uy) be the center of U. Let M, N, and V be Ug-modules. Then M @ N ® Ve s a
ZBm—module with action given by

®: ZB{ — Endy,g(M ® N @ V)
T — Ri, fori=1,...,k—1,
Xl — R2 , 5 6
i — R%,, (5.6)
Zl — Rg’
P — (RMNRNM) & 1d®(k)7
where
B2 = (RauenyvBvuen) @idg™ ™, Ri=idy @id)" ) @ Ryy @ idp* Y

fori=1,....k—1,

R%/[ = ((idM & RNV)((RMVRVM) X idN)(idM X R]_V%/)) ® id%k_l, and
R?\f =idy ® (RNVRVN) & ids(k_l),
with Ry as in . Moreover, this ZBm action commutes with the Uyg-action on M@NQV®E,

Proof. This proof follows the proof of [ORL Prop. 3.1], checking that the images of the generators
T;, X1, Y1, and Z; under the map ® satisfy the relations of presentation (a) of the two boundary

braid group in Theorem [2.1] n as well as relations and (| - ) for the extended two boundary
braid group. For i € {1,.

(I)(TZ)(I)( l+1) ( ) RR R = \ K 1+1R Rz+1 ( 1+1)q>(T)q>(Tl+l)

Using the notation Rpsey for the endomorphism Ry, we have that, for L = M, N, or M ® N,




which establishes
O(A)D(T1)P(A)P(Th) = D(Th)P(A)D(T1)D(A) for A= X1,Y1, and Z;, respectively.
The formula
®(Z1) = R§ = R} Ry = ®(X1)®(V1)
is a consequence of the third set of relations (cabling relations) in . Finally, the relations

D(P)B(Y)D(P) = B(Z NB(Y)D(Z)  and  B(P)D(X)B(P) = D(Z; )B(X1)D(Z)

follow from the first and second sets of relations for R-matrices in (5.2)) by the same braid com-
putation by which the identities (2.13|) were derived. The remainder of the relations (commuting
generators) follow directly from the definitions of ®(T;), ®(X1), (Y1), ®(Z1), and ®(P). O

5.2 The BY*-modules B}

Assume that M, N, and V are finite-dimensional Ujg-modules and that w is the highest weight of
V so that
V = L(w) is irreducible of highest weight w.

Let P be an index set for the irreducible Uyg-modules that appear in M @ N ® V®i and let P
be an index set for the irreducible U,g-modules in M. The Bratteli diagram for the sequence of
Uyg-modules

M, M®N, MNV, MNQVeV, ... (5.7)

is the graph with
vertices on level j labeled by € PY . for j € L>_1,
my edges p — A for p € PY) and A € PUTD | and where L(p) ® V = @, cpi+1) L) T,
each edge p — A labeled with 2((A\, A+ 2p) — (w,w + 2p) — (i,  + 2p)).

A specific example in the case where g = gl,, is given in Figure
If M and N are finite-dimensional then M ® N ® V®* is completely decomposable as a Uyg-
module. If B]i‘ is the space of highest weight vectors of weight A in M ® N ® V®*, then

M®N @ Ve =~ @ L(\) ® By, as (Uqg, BY**)-bimodules. (5.8)
Aep k)
The B{**-modules B ,;\ are not necessarily irreducible and not necessarily nonisomorphic, though they

will be in the (mostly rare but very important) settings where ®(CB*") = Endy,q(M ® N @ V&F).
Recall from (2.9) that

Zz':Tz'—l"'TIZITI"'Ti—l fOI“iZl,...,k‘.

The following proposition shows that, as operators on B,i‘, the Z; are simultaneously diagonalizable
and have eigenvalues determined by the edges on the Bratteli diagram. The proof follows the same
schematic that is used, for example, in the proof of [OR) Proposition 3.2].
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Proposition 5.2. Assume M, N, and V are finite-dimensional Uyg modules with V irreducible.
For e P®) | et B,i‘ be the BE -module in (5.8) and let

7? = {paths S = (S(*l) @ g0 &k oglk) A) in the Bratteli diagram}.
Then
B,i‘ has a basis {vs | S € T}

of simultaneous eigenvectors for the action of P, Z1,. .., Zy, with
Pug = ¢**vg and Zivg = ¢*“vg, fori=1,...,k,

so that the eigenvalues of P and Z1,...,Z, on vs are determined by the labels on the edges of the
path S.

