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ABSTRACT. In this paper we establish a Steinberg-Lusztig tensor product the-
orem for abstract Fock space. This is a generalization of the type A result
of Leclerc-Thibon and a Grothendieck group version of the Steinberg-Lusztig
tensor product theorem for representations of quantum groups at roots of
unity. Although the statement can be phrased in terms of parabolic affine
Kazhdan-Lusztig polynomials and thus has geometric content, our proof is
combinatorial, using the theory of crystals (Littelmann paths). We derive the
Casselman-Shalika formula as a consequence of the Steinberg-Lusztig tensor
product theorem for abstract Fock space.

INTRODUCTION

In our previous paper with P. Sobaje [LRS|] we provided a construction of an
“abstract” Fock space F; in a general Lie-type setting. The construction is given
by simple combinatorial “straightening relations” which generalize the Kashiwara-
Miwa-Stern [KMS] formulation of the ¢-Fock space from the type A case. We
showed that the abstract Fock space is a combinatorial realization of the graded
Grothendieck group of finite dimensional representations of the quantum group
at a root of unity, where the standard basis elements |A) correspond to the Weyl
modules A4(A) and the KL-basis C corresponds to the simple modules Ly (\). The
KL-basis C), for abstract Fock space F; is an analogue of the Kazhdan-Lusztig basis
(KL-basis) of the Iwahori-Hecke algebra.

In Section 1 we prove a product theorem (Theorem [[4]) in abstract Fock space
which generalizes the type A theorem of Leclerc and Thibon [LT], Theorem 6.9].
Our proof follows the same pattern as the proof for type A given in [LT| Theorem
6.9] except that, in order to deal with general Lie-type, we have replaced the use of
ribbon tableaux with the crystal basis and Littelmann paths. The basic philosophy
of our technique is similar to the main idea of a paper of Guilhot [Gu] but we also
make use of the elegant cancellation technique of Littelmann [Lil proof of Theorem
9.1] to complete the proof. This technique provides a combinatorial control of the
Demazure operator used in the proof of [Kup, Lemma 4.4]. We have not considered
the unequal parameter case in this paper but the close relation between our context
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and that of [Knp| cries out for an extension of the tensor product theorem for
abstract Fock space to unequal parameters.

The Casselman-Shalika formula is important in the representation theory of p-
adic groups (see [CS]), in its relation to the affine Hecke algebra (see for example
[BBE]) and in the geometric Langlands program (see [FGV] and [NP]). In Section
2 we show that the Casselman-Shalika formula can be derived as a special case
of the Steinberg tensor product theorem for abstract Fock space. This derivation
is done by using the relationship between the abstract Fock space and the affine
Hecke algebra as detailed in [LRS, Theorem 4.7].

In Section 3, we review the connection between the abstract Fock space and
the representations of quantum groups at roots of unity (Theorem 3.1) and the
Steinberg-Lusztig tensor product theorem (Theorem 3.2). The Steinberg-Lusztig
tensor product theorem is the primary motivation for the product theorem in ab-
stract Fock space. Our approach does provide an alternative proof of the Steinberg-
Lusztig tensor product theorem for representations of quantum groups at roots of
unity (though hardly elementary since proving the Steinberg-Lusztig tensor product
theorem this way relies on deep results of Kazhdan-Lusztig [KL.94] and Kashiwara-
Tanisaki [KT95]).

As explained in [LT], the Steinberg-Lustzig tensor product theorem and the
abstract Fock space are intimately related to the LLT polynomials defined in type
A by Lascoux, Leclerc, and Thibon [LLT]. Fundamentally, the LLT polynomials are
taking the role of the characters of the Frobenius twisted Weyl modules which, by
the Steinberg-Lusztig tensor product theorem, are simple modules for the quantum
group at a root of unity. General Lie-type definitions of LLT polynomials have
been given by Grojnowski-Haiman [GH| and Lecouvey [Lcy]. In the second half of
Section 3, we summarize a 2008 letter from C. Lecouvey to A. Ram which explains
that a consequence of the tensor product theorem for abstract Fock space is that
the definition from [GH] and the definition from [Lcy] coincide up to a power of ¢2.

Kazhdan and Lusztig [KL94] established an equivalence of categories between an
appropriate category of representations of the affine Lie algebra (of negative level)
and the finite dimensional representations of the quantum group (of the finite di-
mensional Lie algebra) at a root of unity. In Section 4 we review this correspondence
and make explicit the tensor product theorem in terms of representations of the
affine Lie algebra. This produces a character formula for certain negative level ir-
reducible highest weight representations of the affine Lie algebra. From the point
of view of this paper this character formula is an easy consequence of [KL94] and
[Lu89]. We find it difficult to believe that this formula has not been noticed before
but we have not yet been able to locate a suitable specific reference.

