§1T. The cyclic group I, of order 2

There are at least two natural ways of defining the group Z,. The isomorphism which shows that these two

definitions are the same is given in the rightmost column of the following table.

Set Operation Multiplication Table Isomorphism
x | 1 41
1 1 -1 p: I — 2
2y ={1,-1} = {£1} ordinary multiplication of integers -1 -1 01 0 - 1
1 - -1
+ 01
0 01
I,={0,1} addition modulo 2 1 10
Center Abelian Conjugacy classes Subgroups
Z(ZQ) = ZQ Yes Cl = {1} HO = ZQ
C_1={-1} Hy =(1)
Elements

Element g Order o(g) Centralizer Z,

1 1 Z,
-1 2 y£3

Generators and relations
Generators Relations
g 9*=1

Some Homomorphisms
Homomorphism Kernel Image

1
-1

¢o: L — (1)
1 ker ¢0 = ZQ im ¢0 = (].)
1

11

¢1: ZQ — ZQ
1 = 1 ker ¢1 = (1) im ¢1 =1
—



Subgroups

Subgroup Lattice

Orders Inclusions

2 I,

1 {(1,1)}
Subgroups H; Structure Order |H;| Index Normal Quotient Group
HO = ZQ H(] = ZQ 2 [Zz : 12] =1 Yes ZQ/HO ~ (].)
H1 = (1) Hl = (1) 1 [Z2 H (1)] =2 Yes ZQ/(l) ~ ZQ
Subgroup H; Normalizer Ng;, Centralizer Zg;,
HO = ZQ 12 zQ
H,=() P y
Subgroups Cosets Right Cosets
HO = 12 12 = {1, —1} 12 = {1, —1}
H =) H, ={1} H, ={1}

(-1)H, ={-1} Hy(-1) ={-1}



§2T. The Klein 4-group I, x X,
Let us make some shorter notations for the following matrices.
(1,1) = ((1] ?) (-1,1) = (_01 ?) (1,-1) = (é _01), (-1,-1) = (‘01 _01>.
The Klein 4-group is the group of order 4 defined as in the following table.

Set Operation

I, x Ir= { (:Bl :S 1) } ordinary matrix multiplication

The complete multiplication table for this group is as follows.

Multiplication Table

| (]-a]-) (]-a_]-) ( 171) (_17_1)

(171) (171) (17_1) ( 151) (_15_1)
(1a_1) (_131) (1 1) ( 17 1) (]-a_]-)
(_171) (11_1) (_11_1) (171) (_1a1)
(_11_1) (_11_1) (11_1) ( 171) (171)

HW: Show that this group, as defined above, is isomorphic to the direct product of a cyclic group of order
2, X5, with another cyclic group of order 2, Z,.

Center Abelian Conjugacy Classes Subgroups

Z(G) ZZQ X ZQ Yes C(l,l) = {(1, 1)} HO :Zz X 12

} H, :{(171)7(17_1)}
)} H; :{(171)7(_17_1)}
b He={(1,1)}

Elements

Element g Order o(g) Centralizer Z, Conjugacy Class C,

(1, 1) 1 12 X Z2 C(l,l)
(1, —1) 2 12 X Z2 C(l,—l)
(—1, 1) 2 12 X Z2 C(—l,l)
(—1, —1) 2 12 X Z2 C(—l,—l)



Subgroups

Subgroups H; Structure Order |H;| Index Normal Quotient Group
Hy =T, x I, I, x I, 4 1 Yes (Z2 x Z2)/Ho ~ (1)
H, ={(1,1),(1,-1)} Z 2 2 Yes (Z2 x T2)/Hy ~X»
H, ={(1,1),(-1,1)} Y 2 2 Yes (Z2 x T2)/Hy ~X,
Hs ={(1,1),(-1,-1)} Z, 2 2 Yes (L5 x T)/Hs ~T
Hy={(1,1)} (1) 1 4 Yes (Zy x Tz)/Hy ~Ty x I
Subgroup Lattice

Orders Inclusions

4 I, x I,

2 {(171)7(17_1)}

{(17 1)7 (_17 1)}

{(17 1)7 (_17 _1)}

1 {1, 1)}
Subgroups Cosets Right Cosets
Hy, Hy = {(£1,£1)} Hy = {£1,+1}
Hl Hl = (171 7(17_1)} Hl = (171 7(17_1)}
(-1, 1)H; ={(-1,1),(-1,-1)} Hy(-1,1) = {(-1,1),(-1,-1)}
H, Hy, = {(1,1),(-1,1)} H, ={(1,1),(-1,1)}
(1,-1)H, = {(1,-1),(-1,-1)} Hy(1,-1) ={(1,-1),(-1,-1)}
H; H;3 = {(L 1 7(_17 _1)} H; = {(17 l)a (_17 _1)}
(17 _1)H3 = {(17 1)7 (_17 1)} H3(1> _1) = {(]-a _1)a (_1a 1)}
H, Hy={(1,1)} H, ={(1,1)}
(-1, 1)Hy ={(-1,1)} Hy(—1,1) ={(-1,1)}
(1,-1)Hy = {(1,-1)} Hy(1,-1) = {(1,-1)}
(=1,-1)Hs = {(-1,-1)} Hy(-1,-1) ={(-1,-1)}

