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UNIVERSAL VERMA MODULES AND THE MISRA-MIWA FOCK SPACE

ARUN RAM AND PETER TINGLEY

ABSTRACT. The Misra-Miwa v-deformed Fock space is a representation of the quantized
affine algebra U, (;[4). It has a standard basis indexed by partitions and the non-zero matrix
entries of the action of the Chevalley generators with respect to this basis are powers of v.
Partitions also index the polynomial Weyl modules for Uq(gly) as N tends to infinity. We
explain how the powers of v which appear in the Misra-Miwa Fock space also appear naturally
in the context of Weyl modules. The main tool we use is the Shapovalov determinant for a
universal Verma module.

1. INTRODUCTION

Fock space is an infinite dimensional vector space which is a representation of several im-
portant algebras, as described in, for example, [14, Chapter 14]. Here we consider the charge
zero part of Fock space, which we denote by F, and its v-deformation F,. The space F has a
standard Q-basis {|\) | A is a partition} and F,, := F ®g Q(v). Following Hayashi [11], Misra
and Miwa [23] define an action of the quantized universal enveloping algebra Uv(sA[g) on F,.
The only non-zero matrix elements (u|F;|A) of the Chevalley generators Fj in terms of the
standard basis occur when p is obtained by adding a single i-colored box to A, and these are
powers of v.

We show that these powers of v also appear naturally in the following context: Partitions
with at most N parts index polynomial Weyl modules A(\) for the integral quantum group
UqA(g[N). Let V' be the standard N dimensional representation of UqA(g[N). If the matrix
element (u|F5|\) is non-zero then, for sufficiently large N, (A4(A) ®4 V) ®4 Q(q) contains
a highest weight vector of weight u. There is a unique such highest weight vector v, which
satisfies a certain triangularity condition with respect to an integral basis of AA()\) ®@4V. We
show that the matrix element (u|F5|\) is equal to v"*2¢ (V) where (-,-) is the Shapovalov
form and valy,, is the valuation at the cyclotomic polynomial ¢o.

Our proof is computational, making use of the Shapovalov determinant [26, 9, 20]. This is a
formula for the determinant of the Shapovalov form on a weight space of a Verma module. The
necessary computation is most easily done in terms of the universal Verma modules introduced
in the classical case by Kashiwara [17] and studied in the quantum case by Kamita [15]. The
statement for Weyl modules is then a straightforward consequence.

Before beginning, let us discuss some related work. In [19], Kleshchev carefully analyzed
the gly_; highest weight vectors in a Weyl module for gly, and used this information to give
modular branching rules for symmetric group representations. Brundan and Kleshchev [6]
have explained that highest weight vectors in the restriction of a Weyl module to gly_; give
information about highest weight vectors in a tensor product A(A) ® V' of a Weyl module with
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the standard N-dimensional representation of gly. Our computations put a new twist on the
analysis of the highest weight vectors in A(A) ® V, as we study them in their “universal”
versions and by the use of the Shapovalov determinant. Our techniques can be viewed as an
application of the theory of Jantzen [12] as extended to the quantum case by Wiesner [28].

Brundan [5] generalized Kleshchev’s [19] techniques and used this information to give mod-
ular branching rules for Hecke algebras. As discussed in [2, 21|, these branching rules are
reflected in the fundamental representation of 5A[p and its crystal graph, recovering much of
the structure of the Misra-Miwa Fock space. Using Hecke algebras at a root of unity, Ryom-
Hansen [25] recovered the full U, (sly) action on Fock space. To complete the picture one should
construct a graded category, where multiplication by v in the ;[g representation corresponds to
a grading shift. Recent work of Brundan-Kleshchev [7] and Ariki [1] explains that one solution
to this problem is through the representation theory of Khovanov-Lauda-Rouquier algebras
[18, 24]. It would be interesting to explicitly describe the relationship between their category
and the present work. Another related construction due to Brundan-Stroppel considers the
case when the Fock space is replaced by A"V @ A"V, where V is the natural gl module and
m,n are fixed natural numbers.

We would also like to mention very recent work of Peng Shan [27] which independently
develops a similar story to the one presented here, but using representations of a quantum
Schur algebra where we use representations of U.(gly). The approach taken there is somewhat
different, and in particular relies on localization techniques of Beilinson and Bernstein [4].

This paper is arranged as follows. Sections 2 and 3 are background on the quantum group
Uq(gly) and the Fock space F,. Sections 4 and 5 explain universal Verma modules and
the Shapovalov determinant. Section 6 contains the statement and proof of our main result
relating Fock space and Weyl modules.

1.1. Acknowledgments. We thank M. Kashiwara, A. Kleshchev, T. Tanisaki, R. Virk and
B. Webster for helpful discussions. The first author was partly supported by NSEF Grant DMS-
0353038 and Australian Research Council Grants DP0986774 and DP0879951. The second
author was partly supported by the Australia Research Council grant DP0879951 and NSF
grant DMS-0902649.