1. A PRODUCT THEOREM IN ABSTRACT FOCK SPACE F,

Let Wy be a finite Weyl group, generated by simple reflections sy, ...,s,, and
acting on a lattice of weights aj. For example, this situation arises when T is a
maximal torus of a reductive algebraic group G,

(1.1) a;, = Hom(T,C*) and  Wo=N(T)/T,

where N(T) is the normalizer of T in G. The simple reflections in Wy correspond
to a choice of Borel subgroup B of G' which contains T'. Let R* denote the positive
roots. Let a1, ..., ay, be the simple roots and let oy, ..., be the simple coroots.
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190 MARTINA LANINI AND ARUN RAM
The dot action of Wy on aj is given by

(1.2) woA=wA+p)—p, where p:% Za
acRt
is the half sum of the positive roots for G (with respect to B).
Fix ¢ € Z~o. The abstract Fock space Fy is the Z[t%,t_%]—module generated by
{IA) | A € a}} with relations
(1.3)
—|A) if (N p,a)) € (Z>y,
sioX) = { —t3|\) if 0 < (A +p,a)) < ¥,
—t2|5; 0 AD) — XMy —¢2|A) if (A +p,a)) > £ and (A + p,a)) & (Z,

where A1) = X\ — ja; if (\+p,a)) =kl +j with k € Z~o and j € {1,...,0—1}.
Note that these relations are specified only for weights A such that (s; o A, a)) < 0.

Figure [ illustrates the terms in ([3]). This is the case G = SLy with £ = 5,
(w1,0)) =1, and g = 2w; and, in the figure, A corresponds to the third case of
([@T3), p to the first case, and v to the second case.

s104

I
s10A(1) A A

—14-13-12-11-10-9 -8 -7 -6 -5 -4 -3 -2 —p 0 w1 2 3 4 5 6 7 8 10 11 12 13 14 15 16

FIGURE 1

Define a Z-linear involution : F; — F by

(1.4) t3=t"2 and  |A) = (=1)1@0) (g7 2)Hw) =N 0 0 A).

where wy is the longest element of Wy, £(wy) = Card(R™) is the length of wg, and
Ny = Card{a € R" | (A +p,aV) € (Z}.

The dominant integral weights with the dominance partial order < are the ele-
ments of

()P ={Nea) | A+paf)y>0fori=12,...,n}
(1.5)
with <A if peX—>  cp+ Z>oc.

In [LRS| Theorem 1.1 and Proposition 2.1] we showed that F, has bases
(1.6) {IN [Ae(a)™h  and  {Ox[ A€ (ap)"}
where C) are determined by

(L7 Ca=0Cxn  and  Ca=[N+ D puly)  with p,y € 2Z[t2].
HFEX

1.1. The action of K[X]"° on F,. Letting K = Z[t%,t*%], the group algebra of
ay is

(1.8) K[X] = K-span{X* | u € a}} with XH‘X" = X+T"
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The Weyl group Wy acts K-linearly on K[X] by
(1.9
wX" = X" for w € Wy and p € af, and K[X]"o = {f e K[X] | wf = f}

is the ring of symmetric functions.
Let V be the free K-module generated by {|A\) | A € a}} so that

(1.10) Fo=V/I,
where [ is the subspace of V' consisting of K-linear combinations of the elements

ay = [s;o A) +|\) with (A + p, ;) € (Z>o,
by = |s; 0 A) +£2|A) with 0 < (A + p,a) < £, and
ex=|si 0o A) +t2]s; 0 XY+ XDy 4 22[X)  with (A4 p, ) > ¢
and (A + p, o)) & (2.

Let g be the Lie algebra of the reductive group G alluded to in ([II]). Let ¢ be
the highest weight of the adjoint representation and let ¢¥ € [g,,§—,] such that
{p, ") =2 (so that ¢V is an appropriate normalized highest short coroot of §).

(1.11) The dual Cozeter number is h={p,o")+1.
The level (—¢ — h) action of K[X] on V is the K-linear extension of
(1.12) XH|y) =1 = bwop + ) for p,~y € az,

(for explanation of the terminology “level (—¢ — h) dot action” and the reason that
h does not appear in this formula see Remark [[J). Letting wy be the longest
element of Wy, define

uw = —wopu and w* = wowwy for p € aj and w € Wy.
This notation is such that if 4 € aj and Lg(x) denotes the irreducible g-module of
highest weight 4, then the dual Lg(p)* = Lg(p*). Then

(1.13) Xty =" +~) and  (wp)" =wip’.

The following proposition establishes an action of the ring of symmetric functions
K[X]"o on the abstract Fock space ;. From the point of view of Theorem
below, this action is coming from an action of the center of the affine Hecke algebra
which, by an important result of Bernstein, is the ring of symmetric functions (inside
the affine Hecke algebra). Our proof of Proposition [Tl provides an independent
proof of the existence of the action of K[X]"° without referring to the affine Hecke
algebra and the characterization of its center.