Subgroup H;

Centralizer Zg;,

H, H,
H, Hy
H, Hy
H, Hy



Generators and relations

Generators Relations
z,y r2=1
y’ =1
TY = yT
Some Homomorphisms
Homomorphism Kernel Image

¢0: I, x4I, — (1)
(_17 1)
1,-1) = 1

I

ker¢0 =%, x I im ¢0 = (1)

¢1: I x%y — X

(-1,1) —» -1 ker ¢, = Hy im ¢y =%»
1,-1 — 1

¢1: ZQ X 12 — 12
(-1,1) —» 1 ker ¢p1 = Hy im ¢y =Z»

1,-1) ~ -1

¢1: Ty x Ty — Iy
(—1,1) = —1 ker¢1 = Hs im¢1 =%,
1,-1) = -1



83T. S3 ~ D3: the nonabelian group of order 6

Let
1 0 0 010 1 0
1=10 1 0], 12)=11 0 0], (23)=10 0
0 01 0 01 01
0 01 0 1 0 0 0
(13y=10 1 0], (132)=({0 0 1], (123)=(1 0
1 00 1 00 01

The groups S3 and D3 are as in the following table.

Set Operation

Ss = {1, (12),(23),(13), (132), (123)} ordinary matrix multiplication

k) mod 3,,(j+1) mod 2

D; = {1,,22,y, 2y, 2%y} giylzhy! = 2(- yU

The complete multiplication tables for these groups are as follows.

Multiplication Tables

SO+ OO
N—

S3 1 (12) (23) (13) (132) (123) D; 1 y 2%y zy 2 2

1 1 (12) (23) (13) (132) (123) 1 1 y r’y zy z? x
(12) | (12) 1 (123) (132) (13) (23) y |y 1 =z 22 zy 2%y
(23) | (23) (132) 1 (123) (12) (13) 2%y @y P 1 =z y wy
(13) | (13) (123) (132) 1 (23) (12) zy |zy =z 2P 1 2%y gy
(132) ((132) (23) (13) (12) (123) 1 2?2 |22 2%y wy Y x 1
(123) |(123) (13) (12) (23) 1 (132) x T y z’y 1 22

HW: Prove that the group homorphism given as in the following table is an isomorphism.

Isomorphism

$:. D3 — Ss

x = (123)
y = (12)
Center Abelian Conjugacy Classes Subgroups
Z(S3) = (1) No C(13) = {].} HO = 53
Cia1y = {(12),(23), (13)} H, ={1,(132),(123)}
Cie) = {(123), (132)} H, = {1,(12)}
Hs ={1,(13)}
H, ={1,(23)}
Hs = {1}



Element g Order o(g)

Centralizer Z,

Elements

Conjugacy Class C,

1 1 S3 C(]_S)
(12) 2 H, Ca1)
(23) 2 H, Car)
(13) 2 H; Cea1)
(132) 3 H, C3)
(123) 3 H, C3)
Subgroups
Subgroup Lattice
Orders Inclusions
6 S3
3 {1,(123), (132)}
2 {12} {1,23)} {1,(13)}
1 {1}
Subgroups Structure Index Normal Quotient Group
H() = Sg Ho = 53 [53 . 53] =1 Yes Sg/HO ~ (1)
H1 = {1, (132), (123)} H1 >~ Z3 ~ A3 [S3 : Hl] =2 Yes S3/H1 ~ Z2
H2 = {1, (12)} H2 >~ Zz [S3 : H2:| =3 No
H3 = {1, (13)} H3 >~ Z2 [83 : H3] =3 No
H4 = {1, (23)} H4 ~ Z2 [53 : H4] =3 No
H5 = {1} H5 = {1} [53 H H5] =6 Yes 53/(1) ~ S3



Subgroups

Cosets

Right Cosets

Hy =53

H, = {1,(132), (123)}

Hy = {1,(12)}
Hs = {1,(13)}
Hy={1,(23)}
Hy = {1}

Subgroup H;

S3

H, = {1,(132), (123)}
(12)H, = {(12), (13), (23)}

Hy = {1,(12)}
(23)H> = {(23),(132)}
(13)Hy = {(13),(123)}

Hs = {1,(13)}
(23)Hs = {(23),(123)}
(12)Hs = {(12), (132)}

Hy = {1,(23)}
(12)Hy = {(12),(123)}
(13)Hy = {(13),(132)}

Hy = {1}

(12)Hs = {(12)}
(23)Hs = {(23)}
(13)Hs = {(13)}
(132)Hs = {(132)}
(123)Hs = {(123)}

S3

H, = {1,(132), (123)}
H,(12) = {(12), (13), (23)}

Hy ={1,(12)}
Hy(23) = {(23), (123)}
Hy(13) = {(13), (132)}

H; ={1,(13)}

H3(23) = {(23), (132)}
H;(12) = {(12), (123)}
Hy ={1,(23)}

Hy(12) = {(12), (132)}
Hy(13) = {(13),(123)}
Hy = {1}

(12)Hs = {(12)}
(23)Hs = {(23)}
(13)Hs = {(13)}
(132)Hs = {(132)}
(123)Hs = {(123)}

