Assignment 1

MAST30026 Metric and Hilbert Spaces Semester 11 2017
Lecturer: Arun Ram
to be turned in before 2pm on 7 September 2017

(1) (diameters and distance to A) Let (X, d) be a metric space. Let A C X with A # ().
The diameter of A is

diam(A) = sup{d(zx,y) | x,y € A} and d(xz,A) = inf{d(z,a) | a € A}
is the distance from x to A.

(a) Let A and B be bounded subsets of a metric space (X, d) such that AN B # ().
Show that
diam(A U B) < diam(A) + diam(B).

What can you say if A and B are disjoint?
(b) Prove that A = {z € X | d(z, A) = 0}.

(c) Prove that if z,y € X then |d(z, A) — d(y, A)| < d(z,y).
[Hint: first show that d(z, A) < d(z,y) + d(y, A).]

(d) Show that the function f : X — R defined by f(z) = d(z, A) is continuous.
(e) Assume 7 € X and z ¢ A. Let
U={ye X:dyA) <d(xz,A)}.
Show that U is an open set in X, U O A and = ¢ U.

(2) (product topology) Let (X, Tx) and (Y, 7y) be topological spaces and let 7 be the
product topology on X x Y. Let N (p) denote the neighborhood filter of p.

(a) Provide an example (with proof) of topological spaces (X, Tx) and (Y, 7y) and
an open set Z in X XY such that there do not exist open sets U in X
and VinY with Z =U x V.

(b) Let z € X and y € Y. Show that

N((z,y)) ={Z C X XY |there exist U € N(z) and V € N(y) with Z DU x V'}.

(c) Show that if AC X and BCY,then Ax B=AXxDB.
(d) Prove that if X and Y are path connected, then X x Y is also path connected.
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(3) (Uniform spaces are almost metric spaces) Let X be a set. A pseudometric on X is
a function d: X x X — R.q U {oc} such that

(a) If x € X then d(z,z) =0,
(b) If 2,y € X then d(z,y) = d(y, z),
(c) f z,y,z € X then d(x,y) < d(z,z) +d(z,y).

For e € Ryg let B, = {(x1,22) € X X X | d(z1,x2) < €}.
For EC X x X let o(E) ={(y,x) | (x,y) € E}.
(a) Let X be aset and let d: X x X — R.gU {oo} be a pseudometric on X. Let

X ={V C X x X | there exists € € R such that V' 2 B.}.

Show that X is a uniformity on X.

(b) Let (X, X) be a uniform space. Let £ € X and x € X. Carefully define the
E-neighborhood of x and the neighborhood filter of x and prove that

N(z) ={Bg(z) | E € X}.
(c¢) Let (X, X) be a uniform space. For E € X, choose Fy, Fy, ... € X such that
o(E,)=FE, FE CE, and F,. Xx E,1 CFE,.
and let
Xg ={D C X x X | there exists k € Z~o with D D Ej}.

(ca) Show that Xg is a uniformity on X and X C X.
(cb) Show that X = sup{Xg | £ € X}.

(d) Let E € X, let Ey, Es,... be asin (¢) and let Uy, Us, ... € Xg such that
O'(Un) = Un, U1 g El, and Un+1 X x Un+1 Xx Un+1 g Un N En-
Define gg: X x X — R by

]-7 lf (]J,y) ¢U17
gE(I7y) = 27]67 if (:L‘7y) € Ulv (C(f,y) € U27' s (%y) € Uk and (I,y) g Uk—i—la
0, if (z,y) € U, for n € Z~o.

Show that
ge(.y) = ge(y,2), ge(r,y) € R, and if z € X then gp(z,z) = 0.
(e) Define dg: X x X — RyoU {0} by
dg(z,y) = inf{gp(x, 21)+ - +98(2p-1,9) | P € Lo, 21, ..., 2p-1,% € X, 2, = y}.
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(ea) Show that if 2,y € X then Lgp(z,y) < dp(z,y) < gp(z,y).
(eb) Show that dg is a pseudometric.
(ec) Show that the uniformity defined by dg (as in part (b)) is equal to Xp.

(f) Give an example (with proof) of a set X and a pseudometric on X which is
not a metric on X.

(4) (Continuous and uniformly continuous functions)

(a) Show that the composition of continuous functions is continuous.

b) Show that the COHlpOSitiOIl of llIlifOI'H’lly continuous functions is uniformly con-
tinuous.

(c¢) Give an example of a bijective continuous function such that the inverse func-
tion is not continuous.

(5) (posets and topological spaces) Let X be a set. A preorder on X is a relation < on
X such that

(A) If a € X then a < a,
(B) If a,b,c € X and a < b and b < ¢ then a < c.