Proof. The basis {vg | S € 7;3‘} is constructed inductively. For the initial case, choose any basis
B_; of the highest weight vectors in M, and let BY, be the set of basis elements in B_; of weight
v. For the inductive step, assume that BZ—1 = {vr | T € T}" ;} has been constructed so that

MeoNeoVD = @ LweB_ = @ Lwe| Y Corl,
pepk=1) pepk=1) TeTH |

The set Blil ={vr | T € T} |} is a basis of the vector space of highest weight vectors of weight p
in M ®N ® V®*=1) that is indexed by the paths T = (T-V — ... = T* =1 = 1)) of length k in
the Bratteli diagram that end at p. In this form L(u) ® Cvr denotes the irreducible U,g-submodule
of M @ N ® V®* =1 with highest weight vector vr of weight .

Then, for each T = (TY — ... — T¢+=D = 1) in T |, choose a basis

BI7A={ug | S=(TCY = ... 5 7h=D — ) 5 A
of highest weight vectors in the submodule of M ® N ® V®* given by

(L(p) @ Cor) @V = L(p) @ V@ Cop = Z L()\) ® Cug.
n—A

The basis B,{_’A is indexed by the edges in the Bratteli diagram from p to a partition A on level k.
Then
B} = |_| |_| TI7* s a basis of By,
BoTETE,
The central element ¢~2°u in U,9 acts on the submodule L(p) ® Cor of M @ N ® VOE=D by the
constant ¢~ ##+20) From , , and it follows that Z; acts on M @ N @ V& by

- 5 52 7 - = = . k—i
(I)(Zz) = Rifl e RIR(%Rl te Rifl = RM®N®V®“_1),VRV,M®N®V®(i_1) X ld%( Z)

- @ (k—i
= (CM®N®V®(F1> ® CV)CMl@N@v@i ® ldV( i)
— Z q</\,)\+2p>_<N»N+29>—<ww+2p>ﬂl);w ® id%(kz—z)7 (5.9)
A,V
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where Wﬁyz M®@N® id%@." - MeN®® id{e}i is the projection onto the L(\) isotypic component of
(L(p) ® B )@ V. Thus Z; acts diagonally on the basis E,i‘ and, by the definition of the labels of
edges in the Bratteli diagram in , the eigenvalues of Z;vg = ¢***vg where e; is the label on the
edge S — S(+1) in the Bratteli diagram.

O

5.3 Some tensor products for g = gl,

The finite-dimensional irreducible polynomial representations L(\) of Uggl,, are indexed by elements
of

P;;lyz{)\z)\l&l—i-"'-l-)\n&n, | X €Z, A\ > > X, >0}
Use .
p=Mm—1De1+n—2)ea+---+¢ep_1 = Z(n —i)eq, (5.10)
i=1

as in [Macll I (1.13)]. Identify each element A = Aje1 + -+ + A&y, in ngly with the corresponding
partition having A; boxes in row ¢ so that, for example,

A=3e1 + 269+ 2e3 = 1|

The content of the box in row ¢ and column j of a partition A is
c(box) = j — i = (diagonal number of box), (5.11)

where the diagonals are numbered by the elements of Z from southwest to northeast, with the
northwest corner box of a partition being in diagonal 0.

The representation L(e;) = L(O) is the standard n-dimensional representation of U,gl,,. When
v = €1, the decompsition in is given by

Lp) @ LO) = @ L), (5.12)
Aeut
where i is the set of partitions obtained by adding a box to p. If A € u* and \/u is the box
added to p to obtain A, then the action in ([5.5)) is given by

(AA+2p) — (p, 1+ 2p) — (e1,21 + 2p)
= (ptenpte+2p) = (pp+2p) —(e1,61+2p) =20 + 1+ 2p; — 1= 2py
=2 +2(n—1) —2(n—1) =2u; — 2i + 2 = 2¢(\/p) (5.13)

(see [Macll, T (5.16) and (8.4)]). Since (e1,e1 +2p) =2(n—1)+ 1 = 2n — 1, it follows by induction
on the number of boxes in a partition A that

(MA+20) = (20— 1A+ > 2c(box). (5.14)
boxeA
For p,v € P;)ly, the decomposition of the tensor product L(p) ® L(v) can be calculated us-

ing the Littlewood-Richardson rule (see [Macll Ch. I (9.2)]). When p and v are rectangles the
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decomposition is multiplicity free by the following theorem. In equation , A consists of the
boxes that are in the union of the rectangles (a¢) and (b%) (placed with northwest corner at (1, 1)),
and the dashed rectangular regions are the min(a, b) x d rectangle B with northwest corner box at
(max(a,b) + 1,1), and the d x min(a,b) rectangle B’ with northwest corner at (1,c+ 1).