Proposition 1.1. The action of K[X] on V given in ([LI2)) induces a K-linear
action of the ring K[X]"° of symmetric functions on Fy by

( Z qu) ) = Z [(wp)* +7) for € ay and v € az.

weWy weWy
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192 MARTINA LANINI AND ARUN RAM

Proof. Let f be an element of the subspace I defined in (LI0Q), let 1 € a}, and let
i€ {l,...,n}. Summing over a set of representatives of the cosets in {1, s} }\Wo,

(Z le‘).f— Z (Xvu_i_Xvau) -,

weWp ve{l,s¥ \Wo

where the representatives v € {1, s¥}\Wy are chosen such that (v, a;l) € Z>g.

i*

Case 1. f=|s; 0o \) + |\) with (A + p, ) € ¢Z>(. Then

(27 XY - (Jsi 0 A) + [A)
= [0(sfop)* + s;i0 A) + [0(vp)* 4 s; 0 A) + [€(sfop)* + A + |€(vp)* + A)
= [ls;v* " + 5,0 A) + 0" + s, 0 A) + [ls;v*p* + A) + ot pt + A)
=|s; 0 (L™ " + X)) +|s; 0 (Us;v* ™ + X)) + [sv™ p* + A) + [Co™ ™ + )

_ a(’u*p,*Jrsio)\ + aEv*u*+A 1f <€’U*,U/*7 OZ;/> > <>‘ + P, O‘z\'/>7
Upsiorpetx + Qe pn 1 (G0 p*, o)) < (A4 p, o).

Thus the right-hand side is an element of I.

Case 2. f = |sioA) +t2|A) with 0 < (A + p,aY) < £. Then fv*u* + s;0 A =
(tv* * + X)) so that

(XPT0H 4 XY - (|0 A)+12[A))

= [l(sjop)* 4+ s; 0 A) + [(vp)* + s; 0 N\) + t2 [e(sfop)™ + A) + £2|0(vp)* +A)

= |Cs;v* 1 + 550 A) + |00 1 + s 0 )+ £3|0s;v* 4 N) + £3 |0t +A)

= |s;0(0v* 1 +A)) + | (0" + N) D) 42 5,0 (0" 11 + 530 N)) + £2 |00 1"+ )
|50 (00" W +X)) + 2|55 0 (Co* " + X)) | (o* 1 + N DY + 7 |0o* p* + )
= {Cfv*u“r)\ if (v*p*, o)) € Zo,

2b£’0*p.*+>\ if <'U*/,L*, Oézv> == O,

since if sfop # vu, then s;v*p* # v*p* and (V*u*, o) € Zso, then (v*p* + X+
p,a) > € and (bv*p* + A+ p,a)) & €Z. Thus the right-hand side is an element
of I.

Case 3. Assume \ € aj, with (A + p, ) > £ and (A + p, o) & VZ. If p € a, and
(v, of) € Z>0, then

s;o (Ut +v) = s; (vt +v4p)—p = spv*p+siov and (o + N0 = F D)
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so that, with (A4 p, ) =kl + j with k >0 and 0 < j < ¢,
(X5 4 XY - ([si 0 A) + 3]s, 0 AD) 4+ AD)) 4 13|X))
= [0(s;op)" + i 0 A) + [€(vp)* + 550 ) + 12 |[€(s]vp)" + 55,0 A1)
+ 13 |0(op)* + 550 AD)
+ [e(s3op)* + ADY 4 [0(op)* + ADY 4 2| 0(sTop)* + A) + 2 [0(op)* + A)
= [ls;v*p* + s;0N) + |[lo* " + s, 0A) + t%|€siv*,u* + s; 0 A}
+ 13|00 + 50 A1)
+ [siv 1 + MDY + | 1+ MDY + 3 lsv0* 1+ N) + £2 [0t + \)
|55 0 (0" 1™ + A)) + |si 0 (Csiv* p* + A)) + 3 |s; 0 (Co* i + AD))
+t7|s; 0 (Lsiv*p* + AM))
+ [siv* i 4 ADY | (o* 4+ N D) 13 |0s;0% 1" 4+ A) + 2|0 1 + A

Cattv s+ Cs oA 4o if (v*p*, o) > k> 0,
= § Caqlvrp* T Cagsvsps if 0 < (v*p*, o)) < Ck,
Cattorpr T Oxpsorps + bg on g i (Q05 0%, o) = Lk
Thus the right-hand side is an element of I.

These computations show that I is stable under the action of K[X]"0. Thus the
action of K[X]"° on F, = V/I is well-defined. O

Remark 1.2. One might be tempted to try to define an action of K[X] on F; by
X" |y) = |y +€u) for p,v € a but this action is not well-defined. For example in

the G = SLy case with £ = 5 pictured after (I3)), then |—1) = |s;0(-1)) = —|—1)
so that |—1) =0and 0 = X“* .| — 1) = |5 — 1) = |[4), which is a contradiction to
(C®). On the other hand 0 = (X' + X“1).|-1) =] —-5—-1)4+]4) =0, as it
should be.