Normalizer Ny, Centralizer Zg,

Hy = 53

H; ={1,(132),(123)}
Hy, ={1,(12)}

Hs ={1,(13)}
Hy={1,(23)}

Hy = {1}

Hy = 53 Hs = {1}

Ho=Ss Hy, ={1,(132),(123)}
Hy= (1,02} H={1.02)

Hs ={1,(13)} Hs ={1,(13)}

Hy ={1,(23)} Hy ={1,(23)}

Hy = 53 Ho = S3



Generators and relations

Generators Relations Realization
D; z,y z® = x = (123)
zy)® =
S3 51, 82 s2=5=1 s1=y=(12)
815281 = 525182 52 = x°y = (23)
Some Homomorphisms
Homomorphism Kernel Image
wo: Sz — (1)
s1 — 1 ker g = Ss3 impe = (1)
So 1
e S3 — 7
s1 — -1 kere = A3 ime = Zs
Sy = =1
(/1 0 0 010 )
Y2 S3 — 0(3) 01 0], 1 0 0],
010 0 01 0 01
(12) — 1 00 1 00 010
0 01 ker ps = (1) imp,=¢ 10 0 1], 0 0 1},
1 00 010 1 00
(23) — 0 01 0 01 0 01
010 01 0], 1 00
L \1 0 0 010/ )
Y3: S3 — 0(2 10 ) -1 ’
10 01 0 1
(12) w (_ ) _ . _ /2 1/2 -1/2 —1/2
(23) — <3/2 _1/2 -1/2 1/2 -1/2 -1/2
(\-3/2 -1/2 )’ -3/2 -1/2
P4: 53 — D3
12) » g kerpy = (1)  imypy =Dy
(132) — =z



The group action of D3 as rotations and reflections of an equilateral triangle

D3 is the group of rotations and reflections of an equilateral triangle. We shall denote the vertices by v;, the
edge connecting vertex ¢ to vertex j by e;;, ¢ < j, and the face fo12. Let p;;, 0 < 4,5 < 2, denote the point
on the edge connecting v; to v; which is a third of the way from v; to v;.

Let z be the 60° counterclockwise rotation about the center taking
Vo —> U1 — V2 —> Vg
Let y be the reflection about the line connecting vertex vp with the midpoint of the edge e12, taking
v; — v2  and fixing vg.

Note that z° =1, y? =1, and yx =z~ y.

Let
P = {po1, p10, P12, P21, P02, P20},
V = {wo,v1,v2},
E = {601,612,602}, and
F = {fo12},

denote the sets of points, vertices, edges, and faces, respectively. Since D3 acts on the equilateral triangle,
D3 acts on each of these sets.

Size of Size of
Stabilizer Stabilizer Orbit Orbit
(‘D3)Pij = (1) 1 D3pij =P 6
(D3)y, ={lL,y}=H 2 Dsvy =V 3
(D3)y, = {1,2%y} = zHx™! 2 Dsv, =V 3
(D3)y, = {1,zy} = 2> Hz =2 2 Dsvy =V 3
(Dg)em = {l,xy} = .’L'ZH:L'_2 2 D3€01 =F 3
(D3)ey, ={l,y}=H 2 Dse;n = E 3
(D3)ey, = {1,2%y} = zHx ™! 2 Dsegy = E 3
(D3) fo1o = D3 6 D3 fo12 = F 1

10



§4T. The dihedral group D, of order 8

The group Dy is as in the following table.

Set

Operation

Dy = {17 z, 1132, $37 Y, Ty, $2y7 m3y} xiijkyl — p(i—k) mod 4y(j+l) mod 2

The complete multiplication tables for Dy is as follows.

Multiplication Table

1z 22 28 y my 2%y 2%y
1 1 z z2 2 y zy T’y Y
z z 2z 23 1 zy 2%y 2% y
22 | 2?2 2P 1z 2%y 2y y Y
z® | 28 1 =z 22 22y y a2y 2y
y |y 2%y 2%y xy 1 22 22
Ty | Y y 2%y 2y T 1 23 22
22y %y xy y 2y 22 T 1 28
2y @y 2%y ay y 2 22 x 1
Center Abelian Conjugacy Classes Subgroups
Z(D4) = {1,5[]2} No Cl = {1} Ho = _D4
CwQ = {.’E2} H, = {1,.71',.’11'2,33'3}
Cy = {yaxzy} H2 = {l,xQ,y,mQy}
Cwy = {my,x3y} H3 = {l,xQ,xy,xBy}
Ce = {z,2%} Hy ={1,2%}
Hjs = {]-ay}
Hg = {1,.’17:1/}
H7 = {1J$2y}
HS = {1J$3y}
Hy = {1}
Elements
Element g Order o(g) Centralizer Z, Conjugacy Class C,
1 1 Dy Cy
T 4 H1 Cw
x? 2 Dy sz
a:3 4 H1 Cz
Y 2 H2 Cy
Y 2 H; Coy
%y 2 H, Cy
=3y 2 H; Coy

