arXiv:1907.11796v1 [math.RT] 26 Jul 2019

Positive level, negative level and level zero

Finn McGlade  email: finnmcglade@gmail.com
Arun Ram  email: aram@unimelb.edu.au
Yaping Yang  email: yaping.yangl@unimelb.edu.au

Dedicated to I.G. Macdonald and A.O. Morris

Abstract

This is a survey on the combinatorics and geometry of integrable representations of quantum
affine Lie algebras with a particular focus on level 0. Pictures and examples are included
to illustrate the affine Weyl group orbits, crystal graphs and Macdonald polynomials that
provide detailed understanding of the structure of the extremal weight modules and their
characters. The final section surveys the alcove walk method of working with the positive
level, negative level and level zero affine flag varieties and describes the corresponding actions
of the affine Hecke algebra.
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0 Introduction

This paper is about positive level, negative level and level 0. It was motivated by the striking
result of [KNS17], which establishes a Pieri-Chevalley formula for the K-theory of the semi-
infinite (level 0) affine flag variety. This made us want to learn more about the level 0 integrable
modules of quantum affine algebras. Our trek brought us face to face with a huge literature,
including important contributions from Drinfeld, Kashiwara, Beck, Chari, Nakajima, Lenart-
Schilling-Shimozono, Cherednik-Orr, Naito-Sagaki, Feigin-Makedonskyi, Kato, their coauthors
and many others. It is a beautiful theory and we count ourselves lucky to have been drawn into
it.

The main point is that the integrable modules for quantum affine algebras U naturally
partition themselves into families: positive level, negative level and level zero. Their structure
is shadowed by the orbits of the affine Weyl group on the lattice of weights for the affine Lie
algebra, which take the shape of a concave up paraboloid at positive level, a concave down
paraboloid at negative level and a tube at level 0. These integrable modules have crystal bases
which provide detailed control of their characters. At level 0 the characters are (up to a factor
similar to a Weyl denominator) Macdonald polynomials specialised at ¢ = 0. The next amazing
feature is that there are Borel-Weil-Bott theorems for each case: positive level, negative level and
level 0, where, respectively, the appropriate geometry is a positive level (thin) affine flag variety,
a negative level (thick) affine flag variety, and a level zero (semi-infinite) affine flag variety.

This paper is a survey of the general picture of positive level, negative level, and level zero, in
the context of the combinatorics of affine Weyl groups and crystals, of the representation theory
of integrable modules for quantum affine algebras, and of the geometry of affine flag varieties.
In recent years, the picture has become more and more rich and taken clearer focus. We hope
that this paper will help to bring this story to a wider audience by providing pictures and some
explicit small examples for ;[2 and ;13.

July 30, 2019 AMS Subject Classifications: Primary 17B37; Secondary 17B67.


http://arxiv.org/abs/1907.11796v1

Positive level, negative level and level zero

0.1 Orbits of the affine Weyl group W action on h*

For 5A[2 the vector space h* is three dimensional with basis {d,w1, A¢}, and the orbits of the
action of the affine Weyl group W24 on h* on different levels look like
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Although informative, the picture above is misleading as it is a two dimensional projection
(mod &) of what is actually going on. The W2d-action fixes the level (the coefficient of Ag)
but it actually changes the § coordinate significantly. Let us look at the orbits in § and wy
coordinates (i.e. mod Ap).
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When the level (coefficient of Ag) is large the parabola is wide, and it gets tighter as the level
decreases.
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At level 0, the parabola pops and becomes two straight lines.
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At negative level the parabola forms again, but this time facing the opposite way, and getting
wider as the level gets more and more negative.
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The three different Bruhat orders on the affine Weyl group are visible on the W2d-orbits:

v=w if v(wy + Ag) is higher than w(wy + Ag) in Wad(w; + A),
vow if vw; is higher than w(w; + 0Ag) in W24(w; 4 0Ay).
v=w if v(—w; — Ag) is higher than w(—w; — Ag) in Wad(—w; — A).

The definitions of the Bruhat orders on W24 and their relation to the closure order for Schubert
cells in affine flag varieties is made precise in Section [[L3l The Hasse diagrams of the positive
level, negative level, and level zero Bruhat orders for the Weyl group of ;[3 are pictured in Plate
C.

For the case of g = 57[3 the affine Weyl group orbits take a similar form, with the points
sitting on a downward paraboloid at positive level, on an upward paraboloid at negative level
and with the paraboloid popping and becoming a tube at level 0 (for an example tube see the
picture of B(w; + ws) for sl3 in Plate B).

Positive level orbit W24(w; 4 ws + 2A¢) for ;[3 Negative level orbit W2d(w; + wy — 2A) for ;[3

0.2 Extremal weight modules L(A) and their crystals B(A)

For the affine Lie algebra g = 5A[2 the weights of integrable g-modules always lie in the set
b7 = C + Zwy + ZAy.
A set of representatives for the orbits of the action of W24 on b7 is

(h*)o = {ad +nwi € b7 | 0 <n},

b
(6 )ine = ()5, U (B0, U (B )5, where  (§*)F = {ad +mwi +nho € b} | 0 <m < n},
(0" )me = {ad —mwy —nhg € b7 | 0 <m < n}.

These sets are illustrated (mod J) below.

For each of the A € (h*)int, there is a (universal) integrable extremal weight module L(A),
which is highest weight if A € (h*);"., is lowest weight (and not highest weight) if A € (%),
and which is neither highest or lowest weight when A € (§*)?,. The module L(A) has a crystal
B(A).

At positive level and negative levels the crystals B(A) are connected, but the crystal B(A)
is usually not connected in level 0. The connected components and their structure are known
explicitly from a combination of results of Kashiwara, Beck-Chari-Pressley, Nakajima, Beck-

Nakajima, Fourier-Littelmann, Ton and others. These results are collected in Theorem [2.4]
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and equation (2.I2]) expresses the characters of the L(A) in terms of Macdonald polynomials
specialised at t = 0.
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0.3 Affine flag varieties G/I", G/I° and G/I~

There are three kinds of affine flag varieties for the loop group G = G(C((¢€))): the positive
level (thin) affine flag variety G/IT, the negative level (thick) affine flag variety G/I~ and
the level 0 (semi-infinite) affine flag variety G/I°. A combination of results of Kumar, Math-
ieu, Kashiwara, Kashiwara-Tanisaki, Kashiwara-Shimozono, Varagnolo-Vasserot, Lusztig and

Braverman-Finkelberg have made it clear that there is a Borel-Weil-Bott theorem for each of
these:

HO(G/I+,£A) >~ [L(A), for positive level A € (b*);;t,
HY(G/I°, L)) =2 L()\), for level zero A € (h*)?

int’

HY(G/I™,L_p) = L(—A), for negative —A € (h*);,.

These Borel-Weil-Bott theorems tightly connect the representation theory with the geometry.
In all essential aspects the combinatorics of the positive level affine flag variety and the loop
Grassmannian generalizes to the negative level and the level 0 affine flag varieties.

Section [l extends the results of [PRS|] and displays the alcove walk combinatorics for each of
the three cases (positive level, negative level and level 0) in parallel. In addition it describes the
method for deriving the natural affine Hecke algebra actions on the function spaces C(G/I"),
C(IT\G/IT), CUT\G/I") and C(I"\G/IT).

0.4 References, technicalities and acknowledgements

Section [[T] introduces the affine Lie algebra and the homogeneous Heisenberg subalgebra fol-
lowing [Kac] and Section gives explicit matrices describing the actions of the affine Weyl
group W24 on the affine Cartan b and its dual h*. Section [[.3] defines the Bruhat orders on the
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affine Weyl group and explains their relation to the corresponding affine flag varieties following
[Kum| and [LulCM, §7 and 11]. Sections [[.4] and [L.5 introduce the affine braid groups and Mac-
donald polynomials following [RY11]. Section treats the specializations of (nonsymmetric)
Macdonald polynomials at ¢ = 0, t = 00, ¢ = 0 and ¢ = oo and reviews the result of Ion [Ton01]
that relates Macdonald polynomials at t = 0 to Demazure operators.

