CHAPTER 1

NUMBER SYSTEMS

An ordered commutative ring is a set A with a relation < on A and functions

AxA — A AxA — A

(@,0) — a+b M Gy — w

such that

(Fa) If a,b,c € A then (a+0b) +c=a+ (b+¢),
(Fb) If a,b € Athena+b=">+a,
(Fc) There exists 0 € A such that

ifae A then 0+a=aand a+0=aq,

(Fd) If a € A then there exists —a € A such that a + (—a) = 0 and (—

(Fe) If a,b,c € A then (ab)c = a(be),
(Ff) If a,b,c € A then

(a+bjc=ac+bc  and c(a+b) = ca+ cb,
(Fg) There exists 1 € A such that
ifae A then l-a=aanda-1=a.

(Fi) If a,b € A then ab = ba.

(Pa) If x € A then z < =z,

(Pb) If z,y,2 € Aand z < y and y < z then z < z, and
(Pc) If z,y € Aand z < y and y < x then x = y.

(Pd) If z,y € A then z <y or y < x.

(OFa) If a,b,c € Aand a < bthena+c<b+c,
(OFDb) Ifa,bEAanda>0andb>0thenab>0.

a)+a=0,

An ordered commutative ring A satisfies the cancellation property if it satisfies:

(CP) if a,b,c € Aand ¢ # 0 and ac = bc  then a =b.

An ordered field is an ordered commutative ring IF such that

(Fh) If a € F and a # 0 then there exists a~! € F such that aa™! = 1 and a"'a = 1,
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1.1. The integers Z
The positive integers is the set
Zoo={1,1+1,14+1+1,1+14+1+1,...}
with operation given by concatenation so that, for example,
I+1+)+(Q4+14+1+1)=14+14+14+1+1+1+1.
The positive integers are often written as
Zwo={1,2,3,...}.
If x,y € Z~( write
x <y if there exists n € Z-( such that z +n = y.

If x,y € Z~o then x <y or x >y or x = y.
The nonnegative integers is the set

Zoo={0,1,2,3,...}
with operation given by the addition in Z-( and
(20) if v € Zzp then 04+2x =2 and z+0=u=z.
The integers is the set
Z={.,-3,-2,-1,01,2,3,..}
with operation given by the addition in Z-, and
(Za) If z,y € Z~o and © < y then (—z) +y =n and y + (—x) = n,
where n € Z-q is such that x +n = y.
(Zb) If z,y € Z~o and & > y then (—z) + y = m and y + (—x) = m,
where m € Z- is such that y +m = x.
(Zc) if ¥ € Z~o then (—x) + 2 =0, and z + (—z) = 0,
(Zd) 1 2,y € Zog then (<) + (~y) — —(z + )
(Ze) If v € Zsg then 0+ (—2) = (—2) + 0 = —z.

Proposition 1.1.1. — Let k € Z. Then there exists a unique function my: Z — 7 such
that

(a) If v,y € Z then my(x +y) = mg(x) + my(y), and

(b) mg(1) = k.

HW: Show that if k € Z and z # 0 then my is injective.

The multiplication on Z is

ZXL —> Z
(k,)) = kl=myl).

Define a relation < on Z by

r <y if there exists n € Z-( such that x +n =y.

Theorem 1.1.2. — The set Z with the operations of addition and multiplication and the
total order < is an ordered commutative ring which satisfies the cancellation property.