11



Subgroup Lattice

Subgroups

Orders Inclusions
Dy
4 (2)={1,3,2%,2°} {1,2%,y, 2%} {1,2% 2y, 2%y}
2 (@) ={L2% ) ={Ly} ®y)={L2%} (ay)={lLzy} (%) ={1,2%}
1 {1}
Subgroups Structure Index Normal Quotient Group
HO = D4 HO = D4 [D4 : D4] =1 Yes D4/H0 ~ (1)
H1 :{1,1',32'2,1173} H1 ZZ4 [D4 :Hl] =2 Yes D4/H()ZZ2
Hy, = {1,2%,y,2%y} Hy, ~Zy x Zy [Dy: Hy] =2 Yes Dy/Hy ~ 7
H3 = {1,x2,y,x2y} H3 ~ Z2 X Z2 [D4 : Hg] =2 Yes D4/H3 ~ Z2
H4 = {1,.’172} H4 ~ Z2 [D4 : H4] =4 Yes D4/H4 ~ Z2 X Z2
H5:{].,y} H5’ZZ2 [D4IH5]:4 No
HG = {l,wy} Hﬁ >~ Z2 [D4 : HG] =4 No
H7 = {1,.%'2?]} H7 >~ Zz [D4 : H7] =4 No
Hg = {1,.%'3?]} Hg >~ Z2 [D4 : Hg] =4 No
Hg = {1} Hg = {1} [D4 . {1}] =8 Yes D4/(1) ~ D4

12



Subgroups

Cosets

Right Cosets

Hy =Dy

H, ={l,z,2% 2%}

H2 = {1a372,y;332y}

H3 = {1,.%'2,.513:1/,.%'3:1/}

H,y = {1,22}
Hs ={1,y}
He = {1,zy}
Hy = {1,2%y}
Hs = {1,2%y}
Hy = {1}

D4 = .’I?D4 = CL’3D4 = yD4
= gyDy = 2?yDy = z3yDy

H1 = .’L'Hl = SUzHl = .'23'3H1
={l,z,22,2%}

yH, = zyH, = 2’yH, = zyH,
= {y, 2y, 2%y, 2y}

H2 = .’L'2H2 = sz = IL'2yH2
= {1,372,?/,3723/}
2Hy = 23Hy = zyH> = $3yH2

H; = 22H; = gyHs = 23y H;
xHs = 23 Hs = yHs = 22y H;
= {x7x37y7w2y}

H4 = $2H4 = {].,.35'2

zHy = 23Hy = {z,2°}
yH, = v’yHy = {y, 2y}
xyHy = 2*yHy = {zy, 2%y}

H5 = Z/H5 = {lay}

tHs = zyHs = {x, 2y}
2?Hy = 2’yHs = {22, 2%y}
23 Hy = 23y Hy = {23, 23y}

Hg = ayHe = {1,zy}

zHg = z?yHg = {z,2%y}
t°He = 2°yHs = {2*,2°y}
#*Hs = yHg = {2°,y}

H7 = .CL'QyH7 = {l,wzy}
zH; = z3yHy; = {z, 2%y}
t*Hy = yHy = {2, y}
?Hy = zyHy = {2°, zy}

Hg = 2%yHg = {1, 2%y}
.’L'Hg = ZUHs = {-’L',y}

2?Hg = ayHg = {2?, 2y}
2 Hg = 2’yHg = {2°, 2%y}

Hg = {1},.Z‘Hg = {Z‘},

2?Hy = {2°},2°Hy = {2°}
yHy = {y},zyHy = {zy},
z*yHy = {2%y}, 2°yHy = {2°y}

13

D4 = D4.’L‘ = D4.’E2 = D41’3
= Dyy = Dyxy = Dyx’y = Dyay

H1 = Hl.CL' = H1$2 = H1$L'3
={l,z,2%, 2%}

Hyy = Hyzy = Hiz’y = Hyz%y
= {y,zy, 2%y, 2%y}

H2 = H2$2 = Hgy = HQ.’L'Qy
= {1,372,3/,372?/}
Hox = Hoz® = Hexy = H2;L'3y

H; = H32? = Hyzy = Hsx3y
H3.'L' = H3£L'3 = H3y = H3.732y
= {x7x37y7$2y}

H4 = H4.CL'2 = {1,55'2}
Hyx = Hyz3 = {z,2°%}
Huy = Hyx®y = {y, 2%y}
Hyzy = Hyz?y = {zy, 2%y}

Hy = Hsy = {1,y}

Hsx = Hsz3y = {z, 2%y}
Hsx? = Hyx?y = {22, 2%y}
Hsaz® = Hswy = {2°, 2y}

He = Hexy = {1, 7y}

Hgx = Hexy = {z,y}
Hgx? = Hgx®y = {22, 23y}
Hez® = Hgxy = {2°, 2%y}

Hy = Hyz’y = {1,2°y}
Hqrx = Hrzy = {z,zy}
Hyz® = Hry = {2, y}
Hrx® = Hyxdy = {23, 23y}

Hg = Hgaz®y = {1,2%y}
Hgz = Hgz’y = {z, 2%y}
Hgax? = Hgry = {2°, zy}
Hgx® = Hgy = {23,y}