Section 2 follows [BN02], [B94], and [BCP9S]|, introducing the quantum affine algebra U,
the conversion to its loop presentation, the PBW-type elements and the quantum homogeneous
Heisenberg subalgebra. Section defines integrable U-modules and Section 23] introduces the
extremal weight modules L(A) following [Kas94l (8.2.2)] and [Kas02, §3.1]. Section 2.4] reviews
the Demazure character formulas for extremal weight modules. Section discusses the loop
presentation of the level 0 extremal weight modules and the fact that these coincide with the
universal standard modules of [Nak99] and the global Weyl modules of [CP01]. Letting U’ be
U without the element D, Section explains how to shrink the extremal weight module to a
local Weyl module and how this provides a classification of finite dimensional simple U’-modules
by Drinfeld polynomials.

We have made a concerted effort to make a useful survey. In order to simplify the exposition
we have brushed under the rug a number of technicalities which are wisely ignored when one
learns the subject (particularly (a) the difference between simply laced cases and the general case
requires proper attention to the diagonal matrix which symmetrizes the affine Cartan matrix
[Kacl (2.1.1)] causing the constants d; which pepper the qulantum group literature and (b) the

machinations necessary for allowing multiple parameters ¢? in Macdonald polynomials). The
reader who needs to sort out these features is advised to drink a strong double espresso to
optimise clear thinking, consult the references (particularly [BN02] and [RY11]) and not trust
our exposition. Perhaps in the future a more complete (probably book length) version of this
paper will be completed which allows us to attend more carefully to these nuances and include
more detailed proofs. Having made this point, we can say that a careful effort has been made
to provide specific references to the literature at every step and we hope that this will be useful
for the reader that wishes to go further.

We thank Martha Yip for conversations, calculations and teaching us so much about Mac-
donald polynomials over the years. We thank all the institutions which have supported our work
on this paper, particularly the University of Melbourne and the Australian Research Council
(grants DP1201001942, DP130100674 and DE190101231). Arun Ram thanks IHP (Institut Henri
Poincaré) and ICERM (Institute for Computational and Experimental Research in Mathemat-
ics) for support, hospitality and a stimulating working environments at the thematic programs
“Automorphic Forms, Combinatorial Representation Theory and Multiple Dirichlet Series” and
“Combinatorics and Interactions”.

Finally, it is a pleasure to dedicate this paper to lan Macdonald and Alun Morris who
forcefully led the way to the kinds explorations of affine combinatorial representation theory
that are happening these days.
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PLATE A: Bruhat orders on the affine Weyl group
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PLATE B: Pictures of B(w; + Ag), B(wi +0A) and B(—w; — Ap) for sl

S-axis

uS

paf1

=)
) J
— -

fo

Usysgsysgsi A

Uspgsysgsi A

Initial portion of the crystal graph of B(w; + Ag) for sly

sps1sps1A UsysphsisgdrA
1
—_—
—
/i Jo
= = Fo
f1 i 0 f1 o
U l/\ u 1 l/\
i fo
f_l fo
u, Ush A
S-axis

Final portion of the crystal graph of B(—w; — Ag) for sly

S0

S1

S1

Middle portion of the crystal graph of B(w; 4+ 0Ag) for g = sly

0-axis
2p | 50)3A = t_gav A
$180)°A (5150) —3ay
$08150A h 0(81‘0)2A = t—QOtYA
soh b LN s 1508 = oy A
51A N A=w +0Ag
~ wi-axis
s15051A b 50510 = tay A
5051)2A h Us051)2A = toay A
5051)3A h O(Soé 1)3A = t3ay A

wi-axis

wi-axis



Positive level, negative level and level zero

PLATE C: Pictures for B(2w;). Representative paths from the (first five) connected com-

ponents of B(2w;) are

S-axis
\
7
/ 7
N
) ey w1i-axis
and the paths in B(2w;)g € B(w1) ® B(wy) are
-axis f (S-aXiS f
° 80(8180)3A 1~0 - (5180)4A
ﬁfn
i Ji
\ / / 80(8183)2A 0 (5183)3A
\/1\ / &
i Jn
\ / \ / SOS[SOA 0 (5183)2A
\ 2
1 fiL T
SoA 0 5180A
\]lfn
f1 Q« _
Poa) Fi(pp) o(Pa) . i s1A fﬂ\,f "A = 2w + Ojtjol—aXiS
(/7 (pa) fn
i Ji
515081\ 5 spSs1A
wfn
i Ji
S1 (8051)2A 0 (5081)2/\
| wfn
i Ji
/ \ / \ s1(sos1)*A 3 (s0s1)*A
[\ &
S1 (8051)4A fl Q % (8051)4A

Paths in B(2w)o

The crystal graph of B(2w1)o



Positive level, negative level and level zero

PLATE D: Pictures and characters of B(w; +w») for sl3. The colour red indicates change

in the d-coordinate.
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At t =0 and t = oo the normalized nonsymmetric Macdonald polynomials E‘sl s2s1p(Q, 1) are
Buysanip(g,0) = XO152910 - X91530 4 X201 4 X920 1 X910 1 XP 19 4 g,
Eslszslp(qaoo) — XS1s281p _|_q—1(X8182p +X8281p) _|_q—2(Xs1p +stp —|—X’D) + 2q—2 _'_q—l.
Letting ¢ = e (as in [Kad, (12.1.9)]), the Demazure module L(w; + wa)<s,s,s, has character

1 ~ _
char(L(wy + w2)<s; s9s1) = mEslszsu)(q ',0) and

char(L(w1 + w2)) = OqoqE818281p(q_1’ 0) = OqoqE513251P(q_17 00),
where 0y =~ +¢ 3 +q¢ 2 +q ' +1+q+q¢*>+ - asin Remark 2.2
Remark 0.1. The expansion

1
1—q 2 (I+qg ' +q 2+ )A+qg +qg 2+ )=14+2¢"+3¢ 2 +4¢ > +5¢ " + -
show that the sizes of the weight spaces of L(wy + wa)<s, 5.5, are growing as ¢ increases. Sim-

ilarly, in the character formula of L(w; + ws), the factor 0,0, has coefficient of ¢" equal to
Card({(k1,k2) € Z* | k1 + ko = n}) = co. This shows that every weight space of the extremal

weight module L(wi + w2) is infinite dimensional.

10
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1 Affine Weyl groups, braid groups and Macdonald polynomials

1.1 The affine Lie algebra g

Let g be a finite dimensional complex semisimple Lie algebra and fix a Cartan subalgebra a C g
and a symmetric, ad-invariant, nondegenerate, bilinear form (,): g x g — C. The affine Kac-
Moody algebra is

g= <@ gek) @ CK o Cd, with bracket given by [K, xek] =0, [K,d] =0,
keZ
[d,ze"] = kxe®, and  [we®, ye] = [z, y]e" T + k6 _i(z,9) K, (1.1)

for x,y € g and k,¢ € Z (see [Kad, (7.2.2)]). Let 6 be the highest root of g (the highest weight
of the adjoint representation) and define

eq = fye, fo= 696_1, and hg = [60, f()] = 046/ = —hy + K.
The miracle is that g is a Kac-Moody Lie algebra with Chevalley generators
€0y --s€n, Noyewhny dy fo,. .. fr, which satisfy Serre relations. (1.2)

Because of ([.2)), g has a corresponding quantum enveloping algebra U = U,g.
The Cartan subalgebra of g is

h=a® CK & Cd, whereaC gis the Cartan subalgebra of g.
Let BT be the set of positive roots for §. For a € RT, k€ Z, { € Zyoand i € {1,...,n}, let
Totks = eaeka T—_otké = foeeka hi,f = hieg-

The homogeneous Heisenberg subalgebra (see [Kacl, §8.4 and §14.8]) is

2
CK @ ale,e”!]  with [hiek,hjeg]:k5k7_gﬁ<ai,a]v>K, (1.3)
Qg , O

and afe] is a commutative Lie algebra with basis {h;e* | i € {1,...,n}, k € Z>0}.