Proposition 5.3. (See [St, Lem. 3.3], [Okl Thm 2.4]) Let a,b,c,d € Z>o such that ¢ > d. For
p C (min(a, b)?) let

a b b a
Iz ;d o
,—‘ | A ,—‘ L d
c A | c !
o ,T,,,, ] ,TL,,J (5.15)
n = B o=
e T, . B
| dJM—’J%B’
b i

so that u is the 180° rotation of the complement of p in a min(a,b) X d rectangle. Denote the
rectangular partition with ¢ rows of length a by (a©). Then

L((@)e L)) = @ L= @ Lw), (5.16)

#C(min(a,b)?) veP0)
where PO = {i | u C ((min(a,b)?)}.

For an example of the decomposition in (5.16]), see Figure |3| where the decomposition of L(a®) ®
L(22) for a,c > 2 is indicated in level 0 of the Bratteli diagram (see the description following (5.23))
for explanation of the Bratteli diagram).

The value in (5.5)) for the product in ((5.16|) is given by using ([5.14) to compute

(i1, i+ 2p) = ((a®), (@) + 2p) — {(b%), (%) + 20)

= (2n—1)(Jial = @) = [@N]) + [ D 2¢(box) | = > 2c(box) = > 2c(box)
box€f box€(ac) boxe (b%)
=0+ Y 2c(box) — ac(a—c) — bd(b — d). (5.17)

box€f

5.4 Irreducible H**-modules in M ® N ® V®k

In this subsection we provide, for g = gl,,, specific highest weight modules M, N, and V such that
the B{**-action factors through the extended two boundary Hecke algebra Hg"t. In these cases the
Bt-modules B,i‘ in (5.8) are calibrated H{**-modules. Theorem identifies the B]i‘ for these
cases explicitly in terms of the indexings of calibrated H,‘;Xt—modules given in Theorem and
Proposition |3.1
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Recall that, as defined in Section the extended two boundary Hecke algebra H{' is the
quotient of the group algebra of the extended two boundary braid group CB§** by the relations

1 1
<X1 —al)(Xl—ag) :0, (Yl —bl)(Yl —bg) :O, and (Ti—ti)(ﬂ —I—tii) :0, (5.18)
i=1,...,k—1, for fixed ay, as, by, by, t3 € CX.
Theorem 5.4. If g = gl,,, M = L((a®)), N = L((b%)), and V = L(O),

alp = q2aa g = q_2ca bl = q2b7 b2 = q_2d, and t

N|=

=q, (5.19)

then the map ® from Proposition gives an action of H,S‘”t on M @ N ® VO commuting with
that of Uygl,,.

Proof. The module M ® V' decomposes as

MV =L <> ®L (i) . (5.20)

By (5.5) and (5.13), Rasv Ry acts on the first summand by the constant ¢?* and on the second
summand by the constant ¢~2¢. So

o

(D(X1) — P?)(P(Xy) —q %) =0;  similarly  (®(Y1) — ¢®)(@(Y1) —¢ ) =0
by replacing (a®) with (b%). The relation

(®(T3) —)(®(T;) +¢71) =0

follows similarly by considering the tensor product V @ V = L(O) ® L(O). O
From (2.17), (5.19), and (3.5)),
1
allz q2alv az = q_207 by = q2ba . b% = q_2d7 t2 =gq,
t2 = af(—ag)_% =—i¢""® and = bf(—bg)_% = —ight, (5.21)
i1 11
_tT‘1 — _t]? t() 2 _q(a+c)f(b+d)’ a,nd _tT’2 — t}? tg — _qa+c+b+d.

Using these conversions, the genericity conditions in (4.1]) become requirements that g is not a root
of unity and

_qlat—(brd) _paterbrd g (g gFl L 22 k2 g glate)—(brd) 4 _g(aterbrd),
In the context of Theorem [5.4] these genericity conditions are
q is not a root of unity, a,b,c,d € Z~o and (a+c)— (b+d) & {0,£1,£2}. (5.22)
In the setting of Theorem equation provides H,th-modules B,;\ with

M®N® Ve @ L\ ® By, as (U,g, HY*)-bimodules. (5.23)
AeP k)
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Theorem [5.5] below will accomplish our primary goal for this paper by identifying the module

Bk explicitly as a calibrated H**-module H IEZ’C’J) as constructed in Theorem The results of

?, -, and Proposmon 3 show that the Bratteli diagram of (5.7) has P(-1) = {(a®)},
{jv | p € ((min(a,b))?)} as in Propositionand7 for j € Z>,

PU) = { partitions obtained by adding j boxes to a partition in P(©) }.
By (5.17), if /1 € P then there is an edge
bd
(a®) coli), [ with label eo(fr) = —a—c(a —c) — ?(b —d) + Z ¢(box). (5.24)
boxEf

For j > 0, the edges u — A from level j to level j + 1 correspond to adding a single box to u to get
A, and are labeled by ¢(A\/u), the content of the box A/u:

GOSN for edges from level j to level j + 1. (5.25)

