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Representations of Rank Two
Affine Hecke Algebras

ARUN RAM

Abstract. This paper gives a complete analysis of the irreducible rep-
resentations of affine Hecke algebras of rank two when the parameter
q is not a root of unity. The irreducible representations are classified
in terms of the Kazhdan-Lusztig classification and the relation to the
Springer correspondence is given in detail. Each irreducible represen-
tation is constructed explicitly. These results are used in a crucial way
in the classification of calibrated representations of general affine Hecke
algebras as done in [?] and [?]. Though the same methods can be used
to handle the very few root of unity cases (qQ’C =1,k=0,1,2, and also
k = 3 in type Az, k = 4 in type By and k = 3,6 in type G2) which
have different representations, this extra analysis is not completed in
this paper.

This paper classifies and constructs explicitly all the irreducible repre-
sentations of affine Hecke algebras of rank two root systems. The methods
used to obtain this classification are primarily combinatorial and are, for the
most part, an application of the methods used in [?]. I have made special
effort to describe how the classification here relates to the classifications by
Langlands parameters (coming from p-adic group theory) and by indexing
triples (coming from a g-analogue of the Springer correspondence). There
are several reasons for doing the details of this classification:

(a) The proof of the one of the main results of [?] depends on this
classification of representations for rank two affine Hecke algebras.
Specifically, in the proof of Proposition 4.4 of [?], one needs to know
exactly which weights can occur in calibrated representations. The
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reason that this naturally depends on a rank two classification is
outlined in (d) below.

(b) The examples here illustrate (and clarify) results of [?], [?], [?], [?],
(7], [?], [?]-[?]. Much of the power of the combinatorial methods
which are now available is evident from the calculations in this
paper, especially when one compares with the effort needed in other
sources (for example [?], Chapt. 11).

(c) The explicit information here can be very useful for obtaining re-
sults on representations of p-adic groups (see, for example, [?]).

(d) One hopes that eventually there will be a combinatorial construc-
tion of all irreducible representations of all affine Hecke algebras.
I expect that such a construction will depend heavily on the rank
two cases. This idea is analogous to the way that the rank two
cases are the basic building blocks in the presentations of Coxeter
groups by “braid” relations and the presentations of Kac-Moody
Lie algebras (and quantum groups) by Serre relations.

The first section of this paper is a review of definitions and basic results
about affine Hecke algebras and their representations. A few additional lem-
mas are proved in order to aid the proofs and constructions in later sections.
The remainder of the sections detail the classification and construction of
the irreducible representations of affine Hecke algebras of types Ay, A1 X Ay,
Ay, Cy and G5. In each case I have indicated how the results here relate
to the “Langlands classification”, the classification of Kazhdan and Lusztig
[?], and the results in [?].

Acknowledgements. I thank Jacqui Ramagge for helpful conversa-
tions related to this paper, see [?]. A portion of this research was done
during a semester long stay at Mathematical Sciences Research Institute
with support from a Postdoctoral Fellowship. I thank MSRI and National
Science Foundation for this support.

1. Definitions and preliminary results

The Weyl group. Let R be a reduced irreducible root system in R™,
fix a set of positive roots R™ and let {ai,...,a,} be the corresponding
simple roots in R. Let W be the Weyl group corresponding to R. Let s;
denote the simple reflection in W corresponding to the simple root «; and

recall that W can be presented by generators si, sg,..., s, and relations
s? = 1, for 1 <i<n,
8i8jS; -+ =  8;8;iSj -, for i # j,
——
m;; factors m;; factors

where m;; = (a;, o ) (e, o), and o = 20, /{c, ).
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The Iwahori-Hecke algebra. Fix ¢ € C* such that ¢ is not a root of
unity. The Iwahori-Hecke algebra H is the associative algebra over C defined

by generators 11,75, ..., T, and relations
T2 = (¢g—¢HT;+1, forl1<i<n,
(1.1) T = T for i # j,
SN——— SN———
m;; factors m;; factors

where m;; are the same as in the presentation of W. For w € W define
Ty = Tj, ---T;, where s ---5;, = w is a reduced expression for w. By [?],
Ch. IV §2 Ex. 23, the element T,, does not depend on the choice of the
reduced expression. The algebra H has dimension |WW| and the set {1y }wew
is a basis of H.

The group X. The fundamental weights are the elements wq, ..., w, of
R™ given by (w;, a]V> = 0;;. The weight lattice is the W-invariant lattice in
R™ given by

P = i Zwi.
i=1

Let X be the abelian group P except written multiplicatively. In other
words,

X={X | xeP}, and X XF =X r=XHX* for A\, pu€P.

Let C[X] denote the group algebra of X. There is a W-action on X given by
wX* = XY for w € W, X* € X, which we extend linearly to a WW-action
on C[X].

The affine Hecke algebra. The affine Hecke algebra H associated to
R and P is the algebra given by

H = C-span{T,, X* | w e W, X* € X}

where the multiplication of the Ty, is as in the Iwahori-Hecke algebra H, the
multiplication of the X* is as in C[X] and we impose the relation

(1.2)
_ XA — XA
XM =T,X5 4+ (¢—qY)

T x for1<i<mnand X* € X.

This formulation of the definition of H is due to Lusztig [?] following work
of Bernstein and Zelevinsky. The elements T, X AweW, X e X, form a
basis of H.
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Weights. Let
T = {group homomorphisms t: X — C*}.

The torus T is an abelian group with a W-action given by (wt)(X?) =
(X '}). For any element t € T define the polar decomposition

t = t,t., t;,t. € T such that t,(X*) € Ryg, and [t.(XY)| =1,

for all X* € X. Let Q¥ =", Za). There is a unique z € R™ and a unique
v € R"/QV such that

(1.3) t(XM) =N and te(XM) = ™ for all X € P.

In this way we identify the sets T, = {t € T |t=t,}and T, ={t € T | t =
te} with R™ and R™/QV, respectively.

Central characters. Theorem 1.4. (Bernstein, Zelevinsky, Lusztig
[?], 8.1) The center of H is C[X]V = {f € C[X] | wf = f}.

Since H has countable dimension, Dixmier’s version of Schur’s lemma
implies that Z(H) acts on an irreducible H-module M by scalars. Let t € T
be such that

pM =t(p)M, forallpe Z(H).

Since Z(H) = C[X(T)]V it follows that t(p(X)) = (wt)(p(X)) for all w €
W. The W-orbit Wt of t is the central character of M. We shall often abuse
notation and refer to any weight s € Wt as “the central character” of M.

Weight spaces. Let M be a finite dimensional H-module. For each
t € T the t-weight space of M and the generalized t-weight space are the
subspaces

M, = {meM|X*m=tX")mforall X* € X} and

ME" = {me M | for each X* € X, (X* —t(X*))*m = 0 for some k € Zq},
respectively. If MF™" # 0 then M; # 0. In general M # @, My, but we

do have
M = P Mg,
teT

This is a decomposition of M into Jordan blocks for the action of C[X]. The
set of weights of M is the set

(1.5) supp(M) = {t € T | M # 0}.
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The calibration graph. Let ¢t € T. Define a graph I'(¢) with

Vertices: Wi,
Edges; wt +—— siwt, if (U}t) (XOéi) 7é qu.

Proposition 1.6. ([?] Proposition 2.12) Let M be a finite dimensional
irreducible H-module with central character t. Then
dim (M) = dim(ME™)

if s and s’ are in the same connected component of the calibration graph
I'(t).