1.2 The affine Weyl group W?! and its action on h* and §

Let 0,w1,...,wn, Ay be the basis in b* which is the dual basis to the basis d, h1,..., hy,, K of h.
The affine Weyl group W24 is the subgroup of GL(h*) generated by the linear transformations

50, 81, - - - , 8p, which, in the basis d, w1, ..., wy, Ao, are
1o -0 0 0 --- 0
1 -+ 0 —ay(hy) 0 -+ 0
00 -+ 0 —ajhy) 0 -~ 0
100 - 1 —aj(hi-1) O - 0 ,
i = o o0 --- 0 -1 o --- 0 ’ f0r26{17'--7n} (14)
00 0 —ai(hiy1) 1 0
00 -+ 0 —ajh,) 0 ---
00 -+ 0 0 0 --- 1

11
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and, writing 0 = ajaq + - -+ + apay, and hyg = [eg, fo] = ayh1 + -+ + a), Iy,

1 ay ay ay -1
0 1-aiaY —aay -+ —aia)
0 —aga) 1—agay -+ —asa, a2
S0 — . . . . (1.5)
0 —apay —anay - 1l—apa) ay
0 0 0 0 1

Let a%d = Z-span{hq,...,h,}. The finite Weyl group Wy, generated by si,...,S,. The trans-
lation presentation of the affine Weyl group is

tuvtyy =tV v and

wad = a3« Wy, = {tyvu| p” € a3l u e Wy} with (1.6)

ut,v = ty,vu,

for u¥, vV € a3 and u € Wy,. Let o) be the image of h; under the isomorphism a = a* coming
from the nondegenerate bilinear form on a which is the restriction of the nondegerate bilinear
form on g. In matrix form with respect to the basis §,w1,...,wy, Ag of h* the action of W on
h* is given by

L ke o k| =50
: Y w =kihy + -+ kpyhy
_kla\l/"i' +k7n0év
by = . f n 1.7
n 0 1 or — By 4ot By, (1.7)
: Y = pjwi+ -+ fywn,
ol--- 0 --- 1

so that — (", p") = —2(uYks + -~ pky). (In (L7) dy, ..., d, are the minimal positive inte-
gers such that the product of the diagonal matrix diag(dy,...,d,) with the Cartan matrix is
symmetric, see [Kacl, (2.1.1)].)

The basis {d, h1,..., hy, K} of b is the dual basis to the basis {d,w1,...,wn, Ao} of h*. Using
the W2d-action on b given by

sip’ = pu — a; (), for i € {0,...,n} and u" € b,
the matrices for the action of sg, s1, ..., s, on b, in the basis {d, hy, ..., hy, K}, are the transposes
of the matrices in (L) and (L3).

1.3 The positive level, negative level and level 0 Bruhat orders on W

In the framework of Section [5, where G = G(C((¢))) is the loop group, the closure orders for
the Schubert cells in the positive level (thin) affine flag variety G/It, the negative level (thick)
affine flag variety G/I~, and the level 0 (semi-infinite) affine flag variety G'/I° give partial orders
on the affine Weyl group Wad:
Ifwlt = | | I'f2rt,  Trwl®= || I'2l°  Ttwl = || I'fal".
< w z 0w < w

These orders can be described combinatorially as follows.

12
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An element w € W24 is dominant if
w(p+ Ag) € Rxp-span{wy, ... ,w,} + Ag, where p=wi+ -+ wy.

In the identification of elements of W4 with alcoves (fundamental regions for the action of 724
on elements a* + Ay mod &, see [RY11], the dominant elements of W2 are the alcoves in the
dominant Weyl chamber.

Let z,w € W2l and let w = si; - - s5i, be a reduced word for w in the generators s, ..., Sp.
The positive level Bruhat order on W24 is defined by

< w if x has a reduced word which is a subword of w = s;, - - - 55,

The negative level Bruhat order on W24 is defined by z < w if z = w.
The level 0 Bruhat order on W29 is determined by

(a) =< for dominant elements: If z,w are dominant then x < w if and only if z < w,

(b) <0 translation invariance: If uV € aaZd and x,w € W then z < w if and only if 2t,v < wt,v.
The positive level length is £7: W3 — Zsq given by ¢F(w) = (length of a reduced word for w).
The negative level length is £~: W24 — Zq given by £~ (w) = —*(w).

The level 0 length is £°: W24 — Z given by

O(w) = £+ (w) if w is dominant and Oxt,) — Oytw) = 0O0x) — Oy),

for z,y € W2 and pV € a@d. Using the formula for ¢+ given in [Mac96l (2.8)], gives a formula
for 40,
Outy) = CH(w) +2(p, "), for u € Wiy, ¥ € (18)

The length functions 1, ¢~ and £° return, respectively, the dimension, the codimension and the
relative dimension of Schubert cells in the positive level, negative level and level 0 affine flag
varieties.

1.4 The affine braid groups B* and B

Let wy,...,w, be the basis of a which is dual to the basis aq, ..., a, of a*. Let
a2 = Z-span{hi,...,h,} C af = Z-spanfwy,...,w’}.

The affine braid group B®d (resp. B*°) is generated by Ti,...,T), and YA e a%d (resp.
AV € a5¢), with relations

-1y AV _ Si>\v '_1 : Vv .
v Yy _ Y,\wmv7 Ty = TyT;--- Ti—lyw __3/ Z;)\v, %f <)\v,a,>
—— ~—— CTZ Y CTZ =YY% s if <)\ ,ai>

m;; factors m;; factors

0,
1

)

for i € {1,...,n} and AV € a3 (resp. a¥) and m;; = «;(hj)a;(h;) for i,5 € {1,...,n} with

i 7.

13
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1.5 Macdonald polynomials
Let
b7 = Z-span{d, w1, ...,wn, Ao} and ay = Z-span{wi, . ..,wn}.
The double affine Hecke algebra H is presented by generators T, . .., T, and X", i € by, with

relations

XAXE=XME T =TT, T2 =(t2 —t )T+ 1, (1.9)
N—— ——

m;; factors m;; factors

_ L1 XM Xsim - o L XK Xk
TX! = XOUT 4 (12—t ) T, T Lxr = xsinp—t (12 —¢ )T
for i € {0,...,n} and p € b%. For w € W24 put
ywsiTl o if w <o ws;
v — {YWS‘TZ ’ wa T andlet YN = YBY for AY € ad, (1.10)
vy, I w e ws;,

Putting ¢ = X° = Y™K then, as an algebra over C[¢g*, ti%],

H has basis ~{X“TUY>‘v | p € a + ZAg,u € Wey, AV € azg}, where T, =T; ---T;,

for a reduced word u = s;, - -~ s;,. The affine Hecke algebra is the subalgebra H of H with basis
{TQ/Y)‘v | u € Wgn, \Y € az}. The polynomial representation of H is

C[X] =Ind(1)  withbasis {X“1|p€ a3}, (1.11)
and YE1=¢ 11, Y *1=t1, and Tj1= t21 fori € {1,...,n}.
Let
vV
Ty =Y X AorIxh  and T =T fori e {1,...,n}. (1.12)

The automorphism of fl given by conjugation by X 20 is the automorphism 7: H — H of
[Ch96, (2.8)]. Extend H to allow rational functions in the YA, For each i € {0,1,...,n}, the
intertwiner 7,/ € H is

1 1 i\
31—t 3 (1 — )Y~ .
n =T+ ﬁ = ()" + 1(_ y—)a¥ sothat YM'7¥ =7Yys (1.13)

The nonsymmetric Macdonald polynomial E, = E,(q,t) is

E,= Eu(q,t) = Tz‘v

T, where m,, = s;, ...s;, is a reduced word (1.14)

for the minimal length element in the coset t,Wg,. The E,, form a basis of C[X] consisting of
eigenvectors for the Y** (the Cherednik-Dunkl operators).

Fix a reduced word m, = s;, ...s;, as in (LI4)). An alcove walk of type ni, = (i1,...,1)
beginning at 1 is a sequence of steps, where a step of type j is (the signs - and + indicate that
255 > 2)

_ + _ + — + - +
— == with z285 > 2.
z zSj z zSj z zS8j z Z8j

positive j-crossing negative j-crossing positive j-fold negative j-fold

14



Positive level, negative level and level zero

Let B(1,m,) be the set of alcove walks of type m, = (i1,...,%) beginning at 1. For a walk
p € B(1,m,) let

ft(p) ={ke{1,...,0} | the kth step of p is a positive fold},
f~(p)={ke{1,...,£} | the kth step of p is a negative fold},
flp)=fTp)U f~(p)={ke{1,...,£} | the kth step of p is a fold}.