Hy = {1}, Hyx = {x},

Hyx? = {22}, Hyz® = {z°}
Hoy = {y}, Hyzy = {zy},
Hya?y = {2y}, Hyz?y = {23y}



Subgroup H; Normalizer Ny,

Centralizer Zg,

Hy =Dy Dy Z(D4) = Hy = (2?)
H, = <.’E> Dy H, = <$>
H, = (z°,y) D, Hy = (z*,y)
Hj = (2, zy) D, Hj = (2*, zy)
H4 = <.’132) D4 _D4
Hs = (y) H, = (z*,y) H, = (z*,y)
Hs = (zy) H3 = (2, zy) H3 = (2, zy)
H7 = <$2y> H2 - <.Z'2,y) H2 - <$27y)
HS - <$3y) H3 = (.'L'2,$y> H3 = <$2,.'L"y)
Hy = (1) D, D,
Some Homomorphisms
Homomorphism Kernel Image
$Yo: Dy — (].)
z = 1 ker pg = Dy im g = (1)
y = 1
(" D4 — Z2
r = 1 kerypy = H; imp, = Zy
y = -1
p2: Dy — 2o
z = -1 ker oy = {1,2%,y,2%y} = Hy impy = 7y
y = 1
P3: D4 — Z2
z = -1 kerps = {1,2%,zy, %y} = Hs im 3 = Z
—
_)
—

<
A
—_
|
—
N—

wo: Dy — Dy
r = oz
y =y
Generators Relations
T,y ot =y’ =1
yr=a"'y

ker oy = {1,2%} = Hy

ker o = {1} = Hy

Generators and relations

14
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im @9 = Dy



The group action of D, as rotations and reflections of a square

D, is the group of rotations and reflections of the square. We shall denote the vertices by v;, the edge
connecting vertex ¢ to vertex j by e;;, ¢ < j, and the face fo123. For all v; and v; connected by an edge, let
pij denote the point on the edge connecting v; to v; which is a third of the way from v; to vj.

Let 2 be the 90° counterclockwise rotation about the center taking
Vg = V1 — V2 — V3 = Ug.
Let y be the reflection about the line connecting vertex vy with vertex vs, taking
v; — vs and fixing vy and vs.

Note that z* =1, y? = 1, and yx =z~ y.
Let
P= {p017P10ap12,p21,P23,P32ap03,1030},

V = {’Uo,’l)l,’l}2,1)3},
E = {eo1, €12, €23, €03}, and

F = {fo123},

denote the sets of points, vertices, edges, and faces, respectively. Since D4 acts on the square, Dy acts on
each of these sets.

Size of Size of
Stabilizer Stabilizer Orbit Orbit
(D4)Pij = (1) 1 D4pz‘j =P 8
(Da)os ={Ll,y} = H 2 Dyvo =V 4
(Dy)y, = {1,2%y} = zHx ! 2 Dyv, =V 4
(Dg)os ={1,y} = H 2 Dyvy =V 4
(Dy)y, = {1,2%y} = zHx ™! 2 Dy =V 4
(D4)€01 = {l,xy} =J 2 Dyegy = E 4
(D4)623 = {laxy} =J 2 Dyeys = E 4
(D4)ey, = {1,2%y} =z Ja? 2 Dseio =FE 4
(D4)eys = {1,273y} = 2Jz ! 2 Djegs = E 4
(D4)f0123 =Dy 8 D4f0123 =F 1

15



§5T. The quaternion group @

The quaternion group @ is as in the following table. The element —1 acts like —1 in the complex numbers,
it takes everything to its negative, and the negative of a negative is a positive.

Set Operation

Q:{la_laia_iaja_jaka_k} i2:j2:k2:ijk:—1

The complete multiplication table for @) is as follows.

Multiplication Table

1 -1 i —i j —j k -k
1 |1 -1 i —i j —-j &k —k

—i |- i 1 -1 -k k j —j
il - -k k-1 1 i —i

-k -k kK —-j j i —i 1 -1

Center Abelian Conjugacy Classes Subgroups
Z(@)={1,-1} No G ={1} Ho=Q
C1={-1} Hy = {+£1,+i}
Ci = {+i} H, = {+1,+j}
¢; = {£5} H, = {+1,+k}
Cr = {£k} Hy = {£1}
Hs = {1}
Elements

Element g Order o(g) Centralizer Z, Conjugacy Class C,

Q

Q

H,
H,
H,
H,
H;
H;

S5 [
_

<.

.

AN
> <.