If t € T define
(1.7) Pt)={a>0]t(X*) =¢*?} and Z(t)={a>0]t(X*) =1}.
For each subset J C P(t) define
(1.8)  FEI) —J{weW | Rw)NZ({t) =0, Rw)nPt)=J},
where R(w) = {a > 0 | wa < 0} is the inversion set of w. Define a placed
shape to be a pair (¢,.J) such that t € T, J C P(t) and F&7) £ (). The
clements of the set F*/) are called standard tableauz of shape (t,.J).

Proposition 1.9. ([?] Theorem 2.14) Let t € T. The connected components
of the calibration graph I'(t) are the sets

{wt | we FEDY, JC P(t), such that F&I) £ (.

Calibrated representations. A finite dimensional H-module M is
calibrated if ME™ = My, for all t € T.

Proposition 1.10. ([?] Proposition 4.2)

(a) An irreducible H-module M is calibrated if and only if dim( M) =
1 for all weights t of M.

(b) If M is an irreducible H-module with regular central character t
(i.e. Z(t) =0) then M is calibrated.

Let a; and o; be simple roots in R and let R;; be the rank two root
subsystem of R which is generated by «; and ;. Let W;; be the Weyl group
of R;j, the subgroup of W generated by the simple reflections s; and s;. A
weight t € T is calibratable for R;; if one of the following two conditions
holds:

(a) t(X?) # 1 for all @ € Ryj,

(b) Ryj; is of type Cy or Go (assume that «; is the long root and «; is
the short root), ut(X) = ¢ and ut(X%) = 1 for some u € Wj;,
and t(X*) # 1 and ¢(X %) # 1.
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A placed skew shape is a placed shape (¢, J) such that for all w € F&JI) and
all pairs «;, a; of simple roots in R the weight wt is calibratable for R;;.
Theorem 1.11. ([?] Theorem 3.1 and Proposition 4.1)

(a) Let (t,J) be a placed skew shape and let F(*/) be the set of stan-
dard tableaux of shape (t,J). Define

H®Y) = C-span{v,, | w e F&Y,
so that the symbols v,, are a labeled basis of the vector space H®I),

Then the following formulas make H®”) into an irreducible H-
module: For each w € F&7),

XMy, = (wt) (X))o, for X* € X, and

Tivy, = (Ti)wwvw + (qil + (Ti)ww)vsiwa for1 <i< n,
q—q!
1— (wt)(X o)’

where (T})yw = and we set vg,, = 0 if s;w ¢

FI),

(b) If M is an irreducible calibrated representation such that supp(M) =
{wt | w e F&NY for some placed skew shape (t,J) then M is iso-
morphic to the module H"/) constructed in (a).

Remark 1.12. It follows from the results of Rodier [?] that if M is an
irreducible H-module with regular central character (i.e. Z(t) = () then M
satisfies the hypothesis of the statement of Theorem 1.11 (b).

Langlands classification. The following discussion follows the work
of Evens [?] and [?], §8. For this subsection it is convenient to assume that
g € Ryg and g # 1. For the general case see [?], §8. Let t € T and let
t = t,t. be the polar decomposition of ¢. Define

n
v(t) € ZRaiv by requiring t,(X*) = ¢ for all A € P.
i=1

A finite dimensional H-module M is tempered if for all weights t of M (as
defined in (1.5)) we have

(wi,v(t)) <0, foralll<i<n.

The module M is square integrable if (w;,v(t)) < 0 for all 1 <7 <n and all
weights ¢ of M.
Let I be a subset of the simple roots and let H; be the subalgebra of
H generated by Tj, i € I, and all X* € X. We shall say that a finite
dimensional Hj-module is tempered if I is the maximal set such that for all
weights ¢t of M,
(wi,v(t)) <0, foralliel.
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Theorem 1.13. (see [?]) Let I C {1,2...,n} and let T be an irreducible
tempered representation of Hy.

(a) M7= Indgl (7) has a unique irreducible quotient L .

(b) Every irreducible H-module is isomorphic to Lt 1 for some pair
(7,1).
(c) If Ly = Ly p then I =1 and T = T as Hr-modules.

The Langlands parameters of an irreducible H-module M are given by the
pair (7, 1) specified by Theorem 1.13 (b).

Classification by indexing triples. Kazhdan and Lusztig [?] (see
also the important work of Ginzburg [?]) gave a refinement of the Langlands
classification. Let G be the simple complex algebraic group with root system
R and weight lattice P. (Although there is a different affine Hecke algebra
associated to each simple complex group, in this paper we have considered
only the affine Hecke algebras corresponding to the simply connected groups
G. For a precise description of how the affine Hecke algebra corresponds to
the simple complex group G and the extension of the Langlands classification
to the other cases see the recent work of Ram-Ramagge [?] and Reeder [?].)

An indexing triple (s, u, p) consists of

a semisimple element s € G,
a unipotent element u € G,

_ 2
such that sus™! = u?,

and an irreducible representation p of the component group A(s,u) = Zg(s,u)/
Za(s,u)®, where Zg(s,u) = Zg(s) N Zg(u). Let K(Bs,) be the K-theory
of the variety

Bs . = {Borel subgroups of G containing both s and u}.

By a theorem of Lusztig [?] K(Bs,) is an H-module. The group A(s,u)
also acts on K (B,,) and this action commutes with the action of H. The
standard modules M ,, , are the H-modules given by the decomposition

K (Bsu) = D Mo, @ p,
p

where the sum is over all irreducible representations of A(s,u).

Theorem 1.14. [?]
(a) If My, , # 0 then it has a unique simple quotient Ly, .
(b) Every simple H-module isomorphic to some Ly, .
(¢) If Ly = Ly, then there is a g € G such that s’ = gsg~t,
u' = gug™t, and p' = p (identifying A(s',u) and A(s,u)).

In this way each irreducible H-module corresponds to a unique (up to
conjugation) indexing triple. One can replace v by n = Inwu in the Lie
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algebra g = Lie(G) (see [?], Ch. 8) so that an indexing triple is

a ser‘mslmple element s € G, such that Ad(s)n = n,
a nilpotent element n € g,

and an irreducible representation p of the component group A(s,n) = Zg(s,n)/
Zac(s,n)°, where Zg(s,n) = Za(s) N Zg(n) and Zg(n) is taken with respect
to the adjoint action of G on g. Since the part of A(s,u) coming from the
center of G acts trivially on B, the only representations p of A(s,u) that
appear in K (Bs,,) are representations of A'(n) = Zg,(n)/Zg,(n)? where G

is the simple adjoint group corresponding to the reductive group Zg(s). We
will use this form of the indexing triples in the examples in later sections.

Principal series modules. Let ¢ € T and let Cv; be the one dimen-
sional C[X]-module corresponding to the character ¢t: X — C*. Specifically,
Cu; is the one dimensional vector space with basis {v;} and C[X]-action
given by

XA = (XM, forall XA € X,

The principal series module corresponding to ¢ is the H-module

M(t) = IndZ (Cwy).

Theorem 1.15. [?]

(a) Every irreducible H-module M with central character t is a com-
position factor of the principal series module M (t).

(b) If w e W and t € T then M(t) and M (wt) have the same compo-
sition factors.