For p € B(1,1,) let end(p) be the endpoint of p (an element of W2!) and define the weight
wt(p) and the final direction ¢(p) of p by

xend®) = xwy o  with wt(p) € af, and @(p) € Wn.

Using (LI3)) and doing a left to right expansion of the terms of TX ‘e Tiil produces the monomial
expansion of F,, as sum over alcove walks as given in the following theorem.

Theorem 1.1. [RY11l Theorem 3.1 and Remark 3.3] Let u € aj and let m, be the minimal
length element in the coset t,Wygy. Fiz a reduced word m,, = s;, -+ - s;,, let

ﬁlvzsil"'si2ozivl, 55:32-[---32-3@2@, ey ﬁg/—oz;/z,
and let sh(BY) and ht(8)) be defined by Y1 = g2 BB for k € {1,...,0}. Then

-3(1 — —5(1 — £)gsh(BY) $ht(BY)
=Y XU t72(1—t) 72 (1 — t)g ) ¢ht (5
EM(qat) = X t2 H 1— ¢ h(BY) $ht(8Y) H 1_ qSh(BZ)tht(BZ)
peEB(1,my) kef*(p) kef=(p)

1.6 Specializations of the normalized Macdonald polynomials Eu(q,t)

If m,, = t,m with m € Wg, then E,(q,t) has top term ¢2tlm) xn (this term is the term cor-
responding to the unique alcove walk in B(ni,) with no folds). The normalized nonsymmetric
Macdonald polynomial is

E‘u(q,t) = t_%z(m)E“(q,t) so that E‘u(q,t) has top term X*.

A path p € B(1,m,,) is positively folded if there are no negative folds, i.e. #f~(p) = 0.

A path p € B(1,my,) is negatively folded if there are no positive folds, i.e. #f%(p) = 0.

A path p € B(1,n,) is positive semi-infinite if £(p(p)) — £(m) — #f(p) + 2 Z ht(B)) =
kef=(p)

A path p € B(1,1,) is negative semi-infinite if £(m) — £(p(p)) + #f(p) + 2 Z ht(ByY) =
kef*(p)

Proposition 1.2. Let u € a;. The specialzations ¢ = 0, t = 0, g '=0andt™' =0 are well
defined and given, respectively, by

E,(0,t) = Z ¢2 (L) =Lm)—#f () (1 — (#1 @) xwi(P)

pEB(1,my)
p pos folded

ENu(Q; 0) = Z qzkef*(p) Sh(BIX)XWt(p)7

PEB(L,y)
p neg semi—inf

E,(c0,t) = Z =3 (le@)—#FP) (1 — 4= 1) #I ) xwilp)

pEB(L,my)
p neg folded

Bu(g.o0)= Y g Zrerton ) xwilo)

pEB(1,my)
p pos semi—inf

15



Positive level, negative level and level zero

For i € {0,1,...,n} and f € C[h7] define

Aifzﬂ and Dif =(1+s)

_ - XTYsif
X ‘

F= 1— X

1.15
1— X o (1.15)

Equations (ILI3]), (L12)) and the last relation in (9] give that, as operators on the polynomial
representation,

1—t)y o
t%TiV = X M(D; —tA) XM + (1% forie{1,...,n}, and
y y 1—t)y—eo
t%TOVY% =Y %o t%TS/ — X_AO(DO _ tAo)XAO + %
_ (e

When applied in the formula of (I.I4]), these formulas for (normalized) intertwiners are specailiz-
able at ¢t = 0, giving the following result (see the examples computed in Section B.2]).

Theorem 1.3. ([Ion01} §4.1]) Let u € aj,. There are unique v € a}, and j € Z such that

Ao+ve ), and —jo+p+ Ao € W (Ao +v).

int
Let w € W be minimal length such that —j + p+ Ao = w(Ag +v) and let w = s;, -+ 8;, be a
reduced word. Letting Dy, ..., D, be the Demazure operators given in (.15,

E.(q,0) = ¢ XD, .. D;, XV X"01.

2 Quantum affine algebras U and integrable modules

2.1 The quantum affine algebra U
The quantum affine algebra U is the C(q)-algebra generated by

E07’”7En7 F07”’7Fn77 K07’”7Kn7 Ci%a Dil

with Chevalley-Serre type relations corresponding to the affine Dynkin diagram. Following
[Dr88| (11)], [Lu93l §39], [B94, end of §1], there is an action of the affine braid group B* on U
by automorphisms.

Let UT be the subalgebra of U generated by Ey, F1,...,E,. As explained in [BCP98|
Lemma 1.1 (iv)] and [BNO2, (3.1)], there is a doubly infinite “longest element” for the affine
Weyl group with a favourite reduced expression we, = -+ 8; ;8iy8i;, - --. This reduced word is
used, with the braid group action, to define root vectors in UT by

EBO = Eio, and Eﬁfk = T’Zgl]"zii A Tjiiikfl)Ei*k and Eﬁk = T‘Z T‘Z A TikflEilw (21)
for k € Z~g. For i € {1,...,n} and r,s € Z define the loop generators in Ut
XS, = Bayirs =Y T E; and X, = F_q40 =YV F, (2.2)

where Y7’ and Y’ are elements of the braid group B as defined in Section [L4L For r € Zsg
and s € Z~( these are special cases of the root vectors in ([2I)). For i € {1,...,n} and r € Z+g
define qgl) by

o =x;xf0— a7 xxp,, let qT(2)=1+(g—q) DY a2, (2.3)
S€Z>0

16



Positive level, negative level and level zero

and define pg) and egi) by

qt(z) :exp( Z (q—q_l)pg,i)zr) and exp( Z %z’) =1+ Z e,(;)zk. (2.4)

T€Z>0 T€Z>0 k€Z>0
For a sequence of partitions K = (/4(1), cee /f(“)) define
(4)
Sk =S, Sy, where s, = det(e ), ., Ji<rs<mi (2.5)

where (k). is the length of the 7th column of £ and m; = £(k®) (see [Mac, Ch. I (3.5)]).

For a sequence ¢ = (--- ,c_3,c_2,¢_1,K,c1,¢2,¢3,...) with ¢; € Z>o and all but a finite number
of ¢; equal to 0. the corresponding PBW-type element of Ut is

Ee = (BSYES VBT ) (s sym) (- EYYESY ESY). (2.6)

The Cartan involution is the C-linear anti-automorphism : U — U given by
Q(EZ) = F, Q(FZ) = Ei, Q(Ka) = K_,, Q(D) = D_17 Q(Q) = q_la
and U™ = Q(U™). Putting p'’) = Q(p'”), then (see [Dr88, Th. 2 (6)] and [B94, Th. 4.7 (2)])

kai(hj)

—a ))Ck ¢t (2.7)

@) (i) _ lrq
[pk7pl ]_5k7—lk< q_q_l q_q_l

Define q@s = Q(qgi)) and

A H=1+@-q¢ Y q¥ (2.8)

S€Z>0

The Heisenberg subalgebra H is the subalgebra of U generated by {pk lie{l,...,n}, k€
Zyoy. In HNUT the pg) (r € Zsg) are the power sums, the qg) (r € Zsq) are the Hall-

Littlewoods and the eg,) (r € Zso) are the elementary symmetric functions and the sz are the
Schur functions.

2.2 Integrable U-modules

Let b7, = {A € v* | (A,o) € Zforie{0,1,...,n}} = C§ + Z-span{Ao,...,A,}. A set of
representatives for the W2d-orbits on b7, is

(b* )mt = Cé + Z>o-span{Ag, ..., Ap},
(0 )ine = (05 U(0) 0 U0 )i, where  (5%)%, = C8 + 0Ag + Zso-span{wi, ..., wn}, (2.9)
(0")int = €O+ Z<p-span{Ay, ..., A, }.
For sly these sets are pictured (mod ¢) in ([@.2).