Remark 1.3. The representation theoretic source of the level (—¢ — h)-action of
(II2) is the equivalence of categories in Theorem 1l If h* = C§ + a* + CAp is
the Cartan of the affine Kac-Moody Lie algebra g associated to § (where § is the
imaginary root and Ag is the fundamental weight corresponding to the additional
node of the Dynkin diagram), then the affine Weyl group W = {wt,, | w € Wy, ¢, }
acts on h* as follows (see [Kacl (6.5.2)]): the action of a translation ¢, is given by

1
tu(ad + X+ mho) = (a — (\, p) — §m<u,u>)5 + A+ mp+mAy, and
w(ad + XA+ mhp) = ad + wA + mAy for w € Wy, the finite Weyl group.
The level —¢ — h subset of b* is {ad + A + (=€ — h)Ag | a € C,\ € a*} and the
dot action is given by wo p = u(u + p) — p, where p € h* is such that (p, o)) =
1 for i € {0,...,n}. In Theorem [Tl the affine Lie algebra representations are
representations of g’ (the Lie algebra g without the derivation) and so the desired

action of the affine Weyl group is mod 4. A short computation (see [LRS, (3,19)])
using that p = p + hAg gives

(tpw) o (A+ (=€ —h)Ag) = (wo X) — b+ (—€ — h)Ag mod 0.
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194 MARTINA LANINI AND ARUN RAM

Ignoring the (—¢ — h)Ap this is, except for the appearance wy, the formula for the
level (—¢—h) dot action on a* which is used in (ILI2]). Working with representations
of g that are negative level, the fundamental alcove sits in the antidominant chamber
instead of the dominant chamber (see (2I0) and ([ZI4)) below), and this is the source

of the wy in (CI2)).

1.2. The product theorem. Let g be the Lie algebra of the reductive group G
alluded to in (I). For A € (a})" let Ly(\) be the irreducible U(g)-module of
highest weight A and let B(\) be the crystal of Lakshmibai-Seshadri paths (LS
paths) for the representation Lg(\),

B(X) = {LS paths p of type A} and wt(p) denotes the endpoint of p;

see [Ral §5]. The Weyl character corresponding to \ is the element of K[X]Wo
given by

Z det(w) XA

(1.14) Sy = char(Lg()\)) _ weWo — = Z xwt(p)
Z det(w)X pe BN
weWy

An (-restricted dominant integral weight is Ao € (a})* such that (\g,a)) < ¢

for i € {1,...,n}. In other words, if wy,...,w, are the fundamental weights for g,
then a weight Ao € (a})" is f-restricted if Ao is an element of
(1.15) Iy ={ajwy + -+ anpwyn | a1,...,a, €{0,1,...,0—1}}.

Theorem 1.4. Let A € (a)" be a dominant integral weight and write
A=1LlA + Ao with Ao € II, and \1 € (Clz)Jr.

Then, with Cy € Fy as in [L1) and the K[X]W0-action on F; as in Proposition
L1l

C)\ = S)glk 'C)\o'

Proof. The proof is accomplished in two steps:

(a) Show that sys - Cy, is bar invariant.
(b) Show that sx: - Oy, = [A) + 32,5 culp) With ¢, € t27Z[tz].
Proof of (a). The bar involution and N, are defined in (I)). Since (—fwop, ") €
V7., then
Ny—pwop = Card{a € R" | {(y — bwop + p, o) € (Z}
= Card{a € R" | (y+ p,a") € {Z} = N,,.

_1)2(1110)(t—%)ﬁ(’wo)—Nﬂ,fewou|w0 ° (’Y _ ngM»

Hwo)=Notwon |wg (v + p) — p — lyr)

(
)
£(wo) t*%)((wo)*Nw—ewou, ‘wo oy — E,U>
)
)
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and since sy: is Wy-invariant,
S)glk 'C)\OZ(U}()S)@{)'C)\O:S)\T 'C)\o' O

Proof of (b). Let A\ = A\g + £\1 as in the statement of the theorem and let a = b
mean a = b mod ¢2 (or, more precisely, that a —b € @Aea; t2Z[t%] |A)). The proof
will rely on the following lemma.

Lemma 1.5. Keeping the notation of Theorem [1.4,
[Ao + vy = —| Ao + £(s; o v)) forv e az.
Proof. By the second formula in (7),
(1.16) SA¥ 'CAO = Sax - |>\0> = Z XWt(p)P\o) = Z |5Wt(p)* + )\0>.
pEB(AY) pEB(AY)
By [L3), if A € a3 and (A + p, ) > 0, then
—I\) if (A +p,a)) € (Z>y,
[sioA) =<0 o< A+p,)) <¥,
—|AM)Y  otherwise,
where A1) = X\ —ja; if (\4+p,a)) = kl+j with j € {0,1,...,£—1}. Since A(V) = X

if (A\+ p, ) € (Z>, the first case can be viewed as a special case of the last case
to read

0 if0< (A+p,a)f) <,
i A) = ¢
Isio ) {—)\(1)> otherwise.