Theorem 1.16. (Kato’s irreducibility criterion [?]) Let t € T and let P(t) =
{a > 0| t(X®) = ¢*%}. The principal series module M (t) is irreducible if
and only if P(t) = 0.

Remark. Kato actually proves a more general result and thus needs a
further condition for irreducibility. We have simplified matters by specifying
the weight lattice P in our construction of the affine Hecke algebra. One
can use any W-invariant lattice in R™ and Kato works in this more general
situation. When the one uses the weight lattice P, a result of Steinberg [?],
4.2, 5.3 says that the stabilizer W, of a point ¢ € T under the action of W
is always a reflection group. Because of this Kato’s criterion takes a simpler
form.
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Weights of induced modules. If I C {1,...,n} define H; to be the
subalgebra of H generated by T}, i € I, and all X* € X.

Lemma 1.17. Let t € T such that t(X*) = q? for all © € I and let Cv; be
the one dimensional Hr-module with basis {v;} and Hj-action given by

Tive = quy, foriel,
and
X vy = t(XMwy, for all X* € X.
Let W/W7 be the set of minimal length coset representatives of cosets of
Wi in W. Then the weights of the H-module M = Indgl((Cvt) are wt,
w e W/Wr, and

dim(ME") = (# of uw € W/Wj such that ut = wt).

Proof. The module M has basis {T, ® v; | w € W/W;}. By writing

Ty = Tj ---T;, for a reduced word w = s;, ...s;, and inductively using
the defining relation (1.2) we get
XMTy@v) = (XY )Ty ®v) )+ ) an(t) (T, @ vy)
v<<w
= (wt)(X*)(Tw ® vy) +Zav T, @ vy),
v<w

where the sum is over v € W which are less than w in Bruhat order and
a,(t) € C. This shows that the eigenvalues of X* on M are (wt)(X?). The
result follows by counting the multiplicity of each eigenvalue. I

The 7 operators. The maps 7;: MF™" — MES" defined below are local
operators on M in the sense that they act on each weight space M of M
separately. The operator 7; is only defined on weight spaces M such that

LX) # 1.
Proposition 1.18. ([?] Proposition 2.7) Let t € T' such that (X)) # 1
and let M be a finite dimensional H-module. Define

T Mtgen — Msg;n

o )
(a) The map 7;: M — MET is well defined.
(b) As operators on M, X)\TZ =7, X% for all X* € X.
(@—q ' X*)(g—q ' X™)
(1= Xo)(1— X )

(c) As operators on M{*™", 7,1 =
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(d) Let 1 <i# j <n and let m;; be as in (1.1). Then
TZTJTZ e e — T]T’LTl SR
m;; factors m;; factors

whenever both sides are well defined operators on MF™".

Lemma 1.19. Let t € T such that ¢(X®) = 1 and suppose that M is
an H-module such that MF™ # 0. Let W; be the stabilizer of t under the
action of W on T. Assume that w € W/W, is such that t and wt are in
the same connected component of T'(t). Let w be a minimal length coset
representative of w. Then

(a) dim(MES") > 2, and

(b) IfMSg;nt = 0 then (wt)(X%) = ¢*? and (wlaj,a)) = 0.

w

Proof. Let M(t) be the two dimensional principal series module for the
affine Hecke algebra HA; of type A; (see §2 central character t,). Then
M(t) = M(¢)§*" and has basis {v, Tyv¢}. Let n; be a nonzero weight vector
in My. There is a unique H A;-module homomorphism

M(it) — M

% —

where we view M as an HA;-module by restriction to the parabolic subal-
gebra .FNI{Z-} C H. This homomorphism must be an injection since M (t) is
irreducible. Thus the vectors ng, T;n; span a two dimensional subspace of
ME™ and X* € X acts on this subspace by the matrix

S| %
qbt(XA):t(XA)( (1) (q q 1)<)\,Oél> )
Let w = s, -+ - 8;, be a reduced expression of w. Since ¢ and wt are in
the same connected component of I'(¢) we can use Proposition 1.18 (c) to
show that the map

Tw = Tig *** Tiy : M — ME"
is well defined and bijective. Thus the vectors 7,n:, 7, Tin: span a two
dimensional subspace of MZS" and, by Proposition 1.18 (b) X* € X acts on
this subspace by the matrix

but (X)) = (X ) ( (1) (¢ — q‘l)(lw—u?aw > '

This proves (a). Then
(g— g~ HHX™")

Gt (1-X~9) = (1—t(X v ")) 1—f(X—w o)
0 1

<_w_1aj> O‘;/>
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Since M’ St =0, 7t M — M f’ent is the zero map and so

1
¢wt(Tj) = ¢wt (1(]_;%>
q—q* L la- g DX )

= —w—la. 1-— t(Xfw_lo‘j)
1—t(X 7) 0 1

<w_1ajv ay}

The relation T2 = (q—q YHTj+ 1 is the same as (T} — q)(T; + ¢~ ') = 0.
This relation forces dwt(T) to have Jordan blocks of size 1 and eigenvalues
+qFL. It follows that ¢(X® @) = ¢*2 and (w™ Laj,0)) =0. 1

2. Classification for A;

The root system R for A; has one simple root a1 and fundamental weight
1
w1 = §O[1.

Irreducible representations. Table 2.1 lists the irreducible H-modules
by their central characters. The sets P(t) and Z(t) are as given in (1.7)
and correspond to the choice of representative for the central character dis-
played in Figure 2.1. The Langlands parameters usually consist of a pair
(7,I) where I is a subset of {1} and 7 is a tempered representation for
the parabolic subalgebra H;. In our cases the tempered representation 77
of H; is completely determined by a character ¢t € T'. Specifically, 7 is the
only tempered representation of H; which has ¢ as a weight. In the labeling
in Table 2.1 we have replaced the representation 7 by the weight ¢t. The
nilpotent element e, is a representative of the root space g,, for the Lie
algebra g = sls. For each calibrated module with central character ¢t we have
listed the subset J C P(t) such that (¢,.J) is the corresponding placed skew
shape (see Theorem 1.11). The abbreviation ‘nc’ indicates modules that are
not calibrated.

Central P(t) Z(t) Dimension Langlands Indexing Calibration

character parameters triple set J
tq {far} 0 1 (ta,0) (ta,0,1) 0

1 tempered  (tq,€q,,1) {1}
t 0 0 2 (ty, 0) (t5,0,1) 0
to 0 {1} 2 tempered  (t,,0,1) nc

Table 2.1. Irreducible representations
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Figure 2.1 displays the real parts of the central characters in Table 2.1.
If t € T then the polar decomposition ¢ = t,t. determines an element pu € R"”
such that t,(X*) = e (see (1.3)). For each central character t, the point
labeled by p in Figure 2.1 is the graph of the corresponding p,, € R". Assume
(for pictorial convenience) that ¢ is a positive real number and let

H,, ={z e R | (a1,z) =0},
and
Hy a5 = {z € R| (o, z) = In(¢™?)}.
The | marks indicate the (affine) hyperplanes Hg, 4.

Ha1—6 Hal Hoq-f—(s

to ta Ty
LS * LS

Figure 2.1. Real parts of central characters in Table 2.1
Tempered and square integrable representations. The tempered

(resp. square integrable) H-modules are the ones which have all their weight
spaces in the closure (resp. interior) of the dotted region of Figure 2.2.