S
=R R R R RN

>
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Subgroups

Subgroups Structure Index Normal Quotient Group
Ho=@Q Ho=@Q [@:Q]=1 Yes Q/Ho ~ (1)
H1 :{:l:].,il} H1 2Z4 [QH1]22 Yes Q/H1’1Z2
HQ:{:E].,:Ej} H2 2Z4 [Q:H2]22 Yes Q/HQZZQ
ng{il,:tk} H3 2Z4 [Q:H3]:2 Yes Q/H3ZZ2
H4 = {:l:].} H4 =~ Z2 [Q : H4] =4 Yes Q/H4 ~ Z2 X Z2
Hs = {1} H; = {1} [Q: Hs]=8 Yes Q/(1)=Q
Subgroups Cosets Right Cosets
Ho=@Q Q Q
Hy = {£1, +i} Hy, = {£1, +i} Hy = {£1, +i}

jHl = {ijaik} HIJ = {:tja :tk}
Hy={+l,j}  Hy={l,+j}  H={*1,+j}

iHy = {&i,+k}  Hai={%i,+k}
Hs = {£1, +k} Hs = {£1,+k} Hs = {£1, +k}

iHs = {+i,+j} Hsi = {+i, +j}
Hy = {+1} Hy = {*1} Hy = {1}

iHy = {+i} Hyi = {+i}

JHy = {£j} Hyj = {+j}

kHy = {xk} H,k = {£k}
Hy = {1} Hy = {1} Hy = {1}

(-1)Hs = {-1} H;(-1) ={-1}

iHs = {i} Hsi = {i}

—iHs = {—i} Hy(—1) = {—i}

jHs = {5} Hsj = {j}

—jHs = {—j} Hs(—j) ={-j}

kH5 = {k} H5k = {k}

~kHs = {—k} Hs(—k) = {-k}

Subgroup H;

Normalizer Ng;,

Centralizer Zg;,

Ho=0@Q
H, = <Z)
H, = <J)
Hj = (k)
Hy = {+1}
Hy = (1)

QOO

Hy = {+1}
Hy = (i)
Hy = (j)
Hjz = (k)
Q

Q
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Subgroup Lattice

Orders Inclusions
8 Q
4 {£1,+i} {£1,+5} {£1, £k}
2 {£1}
1 {1}
Generators and relations
Generators Relations Realization
S, T S2 =T? = (ST)? S=14,T=355T=k
Some Homomorphisms
Homomorphism Kernel Image
wo: @ — (1)
i = 1 ker g = @ im o = (1)
j = 1
w1 Q = Zp
T > 1 kercpl =H, = {:t].,:t’l} Hl’lgOl = 7y
j = -1
w2 Q — Z
i = -1 ker o = Hy = {%1,+j} impy = Z
j = 1
w3 Q =
e | ker(,03 = Hj3 = {:l:]., :l:k} imps = Zo
j = -1
p: Q@ — Gl2(C)
i e (é fl +1 0
0 1 kerp, = Hy = (1) imp, = 0 =+l
i e (_1 0) erps = s = Y4 = 0 +1
. F1 O
ko 0 1
(¢ o)
©s5: Q —  Zy X 2y
) = (—1, 1) kercp5 = H4 = {:l:l} 1m<p5 = Z2 X Z2
j = (17 _1)
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§6T. The tetrahedral group Ay

The group A4 can be given in at least two natural ways. In the following tables we shall use one-line notation
to represent the permutations in Aj.

Set

Operation

even permutations in Sy
rotations preserving a tetrahedron

composition of permutations
composition of rotations

Center Abelian Conjugacy Classes Subgroups
Z(As) ={(1234)}  No Casy = {(1234)} Hy = Ay
Crazy = {(2143),(3412), (4321)}
Ciay+ = {(3124), (4213), (2431), (1342)}
Ciany- = {(2314), (3241), (4132), (1423)}
Subgroups
Hy = {(1234), (2143), (3412), (4321)}
H, = {(1234), (3124), (2314)}
Hy = {(1234), (4132), (2431)}
Hy = {(1234), (4213), (3241)}
Hs = {(1234), (1423), (1342)}
Hg = {(1234), (3412)}
H; = {(1234), (2143)}
Hg = {(1234), (4321)}
H, = {(1234)}
Elements
Element g Order o(g) Centralizer Z, Conjugacy Class C,
(1234) 1 Ay Cae
(2143) 2 H, Cy2
(3412) 2 H Cye
(4321) 2 H, Cye
(3124) 3 H, Ciiy+
(4213) 3 H4 C(31)+
(2431) 3 Hs Ciany+
(1342) 3 Hy Ciany+
(2314) 3 H, Ci31)-
(3241) 3 Hy Ci31)-
(4132) 3 Hj Ciany-
(1423) 3 Hs Can)-
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Subgroups

Subgroups Structure Index Normal Quotient Group
HO = A4 HO = A4 [A4 : A4] =1 Yes A4/A4 ~ (1)
H, = {(1234), (2143), (3412), (4321)} H, ~ 7y X Zy [A4: Hi]=3 Yes Ay/Hy ~ Z3
H, = {(1234), (3124), (2314) } H, ~ 73 [Ag : H)] =4 No
H4 = {(1234), (4213), (3241)} H4 ~ Z3 [A4 : H4] =4 No
H6 = {(1234), (3412)} H6 =~ Z2 [A4 : HG] =6 No
H7 = {(1234), (2143)} H7 ~ Z2 [A4 . H7] =6 No
Hg = {(1234), (4321)} Hg ~ Z2 [A4 : Hs] =6 No
Hy = {(1234)} Hy ~ (1) [Ag : Hy] =12 Yes Ay/(1) = Ay
Subgroup Lattice
Orders Inclusions
12 Ay
4 H,
3 H, H; H, Hy
2 HG H7 HS
1 Hy

Subgroup H; Normalizer Ny,

Centralizer Zg,

Hy = Ay Ay
N Ay
H, Ay
H; Ay
H, Ay
Hy Ay
Hg N
Hy N
Hyg N
Hy = (1) Ay

Hy = (1)
N
H,
Hj3
H,
Hy
H,
H,
H,
Ay
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Generators and relations

Generators Relations Realization

S, T S3=T2=(ST)® =1 S =(2314),T = (2143)

Some Homomorphisms

Let w be the primitive cube root of 1 given by w = e2™/3 ¢C.