2. THE QUANTUM GROUP Uy(gly) AND ITS INTEGRAL FORM U(;“(g[N)

This is a very brief review, intended mainly to fix notation. With slight modifications the
construction in this section works in the generality of symmetrizable Kac-Moody algebras.
See [8, Chapters 6 and 9] for details.

2.1. The rational quantum group. U,(gly) is the associative algebra over the field of
rational functions Q(q) generated by

(2.1) X1,...,Xn-1, Yi,..., Yy, and LF',... L

with relations

LzLJ = L]Lza LiLfl — L;lLZ =1, Xl}/j . YV]Xz _ 51,] il i+1Ly

: q—q7! ’
qX;, ifi=j gy, ifi=j,
(2.2) LiX;L7'={qlX;, ifi=j+1, LY;L7 = QqY;, ifi=j+1,

X, otherwise; Y;, otherwise;
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X,L'Xj = XJXZ and Y:LY} = YVJY;, if |Z —]‘ 2 2,

X2X; - (q+ ¢ XXX+ X, X7 =YY, — (g + ¢ Y, + VY2 =0,  ifli—j =1
The algebra U, (gly) is a Hopf algebra with coproduct and antipode given by

A(LZ) =L;®L;, S(Li) = Lz-_l,
(2.3) AX)=X;®LL7, +1®X;, and  S(Xi) = —X;L7'Lijq,
A(Y) =Y;®1+ L7 L @Y, S(Yi) = —LiL Y,

respectively (see [8, Section 9.1]).
As a Q(q)-vector space, Uy(gly) has a triangular decomposition

(2.4) Uq(aly) = Uq(g[N)<0 ® Uq(g[N)O ® Uq(g[N)>07
where the inverse isomorphism is given by multiplication (see [8, Proposition 9.1.3]). Here
U, (gln)<0 is the subalgebra generated by the Y; fori =1,..., N — 1, U,(gly)~° is the subal-
gebra generated by the X; fori=1,..., N — 1, and Uq(g[N)O is the subalgebra generated by
the L fori=1,...,N.
2.2. The integral quantum group. Let A = Z[q,q"!]. For n,k € Z~o and ¢ € Z, let

k

n .:M 2k .— 95 an e
@9 bh=" (Rl — 1] I d[ k

:| k c+1l-—s 1.,s—1—c

~T[™ —rq

S _ qg—S
1 qa —dq

)

in Q(q,z). The restricted integral form U;\(g[N) is the A-subalgebra of U,(gly) generated by

Li; c
k

this is an integral form in the sense that

(2:6) U;(aly) ©4 Q(a) = Uy(gly).

As with U, (gly), the algebra U;‘(g[N) has a triangular decomposition

(2.7) U;‘(QIN) = U(;L‘(EJ[N)<0 ® U;‘(glN)O ® U(}A(BINPO?

where the isomorphism is given by multiplication (see [8, Proposition 9.3.3]). In this case,
Uq“4(g[N)<0 is the subalgebra generated by the Y;(k), U;‘(g[N)>0 is the subalgebra generated

by the Xi(k)7 and Uz(gly)° is generated by L' and [ LZC
k S Z>0.

x® vy ™ LE and

7

for 1 <i < N,c € Z,k € Z~p. As discussed in [22, Section 6],

}forlgiSN,CGZ,and

2.3. Rational representations. The Lie algebra gly, = My(C) of N x N matrices has
standard basis {E;; | 1 < i,j < N}, where E;; is the matrix with 1 in position (¢, j) and 0
everywhere else. Let h = span{FE11, Fa,..., Enn}. Let g; € h* be the weight of gl given by
Ei(Ejj) = (5i,j~ Define

bz ={A =X e1+ X+ -+ Aven €07 | A1,..., Ay € Z},

(hp) T ={A=Xe1+ o+ -+ Anen €05 | A1 > Ao > - > Ay},
(2.8) Pti={X=\e1+Xaea+ -+ Ayen € (b)) | Axv > 0},

R+2:{Ei—8j ‘ 1§i<j§N},

Q :=spang(R"), QT :=spang_ (R"), and Q :=spang_ (R").
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to be the set of integral weights, the set of dominant integral weights, the set of dominant
polynomial weights, the set of positive roots, the root lattice, the positive part of the root
lattice, and the the negative part of the root lattice, respectively.

For an integral weight A = Aje; + -+ 4+ Anen, the Verma module M (M) for Uy(gly) of
highest weight A is

(2.9) M(N) == Uq(aln) ®u, g1y)z0 Qa)r,

where Q(g)x = spang(g{va} is the one dimensional vector space over Q(q) with Uy(gly)=0
action given by

(2.10) X;-vy=0 and Lj-v)\:q)‘jw\, for1<i<N-1,1<j<N.