For i € {0,1,...,n} let U be the subalgebra of U generated by {E;, I, K;}. An integrable
U-module is a U-module M such that if i € {0,...,n} then

Resy o (M) is a direct sum of finite dimensional U;-modules,

17



Positive level, negative level and level zero

where Res o (M) denotes the restriction of the U-module M to a U;)-module.

Let M be an integrable U-module. Following [Lu93} §5], for each w € W24 there is a linear
map
Tw: M — M such that Ty (um) = Ty (u)Ty(m),

for u € U and m € M (here T, (u) refers to the braid group action on U). Thus, every integrable
module M is a module for the semidirect product B2 x U where B2 is the braid group of W24,

2.3 Extremal weight modules L(A)

Let A € (§*)int. Following [Kas94, (8.2.2)] and [Kas02, §3.1], the extremal weight module L(A)
is the U-module

(wAay)

generated by {u,p | w e W} with relations  K;(uyp) =g UwA,
vV
Eiuwa =0, and F;wA’ai >uwA = Us;wAs if (wA, o) € Z>o, (2.10)
Fiuya =0, and Ei_<U)A’aiv>uwA = Us,wA, if (wA, o) € Z<o,

fori € {0,--- ,n}. The module L(A) has a crystal B(A) ([Kas94, Prop. 8.2.2(ii)], [Kas02, §3.1]).
o If A € (h*), then L(A) is the simple U-module of highest weight A (see [Kad, (10.4.6)]).

int
e If A ¢ (h*){, then L(A) is not a highest weight module.
o If A € (h*);, then L(A) is the simple U-module of lowest weight A.

int
The finite dimensional simple modules L (a(u))) are integrable weight modules which are not
extremal weight modules. The connection between the L% (a(u)) and the L()\) for A € (h*)2.
is given by Proposition [2.3] below.
The module L(A) is universal (see [Kas05, §2.6], [B02, §2.1], [Nak02 §2.5]). One way to
formulate this universality is to let Uy be the subalgebra generated by Ki,..., K,,C, D, let
intInd be an induction functor in the category of integrable U-modules and write

L(A) = intIndgoxBad (S(A)), where S(A) = span{u,a | w € W24}

whq,o) wh,a))

is the UpxB2d-module with action given by Tju,a = (—qi)< Us;wA and Ku,p = ¢t

fori € {0,1,...,n} and w € W34,
2.4 Demazure submodules L(A)<,
Let w € W2, The Demazure module L(A)<, is the U-submodule of L(A) given by

L(A)<w = Uty and char(L(A)<y) = Z eViP)
pEB(A) <y

since L(A) <y, has a crystal B(A)<,,. The BGG-Demazure operator on C[h%] = C-span{X* | X €
b7} is given by

D;=(1+s;) for i € {0,1,...,n}.

1
- X
Let A € (b*)int, w € W and ¢ € {0,1,...,n}.

If A€ (h*);, then D;char(L(A)<y)) = {

18
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Positive level, negative level and level zero

har(L(\)<s,w), if sjw ™
if A e (h)%, then  Dichar(L(N)<w) =1 ar(L(A)<siw), if siw = w
- char(L(N)<w), if s;w=2w

. if siw =
if A e (b*);; then Dichar(L(A)<y) = char (L(A)<sw), %f Siw =w,
- char(L(A)<w),  if siw < w;

(see [Kuml, Theorem 8.2.9], [Kas93|, [Kas05, §2.8] and [Kt16l Theorems 4.7 and 4.11]).

2.5 An alternate presentation for level 0 extremal weight modules

For A = mywy + -+ + mpwn € (H")int and let Z11,. ., Ty 1y 1,25+« s Timg,2s - Tlms--- s Tmpn
be n sets of formal variables. Letting egj ) = €i(T1,j -+, Tm; ;) denote the elementary symmetric
function in the variables x1 j, ..., Ty, ; define
(c[‘rllw"? 7:75,1 I]Sml & - ®C[.’L’1 n7"'7x;rt7,i,n]smn
1
(C[e R gni 13 (EQZ)il] X (C[egn)7 s 765:;)1_17 (egg,)b)ilh
RG;\F = [:El Tyeo ,xml,l] mLR) R (C[l‘l,m - ,:Emn’n]sm”, and
- —1 15m -1 -1 18m,
RGY = (C[:E1 Leeos Ty 17 @ @Clay oy 2y, |7

Let
P (w) = (1 = @)1 — wp0) -~ (1 = 2 ju) and
) = (L —apfu )1 —ayfu) - (Lt ),

Let U’ be the subalgebra of U without the generator D.

Theorem 2.1. (see [Nak02, §3.4]) The extremal weight module L(X) is the (U’ ®z RG)-module
generated by a single vector my with relations

X* ,my =0, Kimy =q™my, Cmy=my,
@) ¢~ (@), —1
g tu o e’ (qu
q" (u)my Kz%”b\ and q (u l)mA:Ki(i)(il)l oY)
ey (qu) e’ (g tu™t)

where gt (u) and q~ (u™!) are as defined in ZH) and Z]).
In this form L()A) has been termed the universal standard module [Nak02, §3.4]) or the global
Weyl module |[CP0O1, §2]. See [Nak02, Theorem 2] and [Nak02, Remark 2.15] for discussion of

how to see that the extremal weight module, the universal standard module and the global Weyl
module coincide.

Remark 2.2. Let
1 q_1

0 = + — =P L
1—q 1-—g¢q

( — = q_% = l_qu, it is important to note that 0, is not equal to 0, it is a doubly

infinite formal series in ¢ and ¢~ !). Since deg(ey)) =7,

gchar(RGY) = <H H 1—1k> gchar(RGY) = ( > and

i=1 k=1 it |
ml_l 1 m2_1 1 mn—l 1
gehar (RG)) (q”” 1 k)(OW 11 ﬁ)"'(oqmn 11 m)
k=1 q k=1 q k=1 q
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2.6 Level 0 L()\) and finite dimensional simple U-modules L™ (a(u))

The loop presentation provides a triangular decomposition of U (different form the usual trian-
gular decomposition coming from the Kac-Moody presentation). The extremal weight module
L(\) is the standard (Verma type) module for the loop triangular decomposition (see [CP95]
Theorem 2.3(b)], [Nak02, Lemma 2.14] and [CP94] outline of proof of Theorem 12.2.6]).

A Drinfeld polynomial is an n-tuple of polynomials a(u) = (a(M (u), ..., a™ (u)) with ) (u) €
Clu], represented as

a(u) = a(l)(u)wl 4+t a™ (w)wn, with o (W) =(u—ai;) - (u—am,,)
so that the coefficient of v/ in a(¥ (u) is egi)i _ja1,is -, am,;1), the (m; —j)th elementary symmet-
ric function evaluated at the values ai,,...,am, ;. The local Weyl module (a finite dimensional

standard module) is defined by

M™(a(u)) = L(\) ®ra, Ma(u), Where e](j) (T1,05 2,4, -+ )Ma(u) = )(CLLz" ce s Qg ) Mg ()

el!
specifies the RGy-action on my(,). In other words, the module M(a(u)) is L()) except that
variables x;; from §2.5] have been specialised to the values a; ;.

Theorem 2.3. (see [Dr88, Theorem 2] and [CP95, Theorem 3.3]) The standard module M (a(u))
has a unique simple quotient L (a(u)) and

{Drinfeld polynomials} —  {finite dimensional simple U’-modules}
a(u) = aM(wWwi + - + a™ (w)w, L (a(u))

s a bijection.