Homomorphism Kernel
©Yo: A4 — (1)
S = 1 ker pg = Ay
T - 1
p1: Ay — Z
S = w ker p; = Hy
T —» 1
p2: Ay — I3
S = w? ker oo = Hy
T » 1
P3: A4 — GL(3)
1 0 0
S = 0 -1/2 -3/2
0 1/2 -1/2 ker p3 = (1)
-1/3 —-4/3 0
T — -2/3 1/3 0
0 0 -1
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The group action of A, as rotations of a tetrahedron

Ay is the group of rotations of the tetrahedron. We shall denote the vertices by v;, the edge connecting
vertex i to vertex j by e;;, ¢ < j, and the face adjacent to the three vertices v;, v;, vi, by fijr, ¢ < jJ < k.
Let 71234 denote the region determined by the inside of the tetrahedron. Let p;;, 1 < 4,5 < 4 denote the
point on the edge connecting v; to v; which is a third of the way from v; to v;.

Let S be the 60° rotation about the bottom face taking
v1 = v2 = vz = v and fixing v4.

Let T be the 180° rotation about the line connecting the midpoint of edge ess with the midpoint of edge
e12, taking
v1 > vy and w3 — v4.

Note that S® =1, T? =1, and (ST)3 = 1.

Let o
P={py|1<i,j<4},

V = {v1,v2,v3,04},

E = {e12,€13, €14, €23, €24, €34 },

F = {f123, f124, f134, fo34}, and
R = {riaa},

denote the sets of points, vertices, edges, faces, and regions, respectively. Since A4 acts on the tetrahedron,
Ay acts on each of these sets.
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Size of Size of

Stabilizer Stabilizer Orbit Orbit
(A4)Pij = (1) 1 A4pz’j =P 12
(A4)’U4 = {l,S, 52} =H 3 Aoy =V 4
(A4)ys, = {1, TST-Y,TS?T~'} =THT! 3 Az =V 4
(A4)y, = {1,TS,S8?T} = (ST)H(ST) ! 3 A =V 4
(A4)o, = {1, ST, (ST)*} = (S*T)H(S*T)* 3 Ay =V 4
(A4)€12 = {LT} 2 Agern =F 6
(A4)€34 = {17T} 2 A4€34 =F 6
(A4)€14 = {LSTS?I} 2 Agery = F 6
(Ag)ens = {1,STS™ 1} 2 Asers = F 6
(Ag)er; = {1,8°TS %} 2 Ase1s =F 6
(A4)€24 = {1752TS_2} 2 A4624 =F 6
(Ad) fas = {1,5, 5%} 3 Asfiros =F 4
(A4)f124 = {17 ST?laTSQTil} 3 A4f124 =F 4
(A4) foss = {1,(ST)S(ST) ", (ST)S*(ST) '} 3 Ayfozs =F 4
(A4) fisa = {1, (8?T)S(S?T)~", (S?T)S*(S*T)~ "} 3 Asfiza =F 4
(A4)rrnss = Aa 12 Asriosa = R 1

23



§7T. The octahedral group S,

The group Sy can be represented in several different ways. Some of these are given in the following table.

Set Operation

permutations of 4 elements composition of permutations
rotations preserving a cube composition of rotations
rotations preserving an octahedron composition of rotations

The complete multiplication table for S4 is a 24 x 24 matrix. This matrix is too big to include here.

In the following tables we shall use one-line notation to represent the permutations in Sy.

Center Abelian Conjugacy classes

Z(S4) = {]., —].} No C(14) = {(1234)}
Clarzy = {(2134), (3214), (4231)(1324), (1432), (1243)}
Clazy = {(2143), (3412), (4321)}
Cia1y = {(3124), (4132), (4213), (1423)(2314), (2431), (3241), (1342)}
Ciay = {(4123), (3142), (2413), (4312), (2341), (3421)}

Subgroups

There are more than 30 subgroups of the group S;. We shall not give a list of all of the subgroups and
we shall not give a subgroup lattice here. The following table lists only the normal subgroups of Sj;.

Subgroups Structure Index Normal Quotient Group
N() = S4 Ng = 54 [54 : 54] =1 Yes 54/54 ~ (1)
N1 = A4 N1 = A4 [S4 : A4] =2 Yes S4/A4 >~ Z2
N, = {(1234), (2143), (3412), (4321)}  No~Zy x Zy  [S4: No] =6 Yes S4/Ny ~ Ss
N3 = {(1234)} N3 ~ (1) [Ss: Hol =24 Yes Sa/(1) ~ Sy

Generators and relations

The following table gives two useful presentations of the octahedral group Sy.