Assume (v + p, o)) € Z<o and let A = s; 0 (Mg + fv). Since {p, ;') = 1, then
A+ p,a)f) = (si0 (Mo + )+ p,a)f) = (si(Mo + v+ p),a)) = (Ao + v + p, s;0))
=—(No+v+tpai) =L-(v+pa])+(—1-(X,a)).
Since A\g € IIy, then 0 < £ —1 — (Ao, ) < £ and so
AU =X — (0 =1= (g, a)Na; = s;0 (Ao +v) — (0 =1 — (Ao, @) )y
=siXo+lsiv+sip—p—(L—1— N, )))
= (Ao — (Mo, ) Ya) + L(siv+sip—p) + (L — Ve, — (€ — 1 — (Ao, )y
= Ao+ {(s; o).
Thus, since s; 0 A = Ao + v,
. vy
o+ ) = {(1|>\0 4 0(si00) i ZZ: ZV; - 8

Since s; ov = v when (v + p, ) = 0, then [Ao + &) = —|Xo + £(s; o v)) when
(v+p, ) € Z<p and, replacing v by s; ov, gives [A\g + lv) = —|\g + {(s; o v)) for
(v+p, ) € Z>g. Thus

(1.17) | Ao + fv) = —| Ao + £(s; o v)) for v € ag,
completing the proof of Lemma O
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Let us now complete the proof of (b) of Theorem [[[4l Follow [Ra, proof of
Theorem 5.5] (see also |Li, proof of Theorem 9.1]) to define an involution ¢ on the
set B(AT)\ {pj\}}, where p:\*} is the unique highest weight path in B(A).

Let p € B(\}) and p # pj\}. Since p # p;gk the path p crosses a wall out
of the fundamental chamber at some point during its trajectory. Let r be such
that the first time p leaves the dominant chamber is by crossing the hyperplane
{z € a | (x,))) = 0}. Letting €, and f, denote the root operators on B(\}), the
r-string containing p is

S.(p) ={qg€ B(\}) | ¢=&"por g = f¥p where k € Z>}.
Let
t(p) be the element of S,.(p) such that wt(c(p)) = s, o wt(p).
Note that since p leaves the fundamental chamber at the wall corresponding to «,’
then é,.p # 0 (i.e., p is not the head of its r-string) and so s, o p is well-defined. It
should be noted that this dot action on paths is different from the classical Weyl
group action on the crystal. By Lemma [[.5]

[Ao+£wt(p)*) = —[Ao+L(spowt(p)®)) = —[Ao+L(srowt(p))™) = —[Ao+Lwt(¢(p))"),

and so the map ¢ partitions the set B(A]) \ {pj\%} into pairs {p, ¢(p)} which cancel

cach other in the mod ¢2 straightening of the terms of sar - Oy, in (LIG). Thus
sar - Oxg = [L(A])" + Xo) = [Xo + A1) which proves (b).

2. THE CASSELMAN-SHALIKA FORMULA

In order to establish the Casselman-Shalika formula it is necessary to use the
connection between the abstract Fock space Fy and the affine Hecke algebra H.
Let us recall this relationship from [LRS].

2.1. The affine Hecke algebra H. Keep the notation for the finite Weyl group
Wy, the simple reflections si,...,s,, and the weight lattice a3 as in (LI). For
i,j € {1,...,n} with i # j, let m;; denote the order of s;s; in Wy so that s? = 1
and (s;s;)™#¥ = 1 are the relations for the Coxeter presentation of Wy. Let K =
Z[t%,t’%]. The affine Hecke algebra is

(2.1) H = K-span{X*T, | p € az,w € Wy},

with K-basis {X*T, | p € a},, w € Wy} and relations

(2.2) (Ty, —t3)(Ts, +t73) =0, Ty Ty, Ty, ...=Ts,Ts.Ts, ...,
m.; factors m; factors

X)\ _ Xs,-)\
(2.3) XM =X X* and T, X* — X*MT, = (t7 —t77) <ﬁ>
for i,j € {1,...,n} with ¢ # j and A\, u € a}. The bar involution on H is the
Z-linear automorphism : H — H given by

(2.4) t2=t"3, T, =T.', and  X* =T, X" T,!
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fori=1,...,nand A\, p € a},. For p € a;, and w € Wy define
(25)  XWY=XMT,)t and T =T X" Ty (Tygw )7

where u™ is the dominant representative of Wou, x € Wy is the element of minimal
length such that 4 = zp™*, and w,+ is the longest element of the stabilizer W+ =
Stabw, (u™). Define

g0 = () ) N (7 H T, and 10 = (750 Y (#3)IT,
zeWy zeWy
so that
(2.6) €0 = €0, 1_0 = ].Q7 and EoTsi = —tiéEo, and Tsi].o = t%lo

for i € {1,...,n}. The algebra K[X] defined in (L8) is a subalgebra of H and,
by a theorem of Bernstein (see [NR|, Theorem 1.4]), the center of H is the ring of
symmetric functions,

(2.7) Z(H) = K[Xx]"°.

Remark 2.1. Formulas (24) and (23] are just a reformulation of the usual bar
involution and the conversion between the Bernstein and Coxeter presentations of
the affine Hecke algebra (see for example [NR] Lemma 2.8 and (1.22)]).