Theorem 2.1. (see [8, Chapter 10.1]) If A € (h%)* then M()) has a unique finite dimensional
quotient A(X) and the map X — A(X) is a bijection between (h3)" and the set of isomorphism
classes of irreducible finite dimensional Uy(gly)-modules.

A singular vector in a representation of Uy(gly) is a vector v such that X; - v = 0 for all 7.

2.4. Integral representations. The integral Verma module M*()) is the Ué“(g[N)—submodule
of M()) generated by vy. The integral Weyl module A*()) is the U(;“(g[N)-submodule of A(N)
generated by vy. Using (2.6) and (2.4),

(2.11) MAN) ©4Q(q) =M(A), and A*(N) ©4Qg) = A(N).

In general, A“()) is not irreducible as a U;‘(g[ ~) module.

3. PARTITIONS AND FOCK SPACE

We now describe the v-deformed Fock space representation of U, (.;[g) constructed by Misra
and Miwa [23] following work of Hayashi [11]. Our presentation largely follows [3, Chapter
10].

3.1. Partitions. A partition A is a finite length non-increasing sequence of positive integers.
Associated to a partition is its Ferrers diagram. We draw these diagrams as in Figure 1 so
that, if A = (A1,...,An), then )\; is the number of boxes in row i (rows run southeast to
northwest ). Say that A is contained in p if the diagram for A fits inside the diagram for u
and let p/A be the collection of boxes of p that are not in A. For each box b € A, the content
¢(b) is the horizontal position of b and the color ¢(b) is the residue of ¢(b) modulo ¢. In Figure
1, the numbers ¢(b) are listed below the diagram. The size |A| of a partition A is the total
number of boxes in its Ferrers diagram.

The set P* of dominant polynomial weights from Section 2.3 is naturally identified with
partitions with at most N parts. If A € PT then

(3.1) AN®AE)Z @ Al+ex)

1<k<N

A+ep € PT
as Uy(gly)-modules. The diagram of X\ + ¢, is obtained from the diagram of A by adding a
box on row k, and A(A+¢y) appears in the sum on the right side of (3.1) if and only if A + ¢,
is a partition. See, for example, [10, Section 6.1, Formula 6.8] for the classical statement, and
[8, Proposition 10.1.16] for the quantum case.
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9876 543 210-1-2-3-4-5-6-7-8-9

FIGURE 1. The partition (7,6,6,5,5,3,3,1) with each box containing its color
for ¢ = 3. The content ¢(b) of a box b is the horizontal position of b reading
right to left. The contents of boxes are listed beneath the diagram so that c¢(b)
is aligned with all boxes b of that content.

3.2. The quantum affine algebra. Let U] (;[g) be the quantized universal enveloping alge-
bra corresponding to the ¢-node Dynkin diagram

More precisely, U/ (s?[g) is the algebra generated by Ej, F;, Kzﬂ, for i € Z/¢Z, with relations

KK: = KK;, KK'=K'K=1 BiFs — Fi; = b5 i
ithy = Bjhi iy =0y R =4 A e S
U2Ej, ifg:5, ’U_QFE, ifg:5,
(32) KEEK '={v'E;, ifi=j£l, K;FK-h =S oF;,  ifi=j+1,
E-  otherwise; F: otherwise;

J 7’
EE; = E5E; and FF; = F;F;, if ﬁ - §| > 2,

E2E; — (v + v ) BB By + ESEf = FRF; — (v + v ) FFyF + FFE =0, i [i—=1.

See [8, Definition Proposition 9.1.1]. The algebra U, (sA[g) is the quantum group corresponding

to the non-trivial central extension E:A[; = sly[t,t71] ® Ce of the algebra of polynomial loops in
5[@.

3.3. Fock space. Define v-deformed Fock space to be the Q(v) vector space F, with basis
{IA) | Ais a partition}. Our F, is only the charge 0 part of Fock space described in [16]. Fix
i € Z/VZ and partitions A C p such that p/A is a single box. Define

A;(\):={boxes b: b ¢ \,b has color i and A Ub is a partition},

R;(\):={boxes b: b € \,b has color i and A\\b is a partition},

Nf(u/)\)::\{b € R;(A) :b to the left of pu/A}—|{b € A;(\) : b to the left of u/A},
N7 (/X):=|{b € R;(\) : b to the right of u/A}—[{b € A;()) : b to the right of 1/A}|

to be the set of addable bozes of color i, the set of removable boxes of color i, the left removable-
addable difference, and the right removable-addable difference, respectively.