The case when M = L(a¢) and N = L(22) with a,c > 2 is illustrated in Figure
Let A € P, Define

co=—3(kla—c+b—d)+acla—rc)+bdb—d))+ Z c(box) and z=(—1)¥¢*°. (5.26)

boxeA
Using notation as in ((5.15)), let
pS=ANB and let S be the corresponding fi. (5.27)

Define the shifted content of a box by
&(box) = c(box) — S(a—c+b—d), andletc=(cy,...,c;) with0< e <cp <+  <¢p (5.28)
(0)

be the sequence of absolute values of the shifted contents of the boxes in A/Smax arranged in
increasing order. Index the boxes of A/ SI(I?E)LX with 1,2..., k% so that
a) if ¢ < j then |é(box;)| < |é(box;)],
b) if i < j and é(box;) = é(box;) < 0 then box; is SE of box;,
) if i < j and é(box;) = é(box;) > 0 then box; is NW of box;,
) if i < j and é(box;) = —¢&(box; ), then é(box;) < 0 < é(box;),

(
(
(c
(d

and define

J Z{Ei | é(bOXi) S {—’I”l,—T’Q}}
¢(box;) = é(box;) + 1 > 0 and box; is NW of box;, or
Uqej—ei | é(box;) = é(box;) —1 < 0 and box; is SE of box;, or (5.29)

) =
¢(box;) = —¢(box;) — 1 < 0 < é(box;)
¢(box;) = —1 and ¢(box;) = 0 and box; is SE of box;, or
USej+ei | é(boxj) =3 and &(box;) = —3 and box; is NW of box;, or
&(box;) = —1 and &(box;) = —3

so that J is a subset of P(c), where P(c) is as defined in (3.7). See Examples [3| and {4 following
the proof of Theorem
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level —1

S

‘ N
-c —et+1
a v
a+2 a+2
\ \

\ N

level 0

level 1

Figure 3: Levels —1, 0, and 1 of a Bratteli diagram encoding isotypic components of M @ N @ V'
where a,c > 2 and b = d = 2. The edges from level —1 to level 0 are labeled by eg(T(®)) as in
(5.17)); the edges from level 0 to 1 are labeled by the content of the box added.
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Theorem 5.5. Let g = gl,, and let M = L(a®), N = L(b%) and V = L(O) so that HZ' acts on
M ® N ® Ve as in Theorem . Assume that the genericity conditions of hold so that q
is not a root of unity, a,b,c,d € Zwg and (a+c¢) — (b+d) & {0,+1,£2}. For A € P®), let B,;\ be
the HP* -module of and define z, ¢ and J as in , , and . Then

B = HP as He™-modules. (5.30)

Proof. By Proposition B,;\ is a calibrated Hf** module. Therefore B,i‘ has a composition series
with factors that are irreducible calibrated Hi**-modules. By Theorem each factor is isomorphic
to some H ,EZ’C’J) where (c, J) is a skew local region, and (z,c, J) is determined by the eigenvalues
of the action of Wy, W1y,..., W,. By Proposition the simultaneous eigenbasis {vg | S € 7}3‘}

B,’C\ is indexed by

T2 = {paths S = ((a¢) = S — 51 — ... —» §*) = )) in the Bratteli diagram}. (5.31)

To determine which H ,EZ’C’J) appear as composition factors of B,;\ it is necessary to compute the
eigenvalues of the action of the W;’s on the basis vectors vg as follows.

By (5.24])), (5.25)), and the formulas in Proposition

@(P)'US — C]260(5(0))2}S and q)(Zz)’US _ qZC(S(i)/S(i—l))US for i — 1’ o ,k.

Using (2.18]) and (5.19), W; = —(alagble)féZi with a1 = ¢2%, as = ¢~ 2, by = ¢?°, and by = ¢ 24,
and thus

O(W;)vs = —(araghib) 2 ®(Z;)vg = —q~ (@b d2e(SV/SE o 2eST/ST) 0 (5.39)

Then @(PW:[ Wk)vs — (_1)kq2(60(5<0>)+C(S<1)/S<0>)+"FC(S(}C)/S(}C*D))—k‘(a—c-‘rb—d)vs S0 that, W]th

co and z as in ((5.26]),
D(Wy) = B(PW - - Wi)us = (—1)F¢*Pvg = zvg. (5.33)