Figure 2.2. Real parts of weights of tempered representations

The irreducible tempered representations with real central character can
be indexed by the irreducible representations of the symmetric group Sy (see
[?]). These representations are indexed by the partitions (2), (12) of 2. Let
e, be an element of the root space g, for the Lie algebra g = sly. The two
nilpotent orbits in g and the corresponding tempered representations of H
are as in Table 2.2.

Nilpotent orbit Indexing triple Square integrable W representation
regular (ta,€ass1) yes (12)
0 (t0,0,1) no (2)

Table 2.2. Tempered representations and the Springer correspondence

S1tg ta sty Ty to
° ° —o °

Figure 2.3. Calibration graphs for central characters in Table 2.1
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The analysis. Central character t,: There are two one-dimensional
representations Cv, and Cuvg,, with central character ¢,. These representa-
tions are given explicitly by

XM, = ta(X)‘)va,

Twg = qua,
and
XA'Usla = (Slta)(XA)Uslaa
Tl'Usla = _q_lvsuh

respectively. One uses Theorem 1.15 and the fact that the principal series
module M(t,) is two dimensional to conclude that Cv, and Cuvg,, are the
only irreducible representations of H with central character #,.

Central character t,: By Theorem 1.15 and Kato’s irreducibility criterion,
Theorem 1.16, the only irreducible representation with central character
tp is the principal series module M (¢;). Alternatively, this module can be
constructed by applying Theorem 1.11 to the placed skew shape (p, ().

Central charactert,: The weights given by t,(X“!) = £1 are the two central
characters t, € T' which satisfy P(t) = 0, Z(t) = {oq }. In either case Kato’s
irreducibility criterion (Theorem 1.16) tells us that the principal series mod-
ule M(t,) is irreducible. This module has basis {v;, Tyv¢} and action given

by
gf)(XA) — t(X)\) < (1) (q - q711><)\,041/> )

o(Th) = < (1) q_lq—l > :

3. Classification for A; x A;

and

~ The affine Hecke algebra of A; x A;p is naturally isomorphic toNﬁ Al ®
HA,. The finite dimensional irreducible representations of HA; @ HA; are
all of the form M ® N where M and N are finite dimensional irreducible
representations of H Ay

4. Classification for A,

The root system R for A has simple roots a; and as, fundamental
weights w; and ws, and

(ag,ay) = —1 wy =

(2&1 + 042) and o] = 2w — wy
<a27a}/> = 71, W =

(Ozl + 2042), a9 = —wi + 2wo.

Lol
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Irreducible representations. Table 4.1 lists the irreducible H-modules
by their central characters. The sets P(t) and Z(t) are as given in (1.7)
and correspond to the choice of representative for the central character dis-
played in Figure 4.1. The Langlands parameters usually consist of a pair
(7,1) where I is a subset of {1,2} and 7 is a tempered representation for
the parabolic subalgebra H;. In our cases the tempered representation 7
of Hy is completely determined by a character ¢ € T. Specifically, 7 is the
only tempered representation of H; which has ¢ as a weight. In the labeling
in Table 4.1 we have replaced the representation 7 by the weight t. The
nilpotent elements e,, and e,, are representatives of the root spaces gq,
and g, , respectively, where g is the Lie algebra g = sl3. For each calibrated
module with central character ¢ we have listed the subset J C P(t) such
that (¢, J) is the corresponding placed skew shape (see Theorem 1.11). The
abbreviation ‘nc’ indicates modules that are not calibrated.

Figure 4.1 displays the real parts of the central characters in Table 4.1.
If t € T then the polar decomposition ¢ = t,t. determines an element v € R"
such that t,(X*) = e (see (1.3)).

Ha1+a2

Figure 4.1. Real parts of central characters in Table 4.1

For each central character ¢, the point labeled by p in Figure 4.1 is the
graph of the corresponding v, € R". Assume (for pictorial convenience) that
q is a positive real number and let

Hg={zeR" | (B,z) =0}, and Hpis={zecR"|(f,z)= ln(qﬂ)},

for each positive root 3. The dotted lines display the (affine) hyperplanes
H BE6-
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Central
character

ta

to

{as}
0
{ag, a1 + as}
{on}

{a1,01 + as}
{as}

0
{aa}

0
{az}

0
0

0

{a1, a2}

Table 4.1. Irreducible representations

Dim. Langlands

w NN

w

w

parameters

(ta, 0)
(s1ta, {2})
(s2ta, {1})

tempered

(tb’ @)
(saty, {2})1

(te; {1})
(82t67 {2})

(ta, {2})
(s1ta, {1})
(te, {1})
(tf7 {2})

(tg,0)

tempered

Indexing
triple

(ta;0,1)
(taa €as) 1)
(taa €ay 1)

(tas€ay + €ays 1)

(tb’ 07 1)
(tba €as 1)

(tc,0,1)
(t67 6&27 1)

(tda 07 1)
(tda €aqs 1)
(te,0,1)
(tf, 0, 1)
(tgaoa 1)

(t0,0,1)

1

15

Calibration

set J

0
{az}
{ou}

{ar, a2}

0
{az}

nc
nc

nc
nc

nc

nc

Tempered and square integrable representations. The tempered
(resp. square integrable) H-modules are the ones which have the real parts
of all their weights in the closure (resp. interior) of the shaded region of
Figure 4.2. Let t € T be given by t(X ) = +¢q, t(X*?) = +¢q. This is
a special case of the central character t; in Table 4.1. For this particular

IThere is one case when this representation is tempered, see Table 4.2.
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special case there is one tempered representation with central character t.

Ha1+042

Figure 4.2. Real parts of weights of tempered representations

The irreducible tempered representations with real central character are
in one-to-one correspondence with the irreducible representations of the sym-
metric group Sz (see [?]). These representations are indexed by the parti-
tions (3),(21), (13) of 3. Equivalently, they can be indexed by the pairs
(n, p) which appear in the Springer correspondence. The n and p will also
be elements of the indexing triple for the corresponding tempered represen-
tation of H. Here n is a nilpotent element of the Lie algebra g = sl3 and p
is an irreducible representation of the component group Zg(n)/Zg(n)°. In
type A the component group is always trivial. For each root 8 € R let eg
be an element of the root space gg. The three nilpotent orbits in g and the
corresponding tempered representations of H are as in Table 4.2.

Nilpotent orbit Zg(n)/Za(n)° Indexing triple Sq. int. W rep.

regular 1 (ta,€ay + €ay, 1) yes (3)
subregular 1 (s251t, €qy, 1) no (21)
0 1 (t0,0,1) no (13)

Table 4.2. Tempered representations and the Springer correspondence

S1tq .ta S1tp ty .tc

S981t, Sotg, S9S1tp Soty esot,

[ ] [ )
528152tq $182tq 525182ty 81821y $182tc
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S1tq tq te sity Ly
[ L]
S981t @ Sote sas1ty
$1$2t6
S1ty tg to
[
8281tg Sgtg
SQSlthg Slsgtg

Figure 4.3. Calibration graphs for central characters in Table 4.1

The analysis. Central characters t,, t,, tg: Since Z(t) = 0 these
weights are regular. Thus the representations corresponding to these central
characters are in one to one correspondence with the connected components
of the calibration graph I'(¢) and can be constructed explicitly with the use
of Theorem 1.11. Up to isomorphism the principal series module M (t,) is
the only irreducible H-module with central character ty. The Langlands pa-
rameters for each module can be determined from its weight structure and
the indexing triple is then determined from the Langlands data by using
the induction theorem of Kazhdan and Lusztig (see the discusssion in [?],
p. 34).