(3.3)
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Theorem 3.1. (see [3, Theorem 10.6)) There is an action of U.(sly) on F, determined by

(3.4) Eix) = ) v MV and FA) = Y N |y,
s p)=i a(u/N=i

where ¢(A/p) denotes the color of \/u and the sum is over partitions . which differ from X
by removing (respectively adding) a single i-colored boz.

As a U,l’)(;[g)—module, F, is isomorphic to an infinite direct sum of copies of the basic
representation V(Ag). Using the grading of F, where |\) has degree |A|, the highest weight
vectors in F,, occur in degrees divisible by ¢, and the number of highest weight vectors in
degree (k is the number of partitions of k. Then F, = V(Ag) ® C[x1,x2,...], where x} has
degree (k, and Ul (sl;) acts trivially on the second factor (see [16, Prop. 2.3]). Note that we
are working with the ‘derived’ quantum group U{,(g[g), not the ‘full’ quantum group U, (;[g),
which is why there are no d-shifts in the summands of F,,.

Comment 1. Comparing with [3, Chapter 10], our Ng.l(u/)\) is equal to Ariki’s —N{(p/A) and
our N/ (u/A) is equal to Ariki’s —Nf’(,u/ A). However, these numbers play a slightly different
role in Ariki’s work, which is explained by a different choice of conventions.

4. UNIVERSAL VERMA MODULES

The purpose of this section is to construct a family of representations which are universal
Verma modules in the sense that each can be “evaluated” to obtain any given Verma module.
This notion was defined by Kashiwara [17] in the classical case, and was studied in the quantum
case by Kamita [15].

4.1. Rational universal Verma modules. Let K := Q(q, z1, 22,...,2n). This field is iso-
morphic to the field of fractions of U,(gly)° via the map
(4.1) V:U(gly)® =K defined by — o(LF') = 2

For each p1 € b}, define a Q(g)-linear automorphism o,,: K — K by
(4.2) ouz) = gz for 1 <i< N,

where (-, -) is the inner product on b}, defined by (e;,¢;) = 6; ;. Let K,, = spang{v,4} be the
one dimensional vector space over K with basis vector Ulj_ and U,(gly)= action given by

(4.3) X;-vue =0, for1<i<N-—1, and a- v = o, (Y(a))vus, for a € Uy(gly)P.
The p-shifted rational universal Verma module *M is the Uq(gly)-module

(44) “M = Uq(Q[N) ®Uq(g[N)20 K“.

The universal Verma module #M is actually a module over Uqg(8ln) @u,(giy )0 ﬁq(g[N)O, where
ﬁq(g[N)O is the field of fractions of U,(gly)?. However, if we identify ﬁq(g[N)O with K using
the map 1, the action of Uq(g[N)O on *M is not by multiplication, but rather is twisted by
the automorphism o,,. It is to keep track of the difference between the action of Uy(gly)° and

multiplication that we use different notation for the generators of K and U, (gly)? (that is, z;
versus L;).
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4.2. Integral universal Verma modules. The field K contains an A-subalgebra

(4.5) R generated by z;tl and [ Zikic } (1<i< N,ceZ,keZ=y),

which is isomorphic to U;‘(g[ ~)? via the restriction of the map v in (4.1). The integral uni-
f(uers)al Verma module MR is the UqA(g[N)—submodule of PM generated by v,4. By restricting
4.4),

(4.6) PMR = UMgln) @upgiy)zo Ru
where R, is the R-submodule of K, spanned by v,;. In particular, RMR is a free R-module.

4.3. Evaluation. Let ev&z : R — A be the map defined by

. (A\ei).
(4.7) eV?(Zz‘) = g1 and e\&z [ ZZT;C } = [ q " i€ } ,

where (-, -) is the inner product on h* defined by (&;,¢;) = 6; ;.
There is a surjective U;‘(g[ n)-module homomorphism “evaluation at \”

(4.8) evy: *M®R = MA(u+A) defined by evy(a- Vpt) = a-vuqy, forallae U;‘(g[N).

For fixed A, the maps evz\z and ev) extend to a map from the subspace of K and MM =
PMR @r K respectively where no denominators evaluate to 0. Where it is clear we denote
both these extended maps by ev).

Example 4.1. Computing the action of L; on v,y and v,4»,

Li Uptn = eV)\(q(u’Ei)Zi)'UuJ,_/\

(4.9)  Li-vuy = ¢ zvuy,  and = =) gDy = A

7}“4_)\.

4.4. Weight decompositions. Let V be a Uq(gly) ® 4 R-module. For each v € b, we define
the v-weight space of V to be
(4.10) V,={veV:Li v=q"zv}.

