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Then (—a)* >0, by Case 1.
So a* >0, by Proposition 11.6.2 (f).
(¢) To show: 1 > 0.
1=12>0, by part (b).
(d) Assume a € F and a > 0.
By part (b), a2 = (a71)? > 0.
Soa(a™')?>a-0, by (OFb).
Soa ' >0, by (Fh) and Proposition 11.6.2 (a).
(e) Assume a,b € Fand a >0 and b > 0.

a+b>0+0b, by (OFa),
> 040, by (OFa),
=0, by (Fc)

(f) Assume a,b € F and 0 < a <.
So a > 0and b > 0.
Then, by part (d), a=! > 0 and b~ > 0.
Thus, by (OFb), a~'b~! > 0.
Since a < b, then b —a >0, by (OFa).
So, by (OFb), a™'b=1(b—a) > 0.
So, by (Fh), a'—=0b"!>0.
So, by (OFa), a™! > y~'.

1.4.5. If W is complete then B(V,W) is complete. —

Theorem 1.4.5. — Let (V.|| ||) and (W, || ||) be normed vector spaces and let
B(V, W) = {linear transformations T: V — W | ||T|| < oo} where

T
HTH:$m{ﬂiﬂ}vev}.

[ ]
If W is complete then B(V,W) is complete.

Proof. —

To show: If W is complete then B(V, W) is complete.
Assume W is complete.
To show: If 71, T, ... is a Cauchy sequence in B(V, W) then 11, T3, ... converges.
Assume T1: V — W, Ty: V — W, ... is a Cauchy sequence in B(V,W).
To show: There exists T: V — W with T' € B(V, W) such that lim,, ,,, T, = T
Define T: V — W by

T(x) = lim T, (x).

n—o0
To show: (a) If z € V then T'(z) exists.
(b) T € BV, W).
(¢) lim T, =T.
n—o0
(a) Assume z € V.
To show: lim,, o T, () exists.
To show: Ty(z),T5(x), ... converges in W.
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Since W is complete,
to show: Ti(x),T5(x),. .. is Cauchy.
To show: If € € Ry then there exists N € Z~( such that
if ;s € Z>n then ||T,(x) — Ts(x)| < e.
Assume € € R..
Using that 77,75, ... is Cauchy, let N be such that
if ;s € Zsy then ||T, — Ts|| < ol

To show: If r,s € Z>y then ||T,.(z) — Ts(z)|| <
Assume 7,5 € Z>y.
To show: ||T,.(z) — Ts(x)]| < e.

IT(2) = To(@)[| < 1T = Tell - 2] < 5 - lloll = €

[l ||
So Ti(z), Ts(x), ... is Cauchy and, since W is complete, T} (x), To(z), ... con-
verges.

So T'(z) = nh_)rgo T, (x) exists.
(b) To show: T' € B(V,W).
To show: (ba) T is a linear transformation.
(bb) |T|| < oc.
(ba) To show: (baa) If x1,x9 € V then T'(x; + x2) = T'(x1) + T'(x3).
(bab) If c € K and x € V then T'(cx) = T'(z).
(baa) Assume z1,z9 € V.
To show: T'(x1 + x9) = T'(x1) + T(x2).
Since each T, is a linear transformation and since
e+ WXxW — w
addition

is continuous in W, then
(wl,wg) = Wy + we

T(x1 4 x9) = ILm T (xy + x9) = le (T (1) + To(x2))
= lim T, (z1) + lim T, (22) = T(x1) + T(22).
n—oo n—oo

(bab) Assume ¢ € Kand z € V.
To show: T'(cx) = ¢T'(x).
Since each T, is a linear transformation and since

KxW —

scalar multiplication is continuous in W,
(c,w)

T(cx) = nh_{]g@ To(cx) = nh_)rglo T, (z) = cnh_>nolO To(x) = cT'(x).

So T is a linear transformation.
(bb) To show: ||T']| < occ.

T
To show: ||T|| = sup {% |z € V} exists in Ry.
T

Since || ||: W — Ry is continuous,
I T]] = || im T, ()| = Tim |7, ()]
n—o0 n—oo

< Jim [T, -l = [l ( Jim [IT,.]).



1.4. EXAMPLES 23

By assumption, the sequence T4, Ty, . .. is Cauchy and thus, since || 7| —
| Ts|| < ||T5 — T||, the sequence ||T4|], | 7], . .. is Cauchy.
Since R is complete, lim ||7,,|| exists.

n—oo

So
T = sup{M | T € V} < lim |75,
] n—$oo
and the right hand side exists in R-.
So || T < 0.
SoT € B(V,W).

To show: lim T,, =1T.

To show: I?e € R.g then there exists N € Z-( such that if n € Z-y then
T —T,| <e.
Assume € € R.
Using that the sequence T, 75, . .. is Cauchy,
let N € Z¢ be such that if m,n € Z.y then ||T,, — T,| < 5.
To show: If n € Z-y then ||T —T,|| <e.
Assume n € Zs .
To show: ||T'— T, || <e.
Since || ||: W — Ry is continuous,

I7() = Tu(a)| = || lim (T(a) — Tu(@))| = lim [ Ton(a) — To(a)]|

Since ||T,,, = To,|| < § for m € Zzy then |15, (z) = T ()| < 5|z for m € Z-y
and thus

€ €
_ — 1 _ < lim — —
IT() ~ Tu(@)] = lim | Tow) ~ T(@)] < lim Sl = S el
So [T —T,|| <§5<e
So lim | T —T,| = 0.
n—oo
So lim T, = T.

n—oo