2.2. The relation between H and the abstract Fock space F;. In this sub-
section we follow [LRS| §4.2]. The affine Weyl group is

(2.8) W={t,w|peayweWy} with tuty =ty and  wit, = tyw

for p,v € a}, and w € Wy. Let ¢¥ and h be as in (LII). For ¢ € Z~q, the level
(—¢ — h) dot action of W on a}; is given by

(2.9) (tpw)o X = (woX) —lu=wA+p)—p—Lu

for p € aj, w € Wy, and A € aj. Note that this is an extension of the dot action of
Wp given in ([[2). Define

(210) Ay p={vea, | (v,9')>—L—1and (v,a)) < —1forie{l,...,n}}
and

(211) Pi_l—h == @ EOpr;

VEA_1—n

where ¢ is as in (Z.6]) and p, are formal symbols indexed by v € A_,_}, satisfying

Pr =Py and TypV = (t%)ay)pu for Yy e W,

where W, = Staby (v) is the stabilizer of v under the level (—¢ — h) dot action of
W on aj. (Warning: There is a slight conflict of notation here with the notation
W for the finite Weyl but this should not cause confusion.) Define a bar involution
(2.12)

Pt =P by cofpy =cofp, forveA_y, 5, and f € H.

For A € aj, define
(2.13)  [X)] = [Xwovor] = €0 X P, where A =wovov withve A_,_},
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and v € W is such that XV* = XVT, for any v € W,,. It is helpful to stress that
the (—¢ — h) dot action of (Z9) applies here so that, when v = t,w with p € a,
and w € Wy, then A = —fwopu + (wow) o v and

(214) [X/\] = [Xffwo,uﬁr(wgw)ou] = 8OAXVtuwpl/ = 6(J)(ILL(T‘wfl)71pl/-
With this notation, a main result of [LRS] is the following.

Theorem 2.2 (see [LRS| Theorem 4.7]). Let < be the dominance order on the set
(a3)* of dominant integral weights. Then the K-linear map ®: F; — Pfgfh given
by

(2.15) O( [N ) =[X4] for A € az,

is a well-defined K-module isomorphism satisfying ®(f) = ®(f).

Since elements of Z(H) = K[X]"o commute with ¢ there is a K[X]"°o-action
on P_;_p by left multiplication. The pullback of this action by the isomorphism ®
is the source of the K[X]"° action on F; given in Proposition [T}

(2.16) 2®(f) = ®(zf)  for z€ Z(H) =K[X]"° and f € F,.

2.3. Deducing the Casselman-Shalika formula. For u € aj define the “Whit-
taker function” A, € egH1( by

(217) A# = 50X“10.

See, for example, [HKPl §6] for the connection between p-adic groups and the
affine Hecke algebra and the explanation of why A, is equivalent to the data of
a (spherical) Whittaker function for a p-adic group. As proved carefully in [NR]
Theorem 2.7, it follows from (Z6]) and (Z3]) that

e0H1g has K-basis  {Axi, | (A+p,a4) € Z>o fori e {1,...,n}}.

Following [NR, Theorem 2.4], the Satake isomorphism, K[X]|"o =~ 1,H1, and
the Casselman-Shalika formula, Ax;, = sxA4,, can be formulated by the following
diagram of vector space (free K-module) isomorphisms:

Z(H) = K[X]WO = 1,H1, = eoH1g
S — salp — A/\_,’_p.

This diagram has particular importance due to the fact that K[X]"° is an avatar of
the Grothendieck group of the category Rep(G) of finite dimensional representations
of G, the spherical Hecke algebra 10H1j is a form of the Grothendieck group of
K-equivariant perverse sheaves on the loop Grassmanian Gr for the Langlands
dual group GV, and g9H 1y is isomorphic to the Grothendieck group of Whittaker
sheaves (appropriately formulated N-equivariant sheaves on Gr); see [FGV].

Our proof of the Casselman-Shalika formula is accomplished by restricting Theo-
rem [[4] to the summand in (ZTIT]) corresponding to —p € A_;_p. We shall identify
this summand with g H1( via the Z(H)-isomorphism

EoH].O L) E()prp
€0XM10 — EoXMp,p.

Using the level (—¢ — h) dot action of W from (29I), the stabilizer of —p is Wy and
Wo(=p)={t-xo(-p) | A€ az} ={tA=p|A€az}.
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Since ((¢X — p) + p,aV) € (Z for a € RT, the straightening law (3] for elements
of Wo (—p)is

(2.19) |si o (LA = p)) = —[tX = p).

Theorem 2.3 (Casselman-Shalika). For X\ € (a3)" and p € a}; let sy be the Weyl
character as defined in (LI4) and let A, be the Whittaker function as defined in

@I7). Then
sxAp = Axtp-
Proof. Using (Z19)),
[EX=py = (—1) (0] (¢~ 3 ) (W) =0 jyyy o (£A—p)) = (—1)"“wgo(£A—p)) = [¢A—p)
and thus [¢\ — p) satisfies the conditions of (L) so that
(2.20) Cor—p = [X = p), for A € (a3)".
By ([2.14) and ZID),
(X _twop—pl = EOX”TJ(}p,pzt_e(w‘J)/Qsz“p,p:t_z(“"’)mAM for pe(aj)™.
Using (2.10), [220), (213), and that wop = —p,
£/, A = 3 [Xtugp—p] = 57 [Xe 1) = 53@((E = 1)) = B(s (¢ — 1)p))
= ®(52C1-1)p) = P(C_pwort(e—1)p); by Theorem [I4],
= O(|(—lwo) + (£ = 1)p)) = [X_pwor+t-1)p] = [X—two(r0)—)
=t wo) /24, O

3. QUANTUM GROUPS AND LLT POLYNOMIALS

In this section we describe the main motivation for Theorem [[L4] namely, the
Steinberg-Lusztig tensor product theorem for representations of quantum groups
at roots of unity. Then we explain the connection between these results and the
theory of LLT polynomials.