The universal Verma module “M® is a Uq(gly) ®4 R-module, where the second factor acts

as multiplication. The weight space “Mn # 0 if and only if n = p — v with v in the positive
part Q™ of the root lattice. These non-zero weight spaces and the weight decomposition of

#M can be described explicitly by
(4.11) PME, =UMaly)<) R, and  *MR = P MY,
ve@t

Here U (gly)=) is defined using the grading of Uy(gly)<® with F; € Ug(gly)~!

—(gi—€it1)”
4.5. Tensor products. Let V be a U(;“(g[N) ®.4 R-module and W a U;‘(g[N)—module. The
tensor product V @4 W is a U;‘(g[ N) ®4 R-module, where the first factor acts via the usual
coproduct and the second factor acts by multiplication on V. In the case when V and W both

have weight space decompositions, the weight spaces of Ve AW are

(4.12) VeaW)= P V,oaw,
y+n=v
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We also need the following:

Proposition 4.2. The tensor product of a universal Verma module with a Weyl module
satisfies

(4.13) (“MR ®A AA(V)) or K = (@(M#—"/MR)EBdimAA(V)W) or K.
v

Proof. Fix v € P*. In general, M (A + ) ® A(v) has a Verma filtration (see, for example, [13,
Theorem 2.2]) and if A + p + v is dominant for all 7 such that A(v), # 0 then

(4.14) M+ p) @ A(v) = @M()\ g ) BAmMAW),
Y

which can be seen by, for instance, taking central characters. The proposition follows since
this is true for a Zariski dense set of weights A. O

5. THE SHAPOVALOV FORM AND THE SHAPOVALOV DETERMINANT

5.1. The Shapovalov form. The Cartan involution w : Uy(gly) — Ug(gly) is the Q(q)-
algebra anti-involution of U,(gly) defined by

(5.1) w(LEY) = L, w(X;) =Y;L;, L7, w(Y;) = L; 'Liy1 Xi.

The map w is also a co-algebra involution. An w-contravariant form on a Uy(gly)-module V
is a symmetric bilinear form (-,-) such that
(5.2) (u,a-v) = (w(a) - u,v), for u,v € V and a € Uy(gly).

It follows by the same argument used in the classical case [26] that there is an w-contravariant
form (the Shapovalov form) on each Verma module M (\) and this is unique up to rescaling.
The radical of (-,-) is the maximal proper submodule of M (), so A(A) = M(\)/Rad(-,-) for
all A € P*. In particular, (-,-) descends to an w-contravariant form on A(\).

Since w fixes Ug“(g[N) C Uq(gly), there is a well defined notion of an w-contravariant form

ona U;‘(g[ ) module. In particular, the restriction of the Shapovalov form on A()) to A4(\)
is w-contravariant.

5.2. Universal Shapovalov forms. There are surjective maps of A-algebras p_ : U;‘(g[ )0 =
Q(q) and py : U;‘(g[N)>O — Q(g) defined by p_(F;) = 0 and py(E;) =0, for 1 < i < N.
Using the triangular decomposition (2.7), there is an A-linear surjection

(5.3) mo ==p-@Id®@py : U aly) = UM gly) 0 @4 UM aly)? @4 U (gly) 70 — U (gly)°.

The standard universal Shapovalov form is the R-bilinear form (-, ), 7= : MR @HMR - R
defined by

(5.4) (a1 - vy, a2 - V) 3R = (O'M oo 7r0)((,d<a2)a1)
for all a1, a3 € UR(gly)<". Here ¢ and o, are as in (4.1) and (4.2). Since
(5.5) (a1a2 - Vpt, a3 - Vpt)ugpr = (04 © ¥ 0 M) (w(az)w(ar)ag) = (a2 - vpt, w(a1)as - vut) =

for ay,as, a3 € Uy(gly), the form (-,-),37= is w-contravariant. As with the usual Shapovalov
form, distinct weight spaces are orthogonal, where weight spaces are defined as in Section 4.4.
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Evaluation at A gives an A-valued w-contravariant form (-, )pra¢,42) on M A(u+ \) by

(5.6) (eva(u1), eva(u2)) pragura) = €va ((u1,u2),57%) for uy,up € “MR.

The form (-, = can be extended by linearity to an w-contravariant form (-, -),77 on HM

Dugr

5.3. The Shapovalov determinant. Let V be a (U;‘(g[N) ®.4 R)-module with a chosen

w-contravariant form. Let B),, be an R basis for the n-weight space ‘717 of V. Let det 1737] be
the determinant of the form evaluated on the basis B,,. Changing the basis B, changes the
determinant by a unit in R and we sometimes write det V;, to mean the determinant calculated

on an unspecified basis (det ‘777 which is only defined up to multiplication by unit in R). The
Shapovalov determinant is

(5.7) det M := det((bi, bj) 71 )bi by By
Define the partition function p: h* — Z>q by
(5.8) p(7) := dimM (0),.