Let S = ((a®) = S© — 81 — ... 5 %) = )) be a path to ) in the Bratteli diagram. In the
context of the diagrams in (5.15)), the partitions S(®) and Sr(r?gx differ by moving some boxes from p

to pu¢ (from the NW border of )\/Sr(r?gx in B to the NW border of )\/S(O) in B’). Thus the sequence
c=(c1,...,cx), where

c1,...,cy are the values |&(SM /SO ... [¢(S®) /SE=D)| arranged in increasing order,

coincides with c as defined in ([5.28). Let wg € Wy be the minimal length element such that

wse = ws (e k) = (Ct(1)seees Curigy) = (@(SsW /sy Fs® /gk=1))y, (5.34)
where c_; = —¢; for i € {1,...,k}. The signed permutation wg is the unique signed permutation
such that

wge = &SV /SO, ... &Sk /sty and  R(ws) N Z(c) =0,
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where Z(c) is as in (3.6). If the boxes of A/S(® are indexed according to the same conditions as
just before (5.29)), then wg is the signed permutation given by

wg (i) = sgn(¢é(box;))(entry in box; of S),

where the path S is identified with the standard tableau of shape A/ S©) that has S /S =1 filled
with j.
The basis vector vg appears in a composition factor isomorphic to H ,gz’c"]) where
J = R(wg) N P(c), where R(wg)=R;URyUR; and P(c)= P UPUPs,

as defined in (3.2) and (3.7]), are given by

Ry = {62‘ ‘ 7> 0 and wg(i) < 0}, P = {Ei ‘ c; € {Tl,TQ}},
Ry ={ej —&; | i < jand ws(i) > ws(j)}, Py={ej—¢ |0<i<j,cj=ci+1},
Rs = {Ej +&; ‘ 1 < j and —ws(i) > ws(j)}, P = {Ej + & ‘ 0<e<y, cj=—¢ + 1}.

To describe J = (Ry N Py) U (Re N P2) U (R3 N Ps3) in terms of the boxes in A, first record that
RiNP={g|i>0and wg(i) <0}N{e; | ¢ € {ri,ra}} ={e; | é(box;) = {—r1, —ra}}.
Next analyze
RoNPy={ej—¢;|i<jand w(i) >w(j)}N{ej—e |0<i<yj,¢;=c¢+1}
Since 0 < ¢; and ¢; = ¢; + 1, we have ¢; > 1.

Case 1: é(box;) > 0, so that é(box;) = £(é(box;) + 1).
Case la: ¢(box;) = é(box;) + 1.
If box; is NW of box; then w(j) < w(i) and e; —¢; € J.
If box; is SE of box; then w(j) > w(i) and €; —¢; & J.
Case 1b: ¢(box;) = —(é(box;) + 1).
Then w(j) < 0 < w(i) so that w(j) < w(i) and ; —¢; € J.
Case 2: é(box;) < 0, so that é(box;) = +(—é(box;) + 1).
Case 2a: ¢(box;) = é(box;) — 1 < é(box;) < 0.
If box; is NW of box; then —w(j) < —w(i) so that w(i) < w(j) and e; —&; & J.
If box; is SE of box; then —w(j) > —w(i) so that w(i) > w(j) and e; — &; € J.
Case 2b: ¢(boxj) = —¢&(box;) +1 > 0 > é(box;).
Then w(i) < 0 and 0 < w(j) so that e; —¢; & J.

Finally, analyze
Rgﬂp;g:{SijSi | i < j and —w(7) >w(j)}ﬂ{8j+8i |0<i<yj, Cj = —¢ + 1}.

Since 0 < ¢; and ¢; = —¢; + 1 > ¢;, we have 0 < ¢; < 1/2. Since the entries of ¢ are in Z or in

% + Z, the possibilities for (¢;, ¢;) are (0,1) and (%, %), and the possibilities for (é(box;),é(box;))
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are (O) ]-)7 (07 _1)7 (%7i%)7 or (_%7i%)

Case 1: ¢é(box;) =1 and é(box;) = 0.
If box; is NW of box; then 0 < w(j) < w(i) so that —w(i) < 0 < w(j) and €; +¢&; & J.
If box; is SE of box; then 0 < w(i) < w(j) so that —w(i) <0 < w(j) and e; +&; & J.
Case 2: ¢é(box;) = —1 and E(boxz) =0.
If box; is NW of box; then —w(j) < w(%) so that —w(i) < w(j) and €; +¢; & J.
If box; is SE of box; then w(]) > w(i) so that —w(i) > w(j) and €; +&; € J.
Case 3: &(box;) = 3 and é(box;) = 1.
Then0<w()<w( ) so that —w(i) <0 < w(j) and e; +¢; & J.
Case 4: &(box;) = —3 and &(box;) = 3.
This case cannot occur since, When indexing the boxes of /S
the boxes of shlfted content —5 are numbered before the boxes of shifted content 1
Case 5: ¢(box;) = 3 and &(box;) = —3.
If box; is NW of box; then w(i) < 0 and w(j) < —w(i) so that e; +¢; € J.
If box; is SE of boxl then w(i) < 0 and —w(i) < w(i) so that €; +¢; & J.
Case 6: ¢(box;) = —1 and é&(box;) =

1
Then 0 < —w(j) < —w(i) and w(])2

0 < —w(i) so that ; +¢; € J.
This analysis shows that J = R(wg) N P(c) = (RiNP)U(R2NPy)U(R3NPs3) is as given in (5.29)).