There is one special case of the central character ¢, when the irreducible
module constructed by applying Theorem 1.11 to the placed skew shape
(tp, D) is tempered. This happens when ¢, = sgs1t for the weight ¢ € T given
by t¢(X ) = +q, t(X~*2) = +q. The indexing triple and the calibration
set for this case are still given by (¢, €q,,1) and J = {aa}, respectively.
Central characters t. and tq: One can use the defining relations of H to
check that the only 1-dimensional representations of H are the ones with
central character t,. Construct two 3-dimensional representations of H by

Indgm(@vc) and Indg{Q}((CvSQC),
where Cv. and Cus,. are the two one-dimensional representations of H (2}
given by

— 67 _ « _ 2
Tove = que, XM = v, X*v. = q7ve,

— —1 « _ 2 « _ =2
T2vsgc*_q CEYE X 1vsgc*quga X 2/Usgc*q Vsyc-

These representations must be irreducible since, if not, they would either
have a 1-dimensional submodule or a one dimensional quotient. But there
are no l-dimensional modules with central character t..
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The central characters t. and t; are taken into each other under the
automorphism of the Dynkin diagram of As which switches the two nodes
and thus these two central characters will produce modules which have the
same structure (up to twisting by the automorphism which switches a; and
a2). Thus the representations with central character ¢4 can be obtained from
the ones with central character ¢, by switching all 1’s and 2’s and changing
all ¢’s to d’s.

Central characters t. and ty: Since P(t.) = 0, Kato’s irreducibility criterion
(Theorem 1.16) implies that the principal series module M (t.) is irreducible.
By Theorem 1.15 this is the only irreducible with central character t.. As
for the case of t. and t4, the central characters t. and ¢y are taken into
each other under the automorphism of the Dynkin diagram of As. Thus the
irreducible representations with central character ¢y can be obtained from
the one with central character t. by switching all 1’s and 2’s and changing
all e’s to f’s.

Central character t,: Since P(t,) = ), Kato’s irreducibility criterion (Theo-
rem 1.16) implies that the principal series module M (t,) is irreducible. By
Theorem 1.15 this is the only irreducible with central character %,.

5. Classification for Cy

The root system R for Cy has simple roots a; and a2, fundamental
weights w; and ws, and

<a1, ag) =-2 w1 = a1 + Qo and a1 = 2wy — 2wo
1
<042704Y) = -1, w2 = 501 + o2, oy = —w1 + 2wa.

Irreducible representations. Table 5.1 lists the irreducible H-modules
by their central characters. We have listed only those central characters ¢
for which the principal series module M (t) is not irreducible (see Theorem
1.16). The sets P(t) and Z(t) are as given in (1.7) and correspond to the
choice of representative for the central character displayed in Figure 5.1. The
Langlands parameters usually consist of a pair (7, I) where I is a subset of
{1,2} and 7 is a tempered representation for the parabolic subalgebra Hj.
In our cases the tempered representation 7 of H; is completely determined
by a character ¢t € T'. Specifically, 7 is the only tempered representation of
H; which has t as a weight. In the labeling in Table 5.1 we have replaced the
representation 7 by the weight t. The notation for the nilpotent elements
in the indexing triples is as in Table 5.2. For each calibrated module with
central character ¢ we have listed the subset J C P(t) such that (¢, J) is the
corresponding placed skew shape (see Theorem 1.11). The abbreviation ‘nc’
indicates modules that are not calibrated.

Figure 5.1 displays the real parts of the central characters in Table 5.1.
If t € T then the polar decomposition ¢ = t,t. determines an element p € R”
such that t,(X*) = e (see (1.3)). For each central character t, the point
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labeled by p in Figure 5.1 is the graph of the corresponding u, € R". Assume
(for pictorial convenience) that ¢ is a positive real number and let

Hs={z €R"[(f,2) =0}, and  Hpss={z € R"[(f,2) = In(¢**)},

for each positive root 3. The dotted lines display the (affine) hyperplanes
H B+6-

Ha1 +ag

Ha1+2a2

Figure 5.1. Real parts of central characters in Table 5.1

Tempered and square integrable representations. The tempered
(resp. square integrable) H-modules are the ones which have the real parts
of all their weights in the closure (resp. interior) of the shaded region of
Figure 5.2.

The irreducible tempered representations with real central character can
be indexed by the irreducible representations of the Weyl group W of type
Cy (see [?], p. 34). Equivalently, these representations can be indexed by
the pairs (n, p) which appear in the Springer correspondence. The n and
p will also be elements of the indexing triple for the corresponding tem-
pered representation of H. Here n is a nilpotent element of the Lie algebra
g = Lie(G), G is the complex simple group over C of type Co and p is an
irreducible representation of the component group Zg(n)/Za(n)° (see [Cal).
For each root 3 € R let eg be an element of the root space gg. The four
nilpotent orbits in g and the corresponding tempered representations of H
are as in Table 5.2. We have used the notation of Carter [?], p. 424 to label
the irreducible representations of the Weyl group.
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Central P(t) Dim. Langlands Indexing Cal.
char. Z(t) parameters triple set J
ta {041,042} 1 (51525132ta7®) (taa())l) @
3 (s1ta, {1}) (ta,€as,1) {ou}
3 (SQtav{Q}) (taveoéz’]-) {042}
1 tempered (ta,€a; + €as,1) {ag,as}
ty {a1, a1 + as, 3 (ts, {2}) (ty,0,1) nc
a1+ 202} 1 (s1te, {1}) (th, €ays 1) {a1}
{as} 1 tempered (th, €ary +orgs —1) {a1, a1
+Oég}
3 tempered (b, €artags 1) nc
tC {al,al +20&2} 2 (tc,{2}) (tC,O,l) @
(Z) 2 (sltca{l}) (tC?eal71) {041}
2 (s182tc, {1}) (te, €ar+2as, 1) {a1 +2as}
2 tempered (teseay + Cay4200, 1) ar,aq
+2OZQ}
tq {042,(11 —l—OQ} 4 (td,{l}) (td7071) nc
{a1} 4 (sata, {2}) (tds€ass 1) nc
te {a1} 4 (sate,{1}) (te,0,1) nc
{1 + 22} 4 tempered (teyeay,1) nc
ty o} 4 (ty,0) (tr,0,1) 0
0 4 (sity {1}) (tfrears 1) {on}
tg {O@} 4 (tga @) (tgv 07 1) @
0 4 (s2tg,{2}) (tg:€az,1) {az}

Table 5.1. Irreducible (non principal series) representations

Nilpotent orbit Zg(n)/Zg(n)° Indexing triple Sq. int. W rep.

regular 1 (ta,€ay + €ay, 1)  yes (0,11)
subregular 7]27 (tyy €aq+ags 1) yes (1,1)
(tbs €artaz, —1) yes (0,2)

minimal 1 (te,€ay,1) no (11,0)
0 1 (t0,0,1) 1no (2,0)

Table 5.2. Tempered representations and the Springer correspondence
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H,,

Ha1 +a2

HOA1+2042

s1sas b sysisisse o

515251520.°

Figure 5.2. Real parts of weights of tempered representations

The only other tempered representation is the square integrable represen-
tation (fc,€q, + €a;+2a9,1). This representation does not have real central
character. It is the representation constructed in [Lu3, 4.14, 4.23]. (In

Lusztig’s notation it is the star of the representation corresponding to the
graph G’ & G".)