Then p(y) = dimM (), for any A, and n ¢ Q~ implies that p(n) = 0 and det MR =1.
Theorem 5.1. (see [9, Proposition 1.9A], [20, Theorem 3.4], [26]) For any weight 1,

(5.9) det Mziz =y H (Zizj_l _ q2m+Qz 2j _12] p(n+me;— maj)
1<i<j<N
m >0
' it i — +1 +1
where ¢, is a unit in R @4 Q(q) = Q(q)[21, ..., 25 -

Proposition 5.2. Fiz u,n € by with n —p € Q. Choose an A-basis By,_,, for U;‘(g[N)n,#.
Consider the R-bases EU—M ={b-vy | be By_,} for ]\7;3“ and “En ={b-vut | b€ By_p}
for “MZ} Then det "MR . = au(det MR )

(#Bp) By—p
Proof. For b,V € B,_,,
(5.10) (b vpg, b Vg ) uipe = op 0 o mo(w(b')b) = o ((b- vog, b - voy ) 77r )-
The result follows by taking determinants. O

5.4. Contravariant forms on tensor products. If V and W are U;‘(g[N)—modules with
w-contravariant forms (-, )y and (-, -)w, define an A-bilinear form (-, )wgy by (w1 @ vy, ws ®
v))wev = (wi,w2)w(vy,v2)y. Similarly, for a UqA(g[N) ®4 R module W with R-bilinear

w-contravariant form (-, ')W’ define a R-bilinear form (-, -) on W ®g(q) V by

W®Q(q)v
(511) (u1 & v1, U2 & UZ)W®@(Q)V = (ul, U/Q)W(Ul, UQ)V.

Since w is a coalgebra involution (i.e., A(w(a)) = (w ® w)A(a), for a € Uy(gly)), the forms
(-, Jvew and (-, )57 MgV 2 are w-contravariant.

In the case when W = #MR , evaluation of the w-contravariant form (-, -) at \ gives

“MR®AV
an w-contravariant form (-, ) prA (4@ v

(u1 ® v1, U2 ® V2) AN @V = VA ((Ul ® v1,u2 ® UQ)M]T/[’R@A‘/)

= (eva(u1) ® v1,eva(uz) ® v2) M(urN @AV

(5.12)
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for uy,us € AM and v1,v9 € V. As in Section 4.3, this evaluation can be extended to the
A-submodule of the rational module where no denominators evaluate to zero.

6. THE MISRA-MIWA FORMULA FOR I} FROM U;‘(g[N) REPRESENTATION THEORY

Let us prepare the setting for our main result (Theorem 6.1). Fix ¢ > 2 and a partition \.
Let N a positive integer greater than the number of parts of A. All calculations below are in
terms of representations of U;‘(g[ N)-

e Let V = A*(e;) be the standard N-dimensional module. Since A4(\) ® 4 Q(q) = A(N),
Equation (3.1) implies

(6.1) (AN @4 V) ©4Qq) ~ P AN + &) ©4 Q(g),
where the sum is over those indices 1 = kl < kg < --- < ky, < N for which X\ + Ek; is a
partition. For ease of notation let u(j) = A+ ey,

e Fix an A-basis {v1,...,vn} of V where v}, has weight €, and Y;(vy) = 0; yvp41. Recursively
define singular weight vectors v, in (AA()\) ®V)®4Q(q) b

(i) v,0) = U\ ® V1.

(ii) For each k, the submodule W}, of (A(X) ®4 V) ®4 Q(g) generated by {vy ® v; | 1 <
i < k} contains all weight vectors of (A(X) ®4 V) ®4 Q(q) of weight greater than or
equal to A + €. Thus, using (6.1), for each 1 < j < m, there is a one-dimensional
space of singular vectors of weight p() in Wy, , and this is not contained in Wy, _,
(since k; > kj_1). This implies that there unique singular vector V,6) of weight )
in

(6.2) @k, + ) Uyloln)vue € (AN ©4V) ©4Q(g),
1<e<y

where we recall that U,(gly) = U;‘(g[N) ®4 Q(q).

e There is a unique w-contravariant form on A“(\) normalized so that (vy,vy) = 1 and a
unique w-contravariant form on V' normalized so that (v1,v1) = 1. As in section 5.4, define a
w-contravariant form on (AA()\) = V) ®4Q(q) by (u1 ® w1, us @ ws) = (ug, uz)(wy,ws). For
each 1 < j < my, define an element r;(\) € Q(q) by

(6.3) i (A) = (V005 Vi) )-
I It
Theorem 6.1. The Misra-Miwa operators F; from Section 3.3 satisfy
(6.4) FY= 3 o),
c(b(?))

where bY) is the box M(j)/)\, E(b(j)) is the color of box b9 as in Figure 1, ¢op is the 20"
cyclotomic polynomial in q and valg,,r is the number of factors of ¢ in the numerator of r
minus the number of factors of ¢op in the denominator of r.