A consequence of the description of J in is that J = R(wg) N P(c) is independent of the
choice of S € 77;\. It follows that all composition factors of B,i‘ are isomorphic to H lgz’c"]).

Let S,T € 72‘ such that vg and vy have the same eigenvalues for Wy,..., Wy. By defini-
tion of 7}3‘, Sk — k) = X\ Since Wyvg = —qa(s(k)/s(kﬂ))vg = —qé()‘/s(kil))vs and Wyvr =
—gf@E/TE D)y = BNTE D)0 we have eN/TH =1y = ¢(A/S*=1) which implies that T*~1) =
Sk=1), Using this and the fact that the eigenvalues of Wj_1 on vg and v are the same, implies
similarly that 7% =2 = §(*=2)_Induction gives that

SO —7©@ gk 7k gothat S=T.
Thus dim((B3),) <1 (in the notation of (3.1))) and Bj Hliz’c"]) as H**-modules. O

In the course of the proof of Theorem [5.5 we have also established the following result, which
deserves mention.

Corollary 5.6. Keeping the notations of Theorem let \€ P®) and S € T, and let wg be the
signed permutation defined in (5.34). Then

T — Fled) L
k is a bijection.
S — wg

Example 3. Let M = L(a®) = L(6) and N = L(b%) = L(3) so that
a:67 C:17 b:37 d:17 Tl:%? and 7"2:%.

The partition A = (10,8) is in P*) with k = 9. Then we draw X as the (marked) partition

-

A= (10,8) = Here, S, = (6,3)
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is indicated by the shaded boxes. The boxes of \/ Sﬁ?&x have

\\\JT |
9
indexing | 1]2]4]6 ;

and shifted contents T

0I©
—
] o

N[N Ot

NG N~

Example 4. Let M = L(a®) = L(5%) and N = L(b?) = L(3%) so that
(125, C:4, b:3 d:3; TIZ%; and TQZ%-

The partition A = (9,9,6,6,6,2,1,1,1) is in P® with k = 12. For this partition S\s =
(7,6,5,5,3,2,1); and one tableau S € 775\ with S© = Sr(r(l)zzx (where the shaded portion of X corre-
sponds to S©)) is

indicates the indexing of the bozes in )\/Sr(r?gx. The contents of the bozes S /S’(Z D fori =
.k are 7,8,5,6,7,3,2,—1,0,1, -7, —8; and since —%(a —c+b—d) = —% the shifted con-
tents ¢(S@ /S fori=1,...,k are

13 15 9 11 13
272727 27 27

)

5 3 11 15 17
272 20 2720 27 27

respectively. The sum of the contents of the boxes in SI(I?QX is 1, the sum of the contents of the bozes
inXis 23, co=—-31(12(5-4+3-3)+5-45—-4)+3-3(3—3)) +24 =38,

_ 11335 9 11 13 13 15 15 17
£=q, and Cc= (ﬁaﬁ?iaﬁ:iaﬁa?a???:???:2)
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is the sequence of absolute values of the shifted contents, arranged in increasing order. Using ((5.34)),

ws

(

1 2 3 4 5
-9 10 -8 7 6

7 €4,|€10 ) €11,€2 — €1,
€3 —€1,¢&4 —617’83 — &2 H€4 — &2 \785 T E3,|65 — €4

€7 — 667‘68 — €7 ‘,69 — €7,

€10 — €8}, €11 — €8, £10 — &9
elaa (€10} €12

€10 — €1,€12 — €1, €3 — €2
€11 —€2,812 —€2,€10 — €3,€12 — E€3,|E5 — €4 |,E6 — €4,E7 — €4,E8 — €4,E9 — €4,E10 — €4,
€11 —€4,€12 — €4,E6 — E5,E7 — E5,E8 — E5,89 — E5,E10 — £5,€11 — €5,€12 — £€5,E8 — €6,
€10 — €6,€11 — €6,€12 — €6,| €8 — E7 ;€10 — €7, €11 — €7, €12 — 67,,512 — €8,
le10 — €9}, e11 — 9] €12 — €9, €12 — €10}, [ 12 —en1 |,

€3 +€1,64 +€1,65 +€1,66 +€1,67 +€1,68 +€1,69 +€1,€10 + €1,€11 +E€1,E12 + €1,
€10 +€2,€12 +€2,64 + €3,65 + 3,6 + €3,E7 +€3,68 +€3,69 +€3,€10 + €3,€11 + €3,
€12 + €3,€10 T €4,€12 + €4,€10 + €5,€12 +€5,€10 + €6,€12 + €6, €10 + €7, €12 + €7,