3.1. Representations of quantum groups at a root of unity. Let g be the
Lie algebra of the group G alluded to in (II). Let ¢ € C* and let U,(g) be the
Drinfel’d-Jimbo quantum group corresponding to g. Let

Ay(N) the Weyl module for U, (g) of highest weight A,
L,(\) the simple module for U,(g) of highest weight A.
Let
K (fd-U,(g)-mod) be the free Z[t% , t_%]—module generated by symbols [Ag ()]

for A € aj. For p € aj, denote by W, resp., W, the set of minimal length
coset representatives for W/W,,, resp., W,\W. Define elements [L,(woy o v)] for
v A_y_y and y € °W such that woy € WY, by the equation

woz o 1)@ L
[Ag(woz o v)] = Z Z [AAzzijoi ° V)()i-i-l)  Lg(woy ov)| (t2)" | [Lg(woy o v)],

y<z \i€Z>q

where [M : L,(11)] denotes the multiplicity of the simple g-module L, () of highest
weight p in a composition series of M and

AN =20 DA,0NVD... is the Jantzen filtration of A,(X)
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(see, for example, [Shl §1.4, §2.3 and §2.10 and Cor. 2.14] and [JM| §4] for the
Jantzen filtration in this context).

The combination of [LRS, (3.20)] and [LRS| Theorem 4.7]) is the following con-
nection between the representation theory of the quantum group at a root of unity
and the abstract Fock space.

Theorem 3.1. Let £ € Z~q and let ¢ € C* such that ¢** =1. Let K = Z[t%,t_%}.
Then the K-linear map given by

K(fd-U,(§)-mod) -2 F,

[A, (V)] — |\) is a well-defined isomorphism of Z[t%,tfé]—modules.
[Lq(N)] — Cx

The enveloping algebra U(g) has a presentation by generators ey, ..., en, f1,...,

fn, and hq, ..., h, and Serre relations and the quantum group U, (g) has a presen-

tation by generators Eq,...,E,, F|,...,F,, and Ki,..., K, and quantum Serre
relations such that, at ¢ = 1, E; becomes e; and F; becomes f;. Following [Lu89]
and [CPl, Theorem 9.3.12], with appropriate restrictions on ¢ as in [CPl just be-
fore Proposition 9.3.5 and Theorem 9.3.12], the Frobenius map is the Hopf algebra
homomorphism

Fr: Ujg) — U(g)
ez(-r/z) if £ divides r,

EZ.(T) —
0 otherwise,
(31) F70 it ¢ divides
Fi(r) — 7 i ’
0 otherwise,
K; — 1.

The Frobenius twist of a U(§)-module M is the U, (g)-module M " with underlying
vector space M and U,(§)-action given by

um = Fr(u)m for u € Uy(g) and m € M.

Theorem 3.2 ([Lu89, Theorem 7.4]; see also [CP| 11.2.9]). Let £ € Z~q and let II,
be as defined in (LIH). Let X € (a3)" and write

A=/L\ + Ao with Ao € II; and \1 € (02)+,

Let ¢ € C* be such that ¢** = 1 and let Ly(\) denote the simple U,(§)-module of
highest weight A. Then

Le(N\) = AT @ Ly(Mo),
where A(p) denotes the irreducible U(g)-module of highest weight p.

Accepting Theorem B.I, Theorem is equivalent to the product theorem for
abstract Fock space, Theorem [[.4]

3.2. LLT polynomials for general Lie-type. In [LLT] and [LT) (43)] and [GH,
Definition 6.6], the LLT polynomials for type A are defined by

4 — —spin
(3.2) G (et YT T
TESSRT,(p/v)

where SSRT;(1/v) is the set of semistandard ¢ ribbon tableaux of shape p/v,
spin(T) is the spin of the tableaux T and X7 is the weight of the tableaux T
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(see [GH] §6.5] for an efficient review of the combinatorial definitions of semistan-
dard ribbon tableaux, spin, and weight).

In Lecouvey [Lcy], there is a definition of LLT polynomials for general Lie-type
generalizing the definition of from type A which proceeds as follows. Define
a K-algebra homomorphism

Py K[X] — K[X]
Xr  —  Xfn

in the framework of Theorem Then (57)] defines
(3.3) Z Dex,uSxs

Ae(ay)t

where pgy , € Z[t%] are as in (7). As pointed out in Cor. 5.1.3], Theorem
B gives

so that 1y(sy) = char(A,(\)T),

Ye(sx) = char(AN)F) = char(L (Z)\))
Z Pex,u(1)char(A Z Do, (1
wE(az)™ pe(az)t

As explained carefully in [LRS, Theorem 4.8(b)], the polynomials pyy ,, are parabolic
singular Kazhdan-Lusztig polynomials.