The analysis. A general calculation with the defining relations of H
shows that there are only four one dimensional H-modules Cvy, Cvy, Cug,

and Cvy which have weights t,, saosity, sitp and s1s28182t,, respectively.
These modules are given explicitly by

2 2
Tyv1 = quy, Tovr = quy, X%y =q°v, X%v = q°v,
-1 2 )
Tivy = qua,  Tove = —q “v2, X%vy=q°v2, X%%vy=q “vg,
-1 -2 2
Tyvg = —q vy, Thvz=qus, X%vz=gq “v3, X*?v3=q"vs,
-1 1 —2 —2
Thvvy = —q "vg, Tovg = —q "vg, XYvg=q “v4, Xvy=q “vy.
s1tq  ta sity  tp
[ ] [ ] [ ]
Sgslta Sgta Sgsltb [}
515251t, $182tq 818251ty @
[

$1828182tq 528152tq
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S1te

te
[ ]
S981te d//’ Q\\b Sot. Solq
818981tc \ / $189t¢ $1839tq
[ ]

S$1528189t¢ S$98189tc S§98189t4
Slte te Sltf tf
S8981te d//’ .\\b Sote S281t¢ Saty
S18981tf 5189ty
81828182ty 828182ty
Sltg tg
SQSltg Sgtg
slsgsltg Slsgtg
81825182ty 828189ty

Figure 5.3. Calibration graphs for central characters in Table 5.1

Central character t,: Since Z(t,) = 0, t, is regular and thus all irreducible
representations with central character ¢, are calibrated. They are in one
to one correspondence with the connected components of the calibration
graph and can be constructed with the use of Theorem 1.11. The Langlands
parameters for each module can be determined from its weight structure and
the indexing triple is then determined from the Langlands data by using the
induction theorem of Kazhdan-Lusztig (see the discussion in [?], p.34).

Central character t,: We already know from our general computation above,
that there are two one-dimensional H-modules with central character tp.
One has weight s1t; and the other has weight sas1t,. Let Cuv, and Cug,p, be
the one dimensional representations of H. {1} given by

Tyvp = qup, Xy = ¢y, X2y = vp,
—1 —2 2
Tlvslb =—-q US:[b? Xalvslb =dq vslba XaQUS:[b =4q Uslb-
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Let

M; = Indg{l}(va) and My = Indg{l}(Cvslb).
By Lemma 1.17 these modules have weights supp(M1) = {tp, sitp, s251tp}
and supp(Ms) = {s1tp, s251tp, S15251tp }, respectively. Both M; and My are 4
dimensional. By Proposition 1.18 (c) one of the two operators 1o: (M7)s,s,t, —
(M1)syt, or T2: (Mi)sy, — (M1)sys,, must have nonzero kernel. This im-
plies that M; has either a 3 dimensional submodule or a 3 dimensional
quotient, call it Ny, with weights {ts, s1t5}. By Lemma 1.19, any module
P with weights {ty, s1ty} must have dim(PE™) > 2 and dim(PF})) > 1. Tt
follows that Nj is irreducible. A similar argument can be used to show that
My has either a 3 dimensional submodule or a 3-dimensional quotient which
must be irreducible.

The representation N7 constructed in the previous paragraph and the 1
dimensional representation with weight s1t; are both tempered. One obtains
the corresponding indexing triples by comparing the Langlands parameters
for these modules with the labelings of the corresponding representations of
W in the Springer correspondence. See [?], p. 424, [?], p. 34 and Table 5.2.

Central character t.: Since Z(t.) = 0, t. is regular and thus all irreducible
representations with central character t. are calibrated. They are in one to
one correspondence with the connected components of the calibration graph
and can be constructed with the use of Theorem 1.11. The Langlands pa-
rameters for each module can be determined from its weight structure. The
only representation for which the indexing triple cannot be determined from
the Langlands parameters and the [?] induction theorem (see the discussion
in [BM, p. 34]) is the tempered representation. This representation is con-
structed in [?], 4.14 and 4.23. In Lusztig’s notation, it is the star (see [?],
4.23) of the representation corresponding to the graph G’@G”. The indexing
triple for this representation is given in the discussion for By in [?], 2.10.

Central character t;: Let Cvg and Cug,q be the one dimensional representa-
tions of Hygy given by

Trvg = qug, X%vg = vy, X2vq = ¢®vg,
-1 4 -2
TQUSQd = —q "Usyd, XaleQd = (q VUsyd, XOQ/USQd ={q "Usyd-

Let
M, = Indg{Q}(Cvd) and My = Indg{z}((&)szd).

By Lemma 1.17 these modules have weights supp(M;) = {t4, satq, s152tq}
and supp(Maz) = {satq, s152tq, s2s152tq}, respectively. Both M; and My are
4 dimensional.

Let M be any H-module such that M;, # 0. By Lemma 1.19 (a),
dim(M§E™) > 2. Since (ag,af) # 0 it follows from Lemma 1.19 (b) that
dim(ME5 ) > 1. Then, by Proposition 1.6, dim(ME" . ) > 1. Adding these

saty s182tq
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numbers up we see that dim(M) > 4. It follows that M; is irreducible. An
analogous argument can be applied to conclude that M5 is irreducible.

Central character t.: Let Cv. and Cus,. be the one dimensional representa-
tions of Hyyy given by

_ _ 2 _ —1
Thve = que, XMve = q*ve, XYve =q" v,
— —1 o _ 2 « —
Tl'Usle = —(q "VUsye, X MWsie = ¢~ “Vsqes X 2Vs1e = QUsqe-

Let

Mlzlndg{l}((:ve) and Mg:Indg{l}(Cvsle).

By Lemma 1.17 these modules have weights supp(M;) = {t., sate} and
supp(Ma) = {site, sasit.} respectively. Both M; and M are 4 dimensional.

Let M be any H-module such that M;, # 0. By Lemma 1.19 (a) and
Proposition 1.6, dim(M7™") = dim(ME}) > 2. Thus dim(M) > 4. It
follows that M is irreducible. An analogous argument can be applied to
conclude that M5 is irreducible.

Central character t; and ty: These cases are handled in the same way as for
the central character t,.

6. Classification for Gy

The root system R for G has simple roots a1 and as, fundamental
weights w; and ws, and

(ag,08) = =3 wi =207 + 3an
(ag,af) = =1, wy = a1 + 2as,
and
a1 = —wi + 2ws

a9 — 2(4)1 - 3(4)2.

Irreducible representations. Table 6.1 lists the irreducible H-modules
by their central characters. We have listed only those central characters t
for which the principal series module M (t) is not irreducible (see Theorem
1.16). The sets P(t) and Z(t) are as given in (1.7) and correspond to the
choice of representative for the central character displayed in Figure 6.1. The
Langlands parameters usually consist of a pair (7, ) where I is a subset of
{1,2} and 7 is a tempered representation for the parabolic subalgebra Hj.
In our cases the tempered representation 7 of Hj is completely determined
by a character t € T'. Specifically, 7 is the only tempered representation of
H; which has t as a weight. In the labeling in Table 6.1 we have replaced the
representation 7 by the weight ¢t. The notation for the nilpotent elements
in the indexing triples is as in Table 6.3.