The proof of Theorem 6.1 will occupy the rest of this section. We will first prove a similar
statement, Proposition 6.6, where the role of the Weyl modules is played by the universal
Verma modules from Section 4. For ease of notation, let M MR denote the module °M7R from
section 4.2.

Definition 6.2. Recursively define singular weight vectors ve, 4 € (MR A V) ®r K and
elements s € K for 1 <k < N by
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(1) ve,4+ = v+ ®@ ;. .
(ii) Since {vi®v; |1 <j < N} generates MR®@4V as a UqA(g[N)SO module, Proposition
4.2 wmplies that, for each 1 < k < N, there is a unique singular vector v, 4 in
vi@uet+ @ U (gln)ve,+ C (MR @A V) ®rK, where UX(gly) = Uy(aly) ®g(q K
1<j<k
and the factor of K acts by multiplication on M™.
Let s = (Vept, Vept)-
The s, are quantized versions of the Jantzen numbers first calculated in [12, Section 5] and
quantized in [28]. It follows immediately from the definition that s; = 1.
Lemma 6.3. For any weight n, up to multiplication by a power of q,

det MR
6.5 Sp(ﬁ—ék) — /7_7:5k ,
(6:3) H b H det M®

1<k<N 1<k<N Tz n—ek
where, as in Section 5.3, det Mgfeh is the determinant of the Shapovalov form evaluated on
an R-basis for the n — &), weight space of M.

Comment 2. In order for Lemma 6.3 to hold as stated, for each 1 < k < N, one must

calculate the det Z\Aﬂﬁ ¢, In the numerator and denominator with respect to the same R-basis.

The power of ¢ which appears depends on this choice of R-bases.
Proof of Lemma 6.3. For each € spany_ (R") fix an R-basis B, for ng(g[N)io. Consider
the following three K-bases for ((MR XA V)n) ®r K:

An::{(b.v‘f‘)@vk’beB'r]—Ek')lSkSN}v
(6.6) Cp:={b-(vy ®vg) | b€ By, 1 <k <N},
Dyi={b-vey | bE By, 1 <k <N}

Let det(ﬂ R ®4V)p denote the determinant of (-, -) (R 4V) calculated on B, where B is
n

one of A,,C, or D,. Let det” ]\A/.fgnﬁ denote det” Mgz calculated with respect to the basis
Bn—u B2 N
By the definition of the w-contravariant form on M® @4 V' (see Section 4.5),
N —
(6.7) det(MR @ V)a, = [ [ (det ME,__ )™V (det v, ) mMite
k=1
For1 <k < N, V,, is one dimensional and det V, is a power of g. Hence, up to multiplication
by a power of ¢, (6.7) simplifies to

N
(6.8) det(MR @4 V)a, = [ ] det ME, .
k=1

Notice that UqA(g[ NV Vg, + 1s isomorphic to * M , and D, is the union of R-bases for each
of these submodules. For each 1 <k < N, and each n € b7, define an R basis of ©* Mn by

(6.9) By :={b-v,1 | b€ By o}
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USng (UEkJrv UEkJr) = Sk,

— N im(Sk MR ey al A
(610) det(MR ® V)Dn — H 82 ( an )det 8kM(5k§n) — H Si(n_ak)a—sk (det Mgﬂisk),
k=1 k=1

where the last equality uses Proposition 5.2. Here, as in Section 5.3, det 5’6]\7[/(7;& ) is the
n

Shapovalov determinant calculated with respect to the basis €+ én-
The change of basis from A, to C), is unitriangular and the change of basis from C), to D,

is unitriangular. Thus det(MR ®aV)a, = det(MR ®a V)p,, and so the right sides of (6.8)
and (6.10) are equal. The lemma follows from this equality by rearranging. O

Lemma 6.4. Up to multiplication by a power of q,
1 2+2j—2k ,—1
J

(6.11) so= ][ %% :q :
; -1 _ 24252k, —
1<j<k \ O¢j <ijk q J 2,’] Zk:)

2k

Proof. Fix 1 < k < N. Setting n = ¢ in Lemma 6.3 and applying Theorem 5.1 we see that,
up to multiplication by a power of g,