€10 + €8,€12 + €8,€10 + €9, €12 + €9, €11 + €10, €12 + €10, €12 + €11,

6 7
3 4

8§ 9 10 11 12
15 —-11 2 -12 )’

i

enn — 9 |e12 — w0 |e12 —en )

J|ea —ea) e — 2,66 — £2,67 — €9,68 — €2, 69 — £2,€10 — &2,

and J = R(wg) N P(c) consists of the outlined elements of P(c) (which are the same as the outlined
elements of R(wg)). Another T € T\ is (again, with T(®) indicated by the shaded bowes)

T1 ()

- :
2.
10/~

AN
_ 8
= 61912
oy 4113 Lo
" S
15
11

|

Keeping the setting of Theorem Proposition [3.1] associates a configuration of 2k boxes to
(c,J). This configuration can be described in terms of the data of A € P*) as follows. With Sﬁ?gx
as defined just before (5.28), let rot(\/ Sr(r?gx) be the 180° rotation of the skew shape \/ S{.. Then

the configuration of boxes  corresponding to (c,J) is & = rot(A/SL) YU N/SL) (5.35)

ax)?

so that it is the (disjoint) union of two skew shapes \/ SI(I?&ZX and rot(\/ S&?QX), placed with

rot(A\/S®) northwest of \/S(©),

A/S© positioned so that the contents of its boxes are (&(SM)/S©@), .. & S®) /Sk=1))),

rot(A/S(©) positioned so that the contents of its boxes are (—&(S®) /SE=1) . —& 81 /5O)Y),
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and with markings placed at the NE corners of the rectangles B and B’ corresponding to A/S ©
(in the notation of (5.15)). The resulting doubled skew shape is symmetric under the 180° rota-
tion which sends a box on diagonal c¢; to a box on diagonal —c;. In the case of Example {4 the
corresponding configuration of boxes is

ol
oI5

wla

NI
NI

[
gui
Il

This configuration of boxes also appeared in Example

For generically large a, b, ¢, d, there will be examples of A, n € P*) with A # p and B,;\ >~ Bl as
H**-modules; see Example 5| This is because the eigenvalues of P on M ® N are not sufficient to
distinguish the components of M ® N as a gl,,-module. It could be helpful to further extend H**
and consider an algebra Z(U,gl,) ® Hj acting on M @ N ®@ V&,

Example 5. Leta=c=6 and b =d = 4,
Ak) = (11 + k,10,8,8,6,6,5,3,3,1) and u(k)=(11+%£,9,9,8,7,6,4,3,2,2), i.e.

k——k— f——k—
H!I"'H [TT--T]

[T
l

Then A(k) # p(k) but, as H**-modules,
By = gt o g0 - here ¢ = (11,12,...,11 + k — 1) and z = g8 +k(k+21),

Recall from ([5.23)) that

MeNeV®* = (B LN @By  as (Ugg, Hy™)-bimodules.
AP k)

A consequence of Theorem b) is the following construction of the irreducible H**-modules Bj.
Keeping the setting and notation of (5.31]), for A € PE) and S € T, let

5;S be the path from (a®) to A that differs from S only at S\, (5.36)
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The path s;S is unique if it exists: if S = ((a¢) — S© — 1 — ... - SHK)) then SUHD is
obtained by adding a box to SU), and (st)(j) is obtained by moving a box of SU) to the position
of the added box in Ut In the case that j = 0, the paths s¢S and S satisfy (805)(1) = SM and
the partitions (505)(® and S in PO differ by the placement of one box, with

&((508) 1"/ (5089) V) = —e(s /5, (5:37)
where the shifted content of a box ¢é(box) is as defined in (5.28|).

Corollary 5.7. Keep the conditions of Theorems and [5.5,  In particular, assume that the
genericity conditions of (5.22) hold so that q is not a root of unity, a,b,c,d € Zo and (a + ¢) —
(b+d) & {0,+1,42}. Let A € P*). Then B} has a basis {vs | S € T} such that the H{™-action
18 given by

Pug qgeo( )US> Zivg = QQC(S(D/S(FD)US

Tivs = [Tj]s,svs + \/_([Ti]S,S —q)([Ti]s,s +q7 1) vs,s, fori=1,...k—1,
Yivs = [Yi]s,svs + \/—([Yﬂs,s —q72)([Y1]s,s — 4?°) vsys,

o ) (a—eitbe -
Xyvg = [X1]s.5vs + ¢ > (80/8O) y(a—ctb=d) \/—([Xl]s,s — ?*)([Xils,s — 472¢) vsys,

where vs;8 =0 if 5;S does not exist, and

-1

q—dq
Tilss = I aaem/st-ny-aaern oy
. B (q2b+q—2d) (q +q—2c) (b—d)q—2c(s<1>/s<0>)
[ 1}575 - 1—gq 2(a—c+b— d)q74c( (1) /5(0)) ’
Xy (A7) = (@ g g )
1]5,8 = 1— q 2(a—c+b— d) _40(5(1)/5’(0)) .