Let (X,<x) and Y,<y) be preordered sets. A monotone function is a function
f: X — Y such that

if x1,29 € X and x; < x5 then f(zq) < f(x2).

(a) Let X ={1,2,3}. Carefully describe all preorders on X and all topologies on
X.

(b) Let (X, <) be a preordered set.
Tx ={UCX |ifzeUandye X and x < y then y € U}.
Show that 7T is a topology on X.
(c) Let (Y, T) be a topological space. Define a relation < on Y by
r<y ifzre {7}
where A is the closure of A. Show that < is a preorder on Y.
(d) Define a function F: {topological spaces} — {preordered sets} by
F(Y,T)) =(Y,), where < is as defined in part (b).

Show that if f: (X,Tx) — (Y, Ty) is a continuous function then f: F(X) —
F(Y') is monotone.

(e) Define a function G: {preordered sets} — topological spaces} by
G((X,X))=(X,T), where T is as defined in part (c).

Show that if f: (X,<x) — (Y, <y) is monotone then f: G(X) — G(Y) is
continuous.



(f) Show that if (X, <) is a preordered set then F(G(X, <)) = (X, ).

(g) Show that if (Y, T) is a topological space then G(F(Y")) is not necessarily equal
to (Y, 7).

(h) Show that if (Y,7) is a topological space and X is finite then G(F(Y)) =
Y, 7).

(6) (pointwise convergence does not imply uniform convergence) Let (X, d) and (C, p)
be metric spaces. Let

F = {functions f: X — C'}, (f1, fa,...) asequence in F'

and let f: X — C be a function.
(a) Show that if (fi, fa,...) converges uniformly to f then (fi, f2,...) converges
pointwise to f.

(b) Let X = C =Ry = {z € R | 0 < 2 < 1} with metric given by d(z,y) =
p(x,y) = |r —y|. For n € Z-q let

fa: Ry — RJ[S;” and let f: Ry — Ryo

X —

be given by

0, f0<a <1,
€Tr) =
/(@) {1, if v =1.

Carefully graph f1, fa, f3, fs and f. Show that (fi, f2,...) converges pointwise
to f but does not converge uniformly to f.

(7) (Connected sets) Let (X,7) be a topological space and let £ C X. The set F is
connected if there do not exist open sets U and V in X such that

UNA#0D, VNA#D, UUVDOE and (UNV)NE=4.
The set E is path connected if E satisfies

if x,y € F then there exists a continuous function
f: Ry — E with f(0) =2 and f(1) =y.

(a) Show that if E is path connected then E is connected.

(b) Give an example (with proof) of a connected set E' which is not path connected.

(c) Let {0,1} have the discrete topology and let A have the subspace topology.
Show that A is connected if and only if there does not exist a continuous

surjective function f: A — {0,1}.
(d) Show that if A C X is connected then A is connected.
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(8) (Banach fixed point theorem and Picard iteration) Let (X, d) be a metric space.
A contraction mapping is a function f: X — X such that there exists a € R+ such
that o < 1 and

ifx,y € X then d(f(z),f(y)) < ad(z,y).

A fized point of f: X — X is an element x € X such that f(z) = z.

Picard iteration is a method for solving equations of the the form f(z) = x where
f: R — R is a continuous function. The process is to let

a; = your choice, as = f(a1), az= f(as), ...,

and compute a = lim a,.
n—oo

(a) Let (X,d) be a complete metric space and let f: X — X be a contraction

mapping. Let x € X and let x1, 25, ... be the sequence
z1 = f(x), x2=f(f(z)), x3=Ff(f(f(2))),
Show that the sequence x1, s, ... converges and p = lim,,_, x, is the unique

fixed point of f.

(b) Let f: R — R be a continuous function. Let a; € R and let a,+1 = f(ay).
Show that if the sequence (ay, ag,...) converges and a = lim a, then f(a) = a.
n—oo

(c) Rewrite the equation 2* — 2z —1 = 0 as © = f(z), where f(z) = . Let
a; = 3 and use Picard iteration to compute a solution to (5 decimal places) to

23 —x — 1 = 0. Verify that your solution is correct

(d) Rewrite the equation ° —x —1 = 0 in the form z = f(z), where f(z) = 1—13.
Let ay = % and use Picard iteration to compute a solution to (5 decimal places)
to 3 —x — 1 = 0. Verify that your solution is correct.

(e) Explain carefully how parts (c¢) and (d) provide examples and insight into the
Banach fixed point theorem.

(9) (The Cantor set)

(a) Show that the Cantor set is the set of real numbers with $-adic expansion with
no 1Is.
(b) Show that Card(C') = Card(R).
(c) Show that if # € C then there exists € € Ry such that (x —e,z4+¢)NC = {z}.
(d) Show that C' is totally disconnected.
e) Show that C' is closed.
)

(
(f

Show that C' is compact.