2.7 Path models for the crystals B(A)

The work of Littelmann [Li94], [Li95] provided a particularly convenient model for the crystals
B(A) when A is positive or negative level. This model realizes the crystal as a set of paths
p: Rjg 1) — b* with combinatorially defined Kashiwara operators €, ... , €n, fo,--- s fn. Inthe LS
(Lakshmibai-Seshadri) model the generator of the crystal B(A) is the straight line path to A.
When A € (h*)9, using
px: Ry — b°

" Y the straight line path from 0 to A,

as a generator for B(A) may not be the optimal choice. Remarkably, Naito and Sagaki (see
[INS16l Definition 3.1.4 and Theorem 3.2.1] and [NNS15, Theorem 4.6.1(b)]), have shown that
B()\) can be constructed with sequences of Weyl group elements and rational numbers as in
[Li94] §1.2, 1.3 and 2.2] but with the positive level length ¢* and Bruhat order < replaced by
the level zero length ¢ and Bruhat order <. However, when working with the Naito-Sagaki
construction one must be very careful not to identify the Naito-Sagaki sequences with actual
paths (piecewise linear maps from Ry to h*) because the natural map from Naito-Sagaki
sequences to paths is not always injective (an example is provided by [Kas02l Remark 5.10]).
If A € (h*);, then —A € (h*);, and

B(A) :{fil’”fikpA ‘ kEZZO and il,...,ik S {0,1,...,77,}}
B(—A) = {éll "'éikp_A | k‘EZZO and i1,...,1 € {0,1,...,n}}.

are each a single connected component and their characters are determined by the Weyl-Kac
character formula [Kac, Theorem 11.13.3].
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2.8 Crystals for level 0 extremal weight modules L(\)
For general A € (h*)? . the crystal B(A) is not connected (as a graph with edges determined by the

int
Kashiwara operators €, ..., €y, fo,... fn). Let A = mjw; + -+ - + mpwy, with mq, ..., m, € Z>q.

By [BN02, Corollary 4.15], the map

Py: L(\) — Lw)®™ ®- @ L(w,)®™

is injective 2.11
uy > ugM @ - QuEmn JeCHy (2.11)

and gives rise to an injection of crystals
B(\) = B(w)®™ ® -+ ® B(w,)®™"

which takes the connected component of B(A) containing by to the connected component of
B(w1)®™ @ -+ ® B(w,)®™ containing ™ ® - -- @ b5, Kashiwara [Kas02, Theorem 5.15]
fully described the structure of L(w;) (see [BNO2, Theorem 2.16]). Beck-Nakajima analyzed the
PBW basis of (2.6]) and use (ZI1]) to show that the connected components of B(\) are labeled
by n-tuples of partitions k = (s, ..., k(™) such that £(x) < m;. Together with a result of
Fourier-Littelmann which shows that the crystal of the level 0 module M (a(u)) is isomorphic
to a level one Demazure crystal B(v + Ag) <y, the full result is as detailed in Theorem [2.4] below.

A labeling set for a basis of RGV(e% =1)is
S = (k= (W, ... k™) | k@ is a partition with £(k?) < m; fori e {1,...,n}}.

The connected component of by in B(\) is
B()\)o = {fil .. 'fikb)\ | ke ZZO and fil, .. ,fik S {éo, .. ,én,fo, .. ,fn}}

Define Bi"()\) to be the “crystal” which has a crystal graph which is the “quotient” of the
crystal graph of L(\) obtained by identifying the vertices b and b’ if there is an element s € RG
such that sG(b) = G(V'), where G(b) denotes the canonical basis element of L(\) corresponding
to b.

Bfin()\) is the crystal of the finite dimensional standard module M (a(uw)).

Theorem 2.4. (see [BN02, Theorem 4.16], [Nak02, §3.4]) and [FLO5, Proposition 3]) Let A\ =
miwy + -+ mpwy, € (h*)2.. As in Theorem [[3, let v € a*, j € Z>o and w € W such that

w(v + Ag) = —j0 + A+ Ag and w is minimal length. Then
B(\) ~ B(\)o x S* and B\ ~7ZFx B™(\) and B™(\) ~ B(v+ Ao)<w,
where k is the number of elements of mq,...,m, which are nonzero.

Additional useful references for Theorem 24 are [Nak02, Theorem 1] and [B02, Theorem 1]. The
first two statements in Theorem [2.4] are reflections of the very important fact that L()) is free as
an RGy-module. This fact that L(\) is free as an RGy-module was deduced geometrically, via
the quiver variety, in [Nak99, Theorem 7.3.5] (note that property (T, xcx) there includes the
freeness, see the definition of property (T¢) after [Nak99, (7.1.1)]). This freeness was understood
more algebraically in the work of Fourier-Littelmann [FL05] and Chari-Ion [CI13, Cor. 2.10].
Further understanding of the RGj-action in terms of the geometry of the semi-infinite flag
variety is in [BF13] §5.1].
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The last statement of Theorem 241 is proved by considering the map

B(\) — B(MAy) ® B(\)
Ul Ul given by b by, ®D.
Bﬁn()\) i) B(V + AO)Sw

where by, is the highest weight of the crystal B(Ag). Combining the isomorphism Bfit()\) =~
B(v + Ap)<y with Theorem [[.3] and the positive level formula in §2.4] gives

char(M (a(u))) = char(L(v + Ag)<w) = ¢ X 20 Ey(¢,0) and

char(L(\)<u,) = gechar(RGY) Eyoa(g,0), char(L(\)) = gchar(RGy) Eyoa(g,0).  (2.12)

3 Examples for g = sl,
Let g = 5A[2 with h* = Cwy; & CAg & C§ with affine Cartan matrix

ao(ho) ao(h1)) _ (2 -2 g = 01=20, 0V = af = hy,
a1 (ho) al(hl) -2 2 A = w1 + Ay, g = —aq + 6,

Using that (g, 1) = 2, if k € Z and p¥ = kay = ka; = k2w; = 2kw; so that uy = 2k and
—2(uV, uV) = —1(k2k) = —k?. Thus, following (L7), (L4) and (L5), in the basis {5, wi, Ao} of

*

1 —k —k2 1 0 0 1 1 -1
thav =10 1 2k |, si=|0 -1 0], so=10 -1 2
0 0 1 0 0 1 0 0 1

These matrices are used to compute the W-orbits pictured in Section

3.1 Macdonald polynomials

The Demazure operators are given by

f— X2 (s1f)
1— X2

and  Dof = f=X"(sof) _ f— a1X%1 (50 f)

le = 1— X—a0 1— q—1X2w1

The normalized Macdonald polynomials E,, (¢,t) and E_,, (¢,t) are

| | <=1 | | | =1 |
T T * T 1 f f ® | !
D n —w (1 B t) w1
Bale) =X and  BuG0=X  +5—X
- 1—thg !
= X w1 s~ - w1
+ 1— q_lt—l

giving E~'Wl (0,t) = Ewl(oo,t) = E~'Wl (¢,0) = E‘wl(q, o00) = X and

E—wl (Ovt) =X+ (1 - t)XW17 E—w1 (OO,t) =X
E_,(q,0) = X~ + X1, E_(g,00) = X~ + g7 1 X%,
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The normalized Macdonald polynomials Fs,, (¢,t) and E_y,, (¢,t) are

o D
I T I I 1 T I 1
~ 1—t)q
_ v2wi (
Eow, (g, t) =X + 1= gt and
1—t!
— X2w1
+ 1— q_lt_l
| <f—ed— | | | Pl | | | | &1 | - I
I T T I T I T T I T T T T T T I T T I T
- 1—t 1—t (I1—t) (1—1t)q
— —2w1 - X2w1
B (g,t) = X o qt 1o gt (1—¢q%t) (1 —qt)
VN s Vi P c St Vi B )
1—q 1t 1—q 2! (I—g2t=h) (L—g 1)
giving R R
Fu (0,1) = X2, By (00,t) = X214+ (1 —t71)
Eou, (q’ 0) = X +q, Eouw, (q’ OO) = X% +1
and

E_le (OO, t) = X2 s

E_9,,(0,t) = X721 4 (1 — 1) X% 4 (1 — 1),
E_9,,(q,00) = X721 4 g7 2X21 4 g=1 4 72,

E_9,,(q,0) = X721 4 X201 11 4 ¢,

3.2 The crystal B(Ag) and B(w; + Ag)

é-axis
Ao
wi-axis
S 1
A
1504Y0
_ f
f1
———
~J
1
i fq
e —— o
f1 f1 \
1S0STS04Y0 1T80Y0

