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1 Problems to work on

1.1 Crystals

(1) Sn crystals

(2) Virasoro crystals

(3) Fusion

(4) Schubert crystals

(5) Properly work through Littelmann’s Verma bases paper

1.2 Complex reflection groups

(1) Chevalley-Shephard-Todd

(2) Revised classification by “affine” complex reflection groups

(3) equivalence of categories to p-compact groups

(4) KT (G/B) via moment graphs

(5) Set Bott towers and Bruhat order for HT (G/B)

1.3 Quantum groups at roots of 1

(1) Fock space straightening laws

(2) translation functor algebra action on Fock space

(3) tensor product crystals (follow sketch from an email to Martina Lanini in December 2012)

(4) Verma module decomposition numbers

AMS Subject Classifications: Primary ????; Secondary ????.
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1.4 Affine Lie algebras

(1) The quantum group is a fake

(2) Critical level decomposition numbers for category O

(3) The squish map to finite dimensional representations of level 0

1.5 Yangians

(1) Write the affine quantum group to Yangian specialisation

(2) Set up the elliptic Yangian (follow Toledano Laredo and Gautam)

(3) A path model basis of finite dimensional tame representations of Yangians (follow Nazarov-
Tarasov and Ram)

(4) Set up the Bethe Ansatz as a weight space analysis of all finite dimensional Yangian
modules

1.6 Braid groups

(1) Classical type DAArts as braids

(2) DAArts as fundamental groups, the affine version (all levels)

(3) DAArts as fundamental groups, the elliptic version

(4) DAArts as fundamental groups, the single level version

1.7 Combinatorics of affine flag varieties

(1) A refined alcove walk model for the twisted case Gσ = {g ∈ G | σ(g) = g} (i.e. rewrite
Parkinson-Ram-Schwer to handle the twisted case)

(2) A refined alcove walk model with the central extension in {1} → Z → G̃→ G→ {1} (i.e.
rewrite Parkinson-Ram-Schwer to handle the central extension)

(3) A refined alcove walk model for affine Springer fibers (i.e. rewrite Parkinson-Ram-Schwer
to handle the affine Springer Fiber case)

(4) Rewrite Peterson’s notes on quantum cohomology

1.8 Tantalizers

(1) Work out the Jantzen determinants for · ⊗ V in classical type

(2) Provide a grading (KLR version) of affine BMW algebras

(3) Write a proper proof that the irreducible finite dimensional modules for affine BMW
algebras are indexed by multisegments with k, k − 2, . . . boxes

(4) Work out the combinatorics for classical type analogous to the Misra-Miwa Fock space.
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1.9 Hecke algebras

(1) Match the classification of (a) affine root systems (Macdonald) (b) affine Lie algebras
(Kac) (c) reductive groups over local fields (Bruhat-Tits) – include the “non-reduced”
cases (twistings) and the “lattices” (central extensions)

(2) Explain how the DAHA and Macdonald polynomials for affine root systems of classical
type are obtained “by restriction” from type (C∨

n , Cn).

(3) Explain how DAHA “specializes” to the graded affine Hecke algebra and to the rational
Cherednik algebra

(4) Explain how DAHA acts on the elliptic cohomology of a finite Springer fiber

(5) Provide a “fundamental Langlands diagram” for Macdonald polynomials

(6) Describe the transition matrix between Pλ(q, qk) and Pλ(q, qk+1) (this is an analogue of
the Kostka-Foulkes matrix which should be informed by a geometric Atiyah-Bott-Lefschetz
fixed point localization formula)

(7) Read, streamline, and tighten Martha Yip’s PhD thesis (in particular, sort out the posi-
tivity properties of the Littlewood-Richardson rule that she gives)

1.10 Quiver varieties

(1) Work out the projective convolution over Fq “à la Ringel”

(2) Match up points of quiver variety orbit closures and MV-cycles

(3) Complete the study of the Kashiwara-Saito example and the analogous phenomena in A
(1)
1

and D4 and other “imaginary root” cases

(4) Work out the nonsimply laced KLR representations by “folding” of the Dynkin diagram

1.11 Schubert varieties

(1) Analyze the tangent spaces at T -fixed points following Gaussent and Manivel

(2) Describe the fibers of the Bott-Samelson to Schubert vareity squish map with path model
tools

(3) Describe the Schubert basis in EllT (G/B) and ΩT (G/B) by setting up an appropriate
Poincare duality statement and using a support and orthogonal basis condition.

(4) Write generators and relations for ΩT (X) where X is a Bott tower.
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