In [GH| Definition 5.12 and Corollary 6.4] there is another definition of LLT
polynomials for general Lie-type:

B4) L5, =0T S QA where -
AE(az)*
determine the polynomials . Here G is the reductive algebraic group alluded to

in (LI), L is a Levi subgroup of G with Weyl group W,, lg_, is the nonnegative
integer defined in [GH, Remark 5.10], and

p=vo(n+¢B) and v=wo(n+fly), where ve& WytgW, and w e Wyt,W,
are minimal representatives. At this point, the reader’s discomfort occurring from
the transitions between  and v and v and w and g and v is mitigated by recognizing

that the relation between these two definitions occurs in the special case v = 0:
Theorem [4 and (Z20) and the definition of Q7,, in [B4) give

Con=s5x+-Co=s)+-|0) = ZQ?}O\,@, and comparing with (7)) gives pex, = Qﬁ,o
“w

and specifies the close relationship between Gf, and LF ; _ which occurs at v = 0.

They are the same up to a power of ¢.

4. TENSOR PRODUCT THEOREM ON AFFINE LIE ALGEBRA REPRESENTATIONS

Let g be the Lie algebra of G and let g = g ®c C[e, e 1] + CK + Cd be the corre-
sponding affine Kac-Moody Lie algebra (see [Kacl §6.2] — we follow the notation of
[LRS, (3.17)]). Let £ € Z~¢ and let h be the dual Coxeter number. As explained in
[LRS, Theorem 3.2], an important result of Kazhdan-Lusztig establishes a relation
between level (—¢ — h)-representations in parabolic category Og for the affine Lie
algebra and the finite dimensional representations of the quantum group U,(g) with
q22 =1.
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Let
¢’ =[9,0] = §@c Cle,e ']+ CK.
By restriction, the modules in O§ are g’-modules. Let Ag be the fundamental
weight of the affine Lie algebra so that L(cAg + A) is an irreducible highest weight
g-module of level ¢ (i.e., K acts by the constant c).

Theorem 4.1 ([KL.94, Theorem 38.1]). There is an equivalence of categories
finite length g'-modules} RN {ﬁm’te dimensional Uy(g) -modules}

of level —{ — h in OF with ¢?* =1
AZ((=€=h)Ao +N) — AN
(=l =)Ao+ ) L)

This statement of Theorem 1] is for the simply-laced (symmetric) case. With
the proper modifications to this statement the result holds for non-simply-laced
cases as well; see [Lu94, §8.4] and [Lu95].

Let A — p € (a3)". Under the composition of the map ¥; in Theorem 1] and
the map ¥y from Theorem [B.1]

o (U1 ([L((—€ = h)Ao + LX) — p)) = Wa([Lq(¢A — p)]) = Cor—p = €A — p).
Thus it follows from Theorem 1] Theorem Bl and ([220) that
(1) L((—¢—=h)Aog+ 4N —p) = A?((—é —h)Ag + 4N —p)
| —Tnd®,,(L4(0A — ) = U(g) S0 Ly(0h — p).

where

¢t = EB " (a & @ O + g_a) with Rt the set of positive roots of g.
keZZO a€ERT

As given in (LI4)), the Weyl character formula for the g-module Lg(¢\ — p) is

(4.2)  char(Lg(lX —p)) = ser—p = ( H — > Z det(w) X wo(eA=r)

aERT weWq
_ (LX) —
(4.3) = < 11 — ) > det(w) XN,
a€ERT weWo

Letting ¢ = ¢°, n = dim(a), and using the Poincaré-Birkhoff-Witt theorem, the
character of the g-module in ([@T]) is

char(L((=¢ = h)Ag + £\ — p)) = char(AS((—€ — h)Ag + LA — p))
= char(U(g) ®@u ey Ls(lA — p))

1 1 1
= Sea—p H ( —qF)m H 1_q—an'1_q—kX—a>

k€E€Z>o a€ERT
(4.4) 1
- H (1—q F)m H H 1 —q—an
k€E€Z>o k€Z~o a€Rt
w(lA)—
I 1I 1_q_kX (Z det(w)X p>,
k€Z>0 a€Rt weWq
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where the third equality comes from the fact that we are considering induction from
the t-structure, so that the contribution of the roots of this Levi subalgebra should
be removed from the character of U(g).

The above formula is reminiscent of Weyl-Kac character formula for integrable
representations, but we have not yet found a reference for it in the literature. As we
have explained in ([.J]), this formula is an easy consequence of [K1.94] and [Lu89].

The equivalence in Theorem [l is an equivalence of monoidal categories where
the product on the left-hand side is the fusion tensor product & and the product on
the right-hand side is the tensor product coming from the Hopf algebra structure of
Uy(g). Thus, in terms of affine Lie algebra representations, the Lusztig-Steinberg
tensor product theorem says that

if Ae(ap)t and A=A+ £\ with A € Iy,
where II; is as in (IIH). Then
(4.5) L((=0—Rh)Ao + X\) =2 L((—£ — h)Ag + Xo)RL((—€ — h)Ag + £)1).
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