Initial portion of the crystal graph of B(Ag) for sl
The characters of the first few Demazure modules in L(Ag) are

char(L(Ag)<1) = X4 = XM Ey(g71,0),
char(L(Ag)<sy) = Do X = X80(1 4 ¢X2) = g XM (X" + ¢~ 1) = ¢X By, (¢71,0),

char(L(Ag)<s,so) = D1 Do X ™0 = XA0(1 4 g X210 4 g 4 gX~20)
= gXM(XTE 4 XP 414 g7 = gX N E g, (¢71,0).
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The crystal graph of B(wy + Ag) is pictured in Plate B and

char(L(w; 4 Ag)<1) = X2 x“1 = XME, (¢75,0),
char(L(w; + Ag)<s,) = Dy X@1HAo = xho(xwr o x—wry = x0p | (¢71,0),
char(L(w; + Ag)<sgs,) = DoDy X1 HA0 = xho(xwr p x—wr 4 gxer 4 g2 x3en)
= * XM B3, (¢7",0),

3.3 The crystal B(w)

The crystal B(wi) = {P—w,+ks» Pwi+ks | K € Z} is a single connected component. The crystal
graph of B(wy) is pictured in Plate B. Following [Kac, (12.1.9)] and putting ¢ = X% noting
that E_,, (¢71,0) = X¥1 + X~ and E_,, (g7}, 00) = X %! + ¢X“!, then

char(L(wi)<s,) = E_,,(g7,0) and

1—q!
char(L(wi)) = 0gE_y, (7", 0) = 0,E_, (7", 00),

where 0y =~ +¢ 3 +q¢ 2 +q¢ ' +1+q+q¢*>+ - asin Remark 2.2

3.4 The crystal B(2w)

On crystals, the injective U-module homomorphism L(2w;) < L(w1) ® L(wy) given in (2.11)) is
the inclusion

B(O.)l) ® B(O.)l) = {pw1w1 ® pwzwl ‘ ’LUl, w2 e Wad}
Ul
B(ZWl) = {pw1w1 ® pwgwl | wl, w9 € Wad Wlth w1 (2 ’UJQ}

The connected components of B(2w) are determined by
B(2w1) = B(2wy)o x 521, where S*! = {partitions «x with £(k) < 2} = Z>.
For k € Z>g, the connected component corresponding to x, as a subset of B(w;) ® B(w), is
B(2w1)k = {Pwjw; @ Duwnw, | w1 = wo and £9(wy) — O(ws) € {k,x + 1} }

Representatives of the components and the crystal graph of the connected component B(2w)g
are pictured in Plate C. Inspection of the crystal graphs gives

1 1 _
ChaI‘(L(2W1)S31) = 1= q_2 1— q_lE—2W1 (q 17 0)7 and
1 = 1 =
char(L(2w1)) = OqTqE—2OJ1 (q_170) = qlqu_&Ul (q_17 OO)

4 Examples for g = 5A[3

Let g = 5A[3. The affine Dynkin diagram is (A) and the affine Cartan matrix is

Oéo(h(]) Oé(](hl) Oéo(hg) 2 -1 -1
Oél(h(]) Oél(hl) Oél(hg) = -1 2 -1
Oég(ho) ag(hl) Oég(hg) -1 -1 2
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and ho = —(h1 + he) + K, ap=—(a1 +2)+9, A =wi+ Ay, Ay =ws+ Ao
In the basis {6, wy,ws, Ao} of h* the action of the affine Weyl group Wad is given by

1 0 00 10 0 0 1 1 1 -1
. _|0 -1 00 oo 1o L]0 0 -1 1 and
1o 1 10 27100 -1 0 ° 1o -1 0o 1|
0 0 1 00 0 1 0 0 0 1
1 —ki —ky —k? — k2 + kiks
0 1 0 2% — k
tklhl-i—kghg - 0 0 1 2]{3; o k? for kl, k2 G Z
0 0 0 1

These matrices are used to compute the orbits pictured at the end of Section [0l

4.1 The extremal weight modules L(w;) and L(w>)

Letting C3 = C-span{v1, v2, v3} be the standard representation of g = sl3, the extremal weight
modules L(w;) and L(ws) for g = sl3 are

L(wn) = C3 ®¢ Cle, 6_1] and L(wy) = (A2(C3) ®c Cle, e_l],

with u,, = v and u,, = v1 A va, respectively. The crystals B(w;) and B(wz) have realizations
as sets of straight line paths:

B(wl) = {pw1+k5apslw1+k57p—w2+k5 ‘ k S Z}7 B(O')Q) = {pw2+kéap52w2+k6yp—w1+ké ‘ k S Z}

B(wy) crystal graph B(ws) crystal graph

Each of the crystals B(w;) and B(ws) has a single connected component, all weight spaces are
one dimensional and

char(L(w1)<sys,) = 1—q
char(L(w;)) = 0y (X“ + X ™92 4+ X*11) = 0, E_, (¢"*,0)
= 0g(q ' X¥ 4 g I X2T 4 XT9?) = 0,E_, (g, 00).

T (le _|_ Xslwl + X_WQ) —
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where Oy =+ ¢ 3+q¢2+q¢ ' +1+qg+¢*+ - asin Remark 22
For a € C, the crystals of M ((u — a)w;) = C? and M ((u — a)ws) =2 A%(C?) have crystal
graphs Bfi"(w) and Bi*(wy).

J1 wi wok— 2
fo 5242
S1Ww1 ]E()
= —w S
P 2 —w1
Bﬁn(wl) Bﬁn(w2)

4.2 The extremal weight module L(w; + wy)

To construct the crystal B(wy + we) use
B(W1) ® B(WQ) — {pvwr{-k& ®pww2+€(5 | (NS {1,81,8281},?,0 € {178278132}7k € ng € Z}

with the tensor product action for crystals given by (see, for example, [Ra06, Prop. 5.7])

p1®Epa, if df (p1) < dj (pa).

. fip1 @ pa, if df (p1) > d (p2), EipL @ po, if dF(p1) > d (pa),
Fipropy) = {1 EP A WD > R oy JEp1 @R T P) 2 0 (22)
p1® fipz, ifd;(p1) < d; (p2),

where df (p) are determined by

+ s - -
fidi (p)p # 0 and fidi (p)Hp =0, and é?i (p)p # 0 and é?i (p)Hp = 0.
The crystal B(w; + we) is realized as a subset of B(w;) ® B(ws) via the crystal embedding

B(w1 —I—LUQ) — B(w1)®B(w2)
bwl +wo — P @ P

By Theorem 2.4] B(w; + w2) is connected and is generated by by, 14, The crystal B(wi + wa)
is pictured and its character is computed in Plate D.

5 Alcove walks for affine flag varieties

5.1 The affine Kac-Moody group G

The most visible form of the loop group is G = G(C((e))), where C((e)) is the field of formal
power series in a variable € and G is a reductive algebraic group. The favourite example is when

when G =GL, and the loop group is G = GL,(C((¢€))),

the group of n x n invertible matrices with entries in C((€)). A slightly more extended, and
extremely powerful, point of view is to let G be the Kac-Moody group whose Lie algebra is the
affine Lie algebra g of Section [[1], so that G is a central extension of a semidirect product (where
the semidirect product comes from the action of C* on G(C((¢)) by “loop rotations”)

{1} 5 C* - G = G(C((e))) xC* = {1} sothat G =exp(g). (5.1)
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In this section we wish to work with G via generators and relations. Fortunately, presenta-
tions of G are well established in the work of Steinberg [St67] and Tits [Ti87] and others (see
[PRS, §3] for a survey). More specifically, up to an extra (commutative) torus T = (C*)* for
some k, the group G is generated by subgroups isomorphic to SLy(C), the images of homomor-

phisms
Pi: SLy(C) — G

0 1> > Ta,(0)
> i

1
(c for each vertex o (5.2)
< ) of the affine Dynkin diagram.
0 d!

— T_a;(c)

— hoz;/ (d)

<_c1 é) — i)

For each o € R there is a homomorphism ¢4: SLy(C((€))) — G and we let

) =valy 1)t sa=va(} ) Prrec. 63

For each z € W2 fix a reduced word z = s, - - s;,, define
ny =y;;(0)---y;.(0) and define ziqir5(c) = 21a(ce”) for a € Rt and r € Z. (5.4)

In the following sections, for simplicity, we will work only with the loop group G = G(C((¢)))
rather than the full affine Kac-Moody group as in (5.1]). We shall also use a slightly more general
setting where C is replaced by an arbitrary field k so that, in Proposition [5.4] we may let k = [,
be the finite field with ¢ elements.