Table 6.2 lists the irreducible calibrated H-modules. For each module
with central character ¢ we have listed the subset J C P(t) such that (¢,.J)
is the corresponding placed skew shape (see Theorem 1.11). We have listed
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only those central characters ¢ for which the principal series module M (¢) is

not irreducible (see Theorem 1.16).

Central P(t)
character Z(t)
ta {on, a2}
0
tb {al}
0
te {a1,0q0 + 3as}
0
tq {a1, 00 + 202}
0
te {a1, a1 + 2as,
oy + ag, a1 + 3as}
{as}
tf {041, 200 + 30&2}
{a1 + 3z}
tg {a1}
{oq 4+ 202}
th {2}
0
t; {ag, 01 + g}
{an}
t {az}
{201 + 3as}

Dim.

W= N = W W W w w NI V] [e23Ne) = Ut Ot =

[«2Ne)

(=}

Langlands
parameters

(ta, 0)
(s1ta, {1})
(sata, {2})

tempered

(ts,0)
(sltbv {1})

(e, {2})
(s1te,{1})

(s182tc,{1})

tempered

(ta, {2})
(s1ta, {1})

(s2s152ta,{2})

tempered

(te, {2})
(s1te, {1})

(s251te, {2})

tempered
tempered

(tf’ {1})
(saty, {1})

(g, {2})

tempered

(th7 (b)
(s2tn, {2})

(t:, {1})
(s2ti,{2})

(t5,{1})

tempered

Indexing
triple

(ta,0,1)
(tas€ays 1)
(ta>€ass 1)

(ta,€a; + €as,1)

(1,0, 1)
(tba eoqa ]-)

(t.,0,1)
(tes€ass 1)
(tesar+3azs 1)
(tes€ar + €art3as, 1)

(tq,0, 1)
(tdv Ca, 1)
(tdv Cay+2az) 1)
(tdv €a; T Cay+2as, 1)

(tea 07 1)
(te7 e(Xl ) 1)
(te, Cai+azs 1)

(te7 eozl + ea1+2a27 (3))

(tfvov 1)
(tf7 60413 1)

(tg,0,1)
(tg> €ay s 1)

(tn,0,1)
(th7 €as, 1)

(ti7 03 1)
(ti7 eaza 1)

(tjvov 1)
(tj’ €as 1)

Table 6.1. Irreducible (non principal series) representations

(te7 eal + €a1+2o¢27 (21))
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Figure 6.1 displays the real parts of the central characters in Table 6.1.
If t € T then the polar decomposition ¢ = t,t. determines an element v € R"
such that t,.(X*) = e (see (1.3)). For each central character t, the point
labeled by p in Figure 6.1 is the graph of the corresponding v, € R". Assume
(for pictorial convenience) that ¢ is a positive real number and let

Hg={z e R"|(B,z) =0}, and Hpis = {x € R" | (3,z) = In(¢™?)},
for each positive root 3. The dotted lines display the (affine) hyperplanes
Hﬁig.

Central P(t) Dim. Indexing Calibration
character Z(t) triple set J
ta {a17a2} 1 (taa(),l) @
@ ) (tm €ays 1) {al}
5 (ta,€ans 1) {as}
1 (taaeal +ea271) {0417042}
tb {al} 6 (tb7 07 1) @
@ 6 (tba €ay 1) {al}
te {051,041 +3042} 2 (tc70,1) 1]
1] 4 (te,€ays1) {a1}
4 (te) €ay+3azs 1) {a1 +3az}
2 (tc,eal +ea1+3a271) {alaal +3a2}
tq {ay, a1 + 203} 3 (tq,0,1) 0
] 3 (tds€as1) {a1}
3 (td, €ar+20s,1) {a1 + 2as}
3 (td, €ay + €ar+2as5 1) {a1, 01 + 20}
te {alaal + 20[2, 1 (te7ea171) {al}
ar +az, a1 +3az} 2 (tes €artass 1) {ai, a1 + s}
{a2} 1 (tea Cay T Cay42ays (21)) P(te) \ {Oq + 30‘2}
th {042} 6 (thv Oa 1) @
@ 6 (th7ea27 1) {OZQ}

Table 6.2. Calibrated irreducible (non principal series) representations

Tempered and square integrable representations. The irreducible
tempered representations with real central character can be indexed by the
irreducible representations of the Weyl group W of type Ga (see [?], p. 34).
Equivalently, these representations can be indexed by the pairs (n, p) which
appear in the Springer correspondence. The n and p will also be elements
of the indexing triple for the corresponding tempered representation of H.
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Here n is a nilpotent element of the Lie algebra g = Lie(G), G is the complex
simple group over C of type G2 and p is an irreducible representation of the
component group Zg(n)/Za(n)° (see [Cal). For each root 5 € R let eg be
an element of the root space gg. The five nilpotent orbits in g and the cor-
responding tempered representations of H are as in Table 6.3. The notation
S3 denotes the symmetric group on three elements, which has irreducible
representations indexed by the partitions (3),(21), (13) of 3. We have used
the notation of Carter [?], p. 427 to label the irreducible representations
of the Weyl group W of type Ga2. The only other tempered representa-
tions are the representations labeled by the triples (tc, €a; + €0y +3as, 1) and
(td, €aq +€ay+2as, 1). These representations are square integrable but do not
have real central character.

H,,

Hoq—f—ag Hocg

Hoc1+3oc2

.. .. :c,'d,'e F <R ......

Ha1+2a2

Figure 6.1. Real parts of central characters in Table 6.1

The modules labeled by (t., €q, +€a;+3as, 1), (td, €ar+€ar+2az, 1), (te, €ay+
€ay+2a9, (3)), (te, €ay + €ay+2a5, (21)) are the ones constructed by Lusztig in
[?7] 4.20, 4.19, 4.7 and 4.22 respectively. In Lusztig’s notation these are the
stars (see [?], 4.23) of the modules labeled by the graphs G”, G’, G and G,
respectively.
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Nilpotent orbit Zg(n)/Za(n)? Indexing triple Sq. int. W rep.
regular 1 (tas€ay + €ays 1) yes ®1,0
subregular S3 (te,ar +€ar+2a5,(3))  ves $2,1
(teyeal +‘€a1+2a27(21)) yes ¢1£/
subminimal 1 (tj,€as,1) no $2.2
minimal 1 (tg,€a:,1) no b13"
0 1 (t0,0,1) no $1,6

Table 6.3. Tempered representations and the Springer correspondence

Slta ta
[ ]
8281tq Satq
51828114 8189tq
8281828114 8281832t,
s152515251ta 4 51528152t
$18281528182t, $281525182tq
Sltc tc
8281t .\\\‘Sth
815251tc 5152ﬁc
82818251tc 825152tc
8182818281%\ 51828182t
518251825182, 5281825182tc
Slte te
[ ] [ ]
8281te
$18281te

52818281t ®

[ )
8182818281te

s1ty  tp
S281tp Salp
8182811y $182tp
52818281t 8281821y
8182818281tb 81828182tb
818281825182ty 8251828182ty
s1tqg  tq
82817/ Sgtd
S18281tq S189tg
82818281td 323182td
8182818281t 51825182t
818281825182tq §281828182t4
s1ty iy
5251tf./,/’ .\\\‘SQtf
slsgsltf I
82818281tf
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s1tg 1y sty th
8287/ Ytg S281th sotp
818281t4 8182ty S18981th S182th
$2818281th 528182tp
8182818281t 81828182ty
818281828182ty 8281828182t
ti sitj i
[ ]
Sot; SQSltj 7 Sztj

8182t; 189t
S281821; $2518at;

o  S1S251852%;

82818281 8at;

Figure 6.2. Calibration graphs for central characters in Table 6.1

The analysis. Central characters tg, ty, te, tq, th: The central charac-
ters te, tf, tg, t; and t; are the only ones which have both Z(t) and P(t)
nonempty. The other cases are handled by Theorem 1.16 and Theorem 1.11
as in the cases of central characters t,, tp, t, and ¢, for type As.