Generators Relations Realization
S, T St=T?=(ST)} =1 S = (4123),T = 4231
1, 82, 83 si=si=s2=1 s1 = (2134)

518281 = 898189 S9 = (1324)

898389 = 835283 83 = (1243)
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Some Homomorphisms

In the following table s; = (2134), s = (1324), s3 = (1243) denote the simple transpositions in the group
Sy These simple transpositions generate S;. Note also that the homomorphism labeled ¢(,4) is the sign
homomorphism ¢ of the symmetric group Sy.

Homomorphism Kernel

p: Sy — S3
S1

= ) _
so — (132) kerp = Nz
S3 (213)
oy Sa = (1)
S1 = 1
Sy 1 kercp(4)=S4
S3 1
g0(14): S4 — Z2
s1 —» -1
s o —1 ker p(14y = Ay
s3 = -1
P(212): S1 — GL3
-1 0 0
s1 0 —1 0
1
0 _
PR 1/2 3/2 ker oz = (1)
1/2 —1/2
1/3 4/3 0
S3 > 2/3 —1/3 0
-1
P31 54 — GLS
—1 0 0
S1 =
1/2 3/2 0 _
s o~ [1/2 —1/2 0 ker a1y = (1)
0 0 1

1 0 0
53 (0 1/3 4/3)
0 2/3 —1/3

(,0(22): S4 — GL(Q)
-10
Lo (0 1)
1/2  3/2 ker ¢(29) = N2
27 (1/2 —1/2)

. 10
83 0 1
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The group action of S; as rotations of a cube

Sy is the group of rotations of the cube. We shall denote the vertices by v;, the edge connecting vertex i to
vertex j by e;;, ¢ < j, and the face adjacent to the four vertices v;, v;, vk, vi, by fijrr, @ < j < k <. Let
T12345678 denote the region determined by the inside of the cube. For all v; and v; connected by an edge, let
Pij, denote the point on the edge connecting v; to v; which is a third of the way from v; to vj.

Let S be the 90° rotation about the top face taking

v1 — Uy — U3 — U4 = U1 and
Vs — Vg — V7 — Vg — Us.

Let T be the rotation 90° about the right face taking

v4 — V1 — U5 > vg and
V3 — V2 — Vg — V7.
Let
P={p;|1<i,j<8},
V = {v1,v2,v3,v4,v5,06,07,U8 },
E= {612;623;634;614;615;648;626;6377656;667;6787658};
F = {f1234, f5678, f1256, f3a78, f1458, f2367}, and
R = {ri234s678},

denote the sets of points, vertices, edges, faces, and regions, respectively. Since Sy acts on the cube, S acts
on each of these sets.
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Size of Size of
Stabilizer Stabilizer Orbit Orbit

(S4)Pij =(1) 1 Supi; =P 24
(S4)v1 = { T3S TS3} H 3 541)1 =V 8
(S4)v7 = {]. T3S TS3} H 3 541)7 =V 8
(54)1,2 = {1 53T3 TS} SHS™ ! 3 541)2 =V 8
(54)1,8 = {1 53T3 TS} SHS™ ! 3 541)3 =V 8
(Su)u. = {1, ST, S?TS} = S2HS~? 3 Sqvs =V 8
(S4)vs = {1,8T, S?>TS} = S2HS? 3 Sqvs =V 8
(St)e., = {1, S°T, S>TS?} = SPHS~? 3 Sqvg =V 8
(54)1,6 = { SBT S2TSS} S3HS 3 3 541)6 =V 8
(54)612 = {1 TSZ} J 2 54612 =F 12
(54)678 = {]. TSQ} = 2 54673 =F 12
(54)623 = {]- STS} SJS_ 2 Siea3 = E 12
(54)658 = {]. STS} SJS™ 1 2 54653 =F 12
(54)634 = {1 SQT} S2JS—2 2 Ssezs = E 12
(S4)ess = {1,5%T} = S?JS 2 2 Sses = E 12
(54)614 = { S3TS3} = S3JS 3 2 54614 =F 12
(54)667 = {1 S3TS3} = S3JS 3 2 54667 =F 12
(Sa)ess = {1,8T?} = (ST?)J(ST?)~! 2 Sie1s = E 12
(Sa)esr = {1,8T?} = (ST®)J(ST®)* 2 Siezr = E 12
(S)en. = {1,532} = (ST S)J(SPTS) ! 2 Sycss = E 12
(54)526 = {1 S3T2} (S3TS) (S3TS)_1 2 Siess = E 12
(54)f1234 = {1757 52733} =K 4 Safizsa = F 6
(S4) fsors = {1,8,5%,5%} = K 4 Safsers = F 6
(S4)f1256 = {1, 52T2, SSTS, STSB} =TKT-! 4 S4f1256 =F 6
(S4)f3478 = {1, 52T2, SSTS, STSB} =TKT-! 4 S4f3478 =F 6
(S0) frass = {1, T, T%,T°} = (ST®)K(ST®)~* 4 Sifiass = F 6
(S4)f2367 = {l,T, T25T3} = (ST3)K(ST3)_1 4 Safozer = F 6
(S4) 12315608 = S1 24 Sar12345678 = R 1
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