Proof. The appropriate basis of B,i‘ is the one given in Proposition and used also in the proof of
Theorem It is only necessary to convert from the notation v, in Theorem [3.3] to the notation
vg using the bijection in Corollary Recall from ([5.21)) that

a =q, az = (¢ ) bl = (1%7 b2 = q_2d)
1 1 1 1 1 1 1
t2 = t2 =a?(—a2)"2 = —ig?*¢, and & = b7 (—by) 2 = —ig"te.
From (13 and 33,

Yu=1() 0w = B(Wi)vs = —q

From 2.1 , , and ., Y, = b2( bg)%To = iqb_dTo and X7 = (a1 + (12) - alangZf =
a—c)

—(a—c+b—d) qzc(s<i> /8G—1)) Vs

e+ q_QC — . With these conversions, the formulas from (3.13)) and (| - ) become
Tivs = Tivy = [Ti]s,svs + [Ti]sis,5vs,5,  fori=1,....k—1,
Yivs = iq" "Tyvw = [Y1]s,50s + [Yi]so8,svsps »  and

Xyvg = <q2a i q—2c _ q2(a—c)Y121—1) vg = (q2a I q—2c _ q2(a—c)q—2c(S(1)/S(O))Y1) Ve
= [X1]s,5v5 — [X1]s05,5Vs05,
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with
t2 — ¢ a—q"'

[Tls.s = [Tl T 1 (S0 /5E0) (S /50))

= 1
1- wal(i)ﬂwal(i_H)

1 1

(15— %) + 0 — by
1—72 )
_ i) (qW+D 4 g~ (+D) — (glate) 4 g=(ate))gaetb—dg—2e(50)/50)
1— qz(a—c+b—d)q—4c(s(l>/5(0))
(q2b + q—2d)) _ (qQa + q—zc)q2(b—d)q—2c(s<1)/s<0))

- 1— q2(a—c+b—d)q—4c(s(1>/s(0>) , and

_ _ _ (1) /5(0)
(Xils,s = ¢% + q 2 — ¢*@ g 2S5y )5 6

_ — —d) — (1) /5(0)
(q2b +q 2d) _ (q2a +q 20)q2(b d)q 2¢(SH1) /500Dy
1— q2(a7c+b—d)q74c(5(1)/s<0))

— _ —¢) — (1) /5(0)
(q2a +q 20) _ (q2b +q 2d)q2(a c)q 2¢(SHH) /510Dy
1 — g2la—ctb—d) g—4e(SM/SO) :

[Yi]s.s = ig" [ To)ww = ig"™*

_ —c) — (1) /8(0)
:q2a+q ZC_qQ(a c)q 2¢(S(1) /5(0))

On the two-dimensional subspace spanc{vg,vs,5} the action of Tp in the basis {vg,vs,s} is a
symmetric matrix [Tp], and so the matrix of Y7 in this basis is [V1] = i¢®~%[Tp] is also symmetric.
The action of Z; is by a diagonal matrix [Z1], so [Z1]t = [Z1]. Therefore, using X; = Z;Y;* from
and X7 = (al +CL2) — alangl from " we have ([Xl]_l)t = ([Yl][Zl]_l)t = ([Zl]_l)t[}/i]t =
[Z1]71[Y1] and so

(Z[X1) 2] = [Z1)((a1 + ag) — aras[Z0] ' 1)) [Z1] 7 = [Xa).
Thus
(Z1)5.51X1)505.5127 soL.sos = [X1ls.s0s and — [X1]s.505[X1]s05.5 = ([X1]s.s — a1)([X1]s.s — az),

since [X1] is a 2 X 2 matrix with eigenvalues a; and ag (as in the proof of Theorem [3.3). Thus

[X1)so5,5 = 1/ (X1)s0.9)% = 1/ [X1]5.005 21155 X1}so.5Z1 5,05
= 1211552105051/ (X155 — 22) ([(Xiss — a=%).
By (5:37), c((505) V) /(505) ) = —c(SW /SO + (a — ¢+ b — d), so that

V(255 Ziluusns = g DS geoD 0090 _ o2l SO/SO)+amcrb-d),

Thus

—2c (1) (0) a—c — a —ZC
[X1]sps,5 = g 25 /5) glazetb d)\/—([Xl]s,s —¢?)([X1]s,s — q72%¢).
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