The Langlands parameters for each module can be determined from its
weight structure. The indexing triple is determined from the Langlands data
by using the induction theorem of Kazhdan and Lusztig (see the discussion
in [?], p. 34). Let us give an example to illustrate the procedure. The
Langlands parameters (s1sat., {1}) for the 4 dimensional representation with
central character ¢, correspond to the indexing triple (satc,€q,,1) which is
conjugate to the triple (t., s2€a;,1) = (e, €aq+30a9s 1)-

The indexing triples for the tempered representations cannot be deter-
mined with the use of the Kazhdan-Lusztig induction theorem. The indexing
triples for the tempered representations with real central character are de-
termined from the Springer correspondence, see Table 6.3 and [?], p. 34. The
two tempered representations with central characters t. and t; do not have
real central character. By the last two sentences of [?], 2.10 we know that the
indexing triples for these representations contain the subregular nilpotent
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and that the component groups are isomorphic to Z/3Z and Z/2Z respec-
tively. In both cases the component group acts trivially on K(Bs,,) and so
p = 1. The fact that the elements ey, + €n,+3q, and ey, + €4, 424, are repre-
sentatives of the subregular nilpotent orbit can be derived from the analysis
in [?], Theorem 4.40 or [?]. This determines the triples (¢, €n, + €a;+3a9, 1)
and (tda €ay + €ai+2as, 1)

Central character t.: Theorem 1.11 applied to the placed skew shapes
(te,{ozl,ozl +a2}), (te,{a1}) and (t¢,{a1, 1 + a2,a1 + 2a9}) produces,
respectively, a two dimensional irreducible module M with supp(M) =
{s981te, 515281te }, @ one dimensional irreducible module N with supp(N) =
{s1te} and a one dimensional irreducible module N* with supp(N*) =
{s9515251tc}. Lusztig [?] Theorem 4.7 constructs a 3-dimensional irreducible
H-module P with dim(PE™) = 2 and dim(P%7) = 1. In Lusztig’s notation
this is the module labeled by the graph G for Gs.

As described in [?], 4.23 we can twist the module P by an involutive
automorphism of H to obtain another 3-dimensional irreducible module P*
which has dim((P*)5% . ,..) = 2 and dim((P*)&7 , .s0) = L.

All of the modules M, N, P, N*, P* must appear as composition factors
of the principal series module M (t.). By comparing dimensions of weight
spaces, any other module @) which appears in a composition series of M (t.)
must have supp(Q) C {s2s1te, s15281te . Theorem 1.11(b) then implies that
@ must be isomorphic to M. Thus Theorem 1.15 implies that M, N, P,
N*, and P* are (up to isomorphism) all the irreducible modules with central
character t..

The Langlands parameters for each module are determined from its
weight structure. The Kazhdan-Lusztig induction theorem allows us to use
the Langlands parameters to determine the indexing triples for the modules
which are not tempered. Since . is a real central character the index-
ing triples for the tempered representations can be determined from the
Springer correspondence, see Table 6.3. Alternatively, one can get these
triples from [?], 2.10 where it is explained that the nilpotent in the index-
ing triple is subregular, the variety Bs, (where s = t. and u is subregular)
consists of three disjoint points and a projective line, and the component
group is isomorphic to the symmetric group S3. The symmetric group Ss
acts trivially on the line and permutes the three points, which implies that
the line corresponds to p = (3) (trivial representation of S3) and the three
points are split between the isotypic components p = (3) and p = (21). In
this case the standard module M, 13y = 0. The projective line in By,

corresponds to the two dimensional weight space (P*)%fn in the module P*.
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Central character ty: Let Cvy and Cug, r be the one dimensional represen-
tations of Hyqy given by

Tyvy = quy, XMy = q2vf, X?’a?vf = quvf,
Tlvslf = _qilvslfv Xalvslf = q72051f7 XSaQ’Uslf = q4U51f-
Let
_ T H Y-
M, = Indﬁ{l}((Cvf) and My = IndH{l} (Cus, ¢).
By Lemma 1.17 these modules have weights supp(M1) = {sats,ts, s1ty, sas1ts}
and supp(Ma) = {sity, s2s1tys, sis2s1tys, Sas15251t ¢} respectively. Both M
and Mj are 6 dimensional.
Let M be any H-module such that My, # 0. By Lemma 1.19 and

Proposition 1.6, dim(Mffen) = dim(Mertr;) > 2. Since (sqaq,ay) = (a1 +

3as,af) # 0 it follows from Lemma 1.19 (b) that dim(M;;)) > 1. Then,
by Proposition 1.6, dim(Mg,, ) > 1. Adding these numbers up we see that

dim(M) > 6. It follows that M is irreducible. An analogous argument can
be applied to conclude that Ms is irreducible.

Central character ty: Let Cvy and Cug, 4 be the one dimensional representa-
tions of Hyyy given by

_ «@ _ 2 20 =2
Tlvg—qvél,, X 1vg—q2vg, )(2' 2vg—q2vg,
— — o _ — (6% —
T\Vs1 g = —q Vsg, X Mg = q “Vs1g, X590 = @“Vs, 4.

Let
Ml = Indg{l} (C'Ug) and M2 = Indg{l} (Cv81g)-

By Lemma 1.17 these modules have weights supp(M;) = {s152ty, s2tg, 14}
and supp(M2) = {s1ty, s251tg, s15251t4} respectively. Both M; and My are
6 dimensional. ~

Let M be any H-module such that M, s,;, # 0. By Lemma 1.19 and
Proposition 1.6, dim(M{™) = dim(MF;) = dim(M§,, ) > 2. Thus
dim(M) > 6. It follows that M; is irreducible. An analogous argument
can be applied to conclude that My is irreducible.

Central character t;: Let Cv; and Cug,; be the one dimensional representa-
tions of Hygy given by

_ _ _ 2
Tov; = qu;, XYy, = vy, X%y, = q“v;,

— -1 a _ 6 a _ 2
TQUSQi - _q USQi) X 1szi - C] vsziz X 2/USQi - q USQZ"

Let

M, = Indg{z}(((:vi) and My = Indg{z}((CvSQi).
An argument similar to that for the central character ¢ty shows that M; and
My are irreducible.
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Central character tj: Let Cv; and Cus,; be the one dimensional representa-
tions of Hygy given by

_ 2« _ ,—6 « _ 2
TQ'Uj—q'U{, )g 1vj—qﬁvj, X 2vj—q21)j,
— - (0% J— (0% J— -
Tovsy; = —q "Vsyjy X MMV = @OVsyj, X PVspj = ¢ “Vsyj.

Let

M, = Indg{2}(((:vj) and My = Indg{z}((&)sﬂ).
An argument similar to that for the central character ¢, shows that M; and
M are irreducible.
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