AR
H SP(Ek—€z) o H det Msk_gcc
x - —
R
1<z<N 1<2<N Tea det Mgy
(6.12) 1 297 —1 p(ex—ez+me;—me; )
Cep—en (zizj — gZmt2 Iz, zj)
:H H -1 2 2i—245.,—1 ’
1<2<N 1< <)< MOe, (Cep—e, )0z, <Zizj — @20 Z])
m > 0
where, for each 1 < 2 < N, ¢, —, is a unit in Q(q)[2,...,2%5"]. The value p(ex — e +

me; —me;) is O unless m =1 and 2 < i < j < k. If i > z, then o., acts as the identity on
zizj_l — P22 z; 1zj, so the corresponding factors in the numerator and denominator cancel.
Hence we need only consider factors on the right hand side where m =1,i =z, and z < j < k.
If > k then e, —e, & Q~, and hence p(e;, —e;) = 0, so on the left hand since we only need to
consider those factors where 1 < x < k. Up to multiplication by a power of ¢, the expression

reduces to

plep—e;) -1 _ 242z-25 -1,
H SP(€I§*51) —H < Cep—ex > 7 H ZmZ] q Zr Z]
o = _—

g, Cep — 1 —925 . —1
1<o<k 12t \ O (Corer) 2<j<k \ Ocs (Zzzj — @I, Zj>

P(€k—€j)
=11 | 11

-1 i —1
1<j<k \1<z<j Oe, (Zg;zj — @222, Zj>

pler—ej)

(6.13)

-1 _ 2422-2j,—1
ZgZ) —(q A

The last two expressions are equal because they are each a product over pairs (z,j) with

Cep—
1 <z < j <k, and the factors of ke

e, (Cep—e,)
q. Using the fact that s; = 1 and making the change of variables j — x and x — j on the

have been dropped because they are powers of
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98765 432 10-1-2-3-4-5-6-7-8-9

Ficure 2. The partition enclosed by the thick lines is A =
(10,10,8,8,8,6,6,6,6, 1,1). If £k = 6 then A(\, < 6) = {a1,a3}, R(\, < 6) =

{92, 95}, and
ev(s6) = 2134 78] _ [217] _ [e(gs) = c(b)][c(g2) — c(b)]

B4 [B][8][9]  [B][9]  [e(as) — c(b)][c(ar) — c(b)]
The factors in the numerator of the first expression are displayed. These are the
g-integers corresponding to the hook lengths of the boxes in the same column
as the addable box b in row 6.

right side, (6.13) becomes

) pler—¢z)
-1 _ 242j-22 —1
Zizg —q T2

(614) H Slg(ak—Sz) — H H <] x

-1 24-2j—2x ,—1
1<x<k I<a<k \1<j<z Og; | %%z — ¢ xzj &

For k > 2, the lemma now follows by induction. For k£ = 1 the result simply says that s; =1,
which we already know. O

Proposition 6.5. Let A be a partition. Let A(X\, < k) (resp. R(\, < k)) be the set of boxes
which can be added to (resp. removed from) X on rows A\; with j < k such that the result is
still a partition. Let b= (A +¢€x)/A and let c(-) be as in Figure 1. Then, up to multiplication
by a power of q,

L crp<mle(r) — )]

(6.15) evr(sg) = HaeA(A,<k) [e(a) = c(D))’
0, if X+ e is not a partition.

if A+ e is a partition,

Proof. For 1 < j < N, let g; be the last box in row j of A. By Lemma 6.4, up to multiplication
by a power of g,

zjgd — P2k, c(gj) — ¢
616)  evy(s)mevy | ]~ T A A ) [ugn (v)]

-1 ok 1
2 oe; (252 — G2 T2 Qij ) ik c(g;) — e(b) + 1]
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where the last equality is a simple calculation from definitions. The denominator on the right
side is never zero, and the numerator is zero exactly when A\, = Ar_1, so that X\ + € is no
longer a partition. If \; = Aj4q for any j < k, then there is cancellation, giving (6.15). See
Figure 2. ]

Proposition 6.6. Let le.(u/)\) be as in Section 3.3. For any partition A,

(6.17) valg,, evx(sk) = Ngl(,u,/)\), if | = X+ &g is a partition, and p/X is an i colored box,

evx(sx) = 0, otherwise.

Proof. By Proposition 6.5, evy(sx) = 0 if A+ ¢y is not a partition. If A+ ¢ is a partition then
{be AN\, < k) :¢(b) =c(u/N)} ={be A;(N) | bis to the left of u/A}, and

{be R(\,<k):¢b) =c(u/N)} ={be R;(\) | bis to the left of u/A},

where the notation is as in Section 3.3. Since

(6.18)

xT

(6.19) [z] = roal ¢ (qa—q )] bas

_ a1
1-4 d|2z

] is divisible by ¢ if and only if z is divisible by ¢, and [z] is never divisible by ¢3,. The
result now follows from Proposition 6.5. O

Proof of Theorem 6.1. Fix A and 1 < k < my. From definitions, (evy ® l)v‘gkfr = v,(;». Thus,
using (5.12),

(6.20) 75(A) = (0,00, V) = ((evaA ® D)vey 1, (eVa @ Dvgy +) = eVa(Vey 1 Vey +) = eValsi;)-

The result now follows from Proposition 6.6. O
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