5.2 The affine flag varieties G/I", G/I° and G/I~
Let k be a field. Define subgroups of G(k) b

“unipotent upper triangular matrices” Ut (k) = (zo(c) | a € RY c €k),
“diagonal matrices” H(k*) = (haqy(c) | i €{1,....,n}, c€ k™),
“unipotent lower triangular matrices” U™ (k) = (z_o(c) | a € RY, c €k}).
Let
= k((¢)), which has 0= k[[EH and  o* = {p € k[[] | p(0) # 0},
or let IE‘ ]k[e, ¢1], which has kle] and 0 =k*.

Define subgroups of G = G(F) by
U™ (F) = (2_qq1s(c) | c€Ek,a € RT,k € Z) and H(o) = (hay(c) | c € 0™ ).

Let g(0) denote g evaluated at € = 0 and let g(co) denote g evaluated at ¢! = 0. Following, for
example, [Pet97, Lect. 11 Theorem (B)] and [LulCM, §11], define subgroups of G(F) by

(positive Iwahori) It ={g € G| g(0) exists and g(0) € U*(k)H (k*)},
(level 0 Iwahori) I° =U(F)H(o®),
(negative Iwahori) I" ={g9 € G| g(co) exists and g(oc0) € U™ (k)H (k*)},
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Then

G/I* is the positive level (thin) affine flag variety,
G/I° is the level 0 (semi-infinite) affine flag variety,
G/I™ is the negative level (thick) affine flag variety.

These are studied with the aid of the decompositions (relax notation and write zI™ for n,IT)
G= || a1, &= || %I, &= || I,
xcWad yewad zeWad
5.3 Labeling points of [TwI™, ITwItNI%I" and ITwIt NI zI"
A blue labeled step of type i is
o frei

v VS; with wvs; & v. Let &7 | v Usi | =y(c),
c c

where y;(c) is as in (B.2)). A blue labeled walk of type W = (i1, ...,i7) is a sequence (p1,...,p¢)
where py, is a blue labeled step of type i and which begins at the alcove 1.

A red labeled step of type i is

oo hve fves
v“fwi or U<O—‘7wi or Y ('3_:?% where vs; = w.
cek cek*
With notations as in (5.4]), let
voy; —vay f—vei
BV v | USi | =xpa,(c), BV v | USi | =1 40, (0), ®°f v 2% = T pa, (c71)

¢ 0

A red labeled walk of type W = (i1,...,i¢) is a sequence (pi,...,p¢) where py is a red labeled
step of type i, and which begins at the alcove 1.

A green labeled step of type i is

hv e e
v VS5 v VS5 v VS;
— >
4‘7 or % or p= where wvs; = .
S k cE kX
Let
o LU= Tya;(c), @7 [ Y i = Tova,(0), @7 ! IjZ = T—vay (C_l)~
c 0 1
A green labeled walk of type & = (i1,...,4¢) is a sequence (p1,...,pe) where py is a green labeled

step of type i, and which begins at the alcove 1.
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Theorem 5.1. Let v,w € W and fiz a reduced expression w = Siy .- 8i, for w. The maps

\I/+ \I/?M, v are bijections.
blue labeled paths of type ~
5 { @ = (i1, ..., i) o } 7 (Irwlt/Ie
(pl,...,pg) — (I)+(p1)...@+(pg)f+

o0, - red labeled paths of type
ZA W= (i1,...,1p) ending in v

= (PvITNITwIt)/ It
(p1,---pe) —

(p1) ... 2 (pe)noI*

o { green labeled paths of type } s (Il N Itwlt) /It
w,v W= (i1,...,1) ending in v

(p1,---,p¢) — D (p1)... D (po)nuI™

The proof of Theorem [5.1]is by induction on the length of w following [PRS, Theorem 4.1
and §7] where (a) and (b) are proved. The induction step can be formulated as the following
proposition.

Proposition 5.2. Let v,w € W2 and fiz a reduced expression ¥ = iy ...8i, for w. Let

j€{0,...,n} and c € C. If ws; < w then assume that the reduced word for w is chosen with
ig = j Let

¢€Candby € It be the unique elements such that biy;(c) = y;(E)by.

(a) Letp = (p1,...,pe) be a blue labeled path of type (i1, ... ,i¢) and let @5 (p) = i, (c1) . .. yi, (co).
Then

(Wir (c1) - i (co)b1) (y;(c)ba)

yil(cl) yZe(cf) ( )B ba, z'fw<+wsj,
= ¥i(er) i, (ce—1)yi,(co — € )halv (E)xaie(—é_l)blbg, if wsj <t w and ¢ # 0,
Yir(e1) - yi,y (c-1)ha ( D)zq,, (¢)b1bs, if wsj <+w and ¢ =0,

(b) Let p = (p1,...,pe) be a red labeled path of type (i1, ...,i¢) ending in v and let
<I>277v(p) =2, (c1) - 2, (ce)noI T where the notation is as in (5.4). Then

(41 (c1) -+ - o, (co)mubr) (y5(c)b2)

Ty, (C1) - xW(Cg):Em (:l:c)nvs b1bs. if w <o wsj,
= Q Ty (1) Ty, (Co)Tpa, (€7 1)7%:17%.( 6)hajv (&)biby, if wsj <ow and ¢ # 0,
Tay(C1) - Ty (€0)T vy (0) 7205, bibs, if wsj <ow and ¢ =0,

(¢) Let p = (p1,-...,pe) be a green labeled path of type (i1, ...,i¢) ending in v and let
D (p) =z, (c1) -+ - 2, (co)nyl™ where the notation is as in (54). Then

(@, (€1) -+ - 2y, (co)nob ) (y(c)b2)

Ty (Cl) R (Cg)xvaj (ié)nvsj- Elb2' wa < wsj,
= q Ty (c1) xvg(ce)x—vaj (5_1)nv$aj (—E)ha]v (€)b1ba, if ws; < w and ¢ # 0,
Ty (€1) - Ty (o) T vy (0) 100, bibs, if wsj < w and ¢ =0,
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5.4 Actions of the affine Hecke algebra

The affine flag representation is

C(G/I") = C-span {y@(E')IJr |weW,é= (c1,...,¢) € (CZ(“’)}.

Let
C(I™\G/I") = C-span{T,, | w € W}, where T, = ITwlt,
C(I°\G/I*") = C-span{X" | w € W}, where X% = [OwIt,
C(I"\G/I") = C-span{L" | w € W}, where LY =~ wl™,

The affine Hecke algebra is  hp+(G/IT) = C-span{T,, | w € W},

where T, = [Tn,ItT = Z x (a formal sum).

xE€ltn, It

Proposition [5.3] computes the (right) action of h;+(G/IT) on C(G/IT), and Proposition [5.4]
computes the (right) action of hy+ (G/I*) on C(IT\G/IT) on C(I°\G/It), and on C(I-\G/I™).
Proposition [5.3] follows from Proposition [5.2(a) by summing over ¢ and Proposition [5.4] follows
from Proposition by summing over the appropriate double cosets. We use the convention
that the nomalization (Haar measure) is such that I - It =TT,

Proposition 5.3. Letw € W24 let & = Siy -+ S, be a reduced word for w and let j € {0,...,n}.
Assume that if ws; < w then iy = j and let

Yas; (€) = yir(c1) -+ yi,_y (ce—1)  and  yg(E) = yi (c1) -+~ yi, (ce) = yas (E)y;(co)-

Then
yir(c1) i, ()T + D i () iy (ce — DI, if ws; < w,
yﬂ(é')f—l"T.: . cekX .
“ T Swaen) i ey (@I, if w < ws;.
aek

Proposition 5.4. Let k = F, the finite field with q elements. Let w € W2 and j € {0,...,n}.
Then

T Tws; s if w <t ws;, o Lwsi, if w << wsj,
% (= 1Ty + qTws;- if ws; < w, 5 qL™% + (¢ — 1)LY, if ws; < w,

X5, if w<ows;,

and XV, =
! gX"%i + (¢ —1)XY, if ws; <w.
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