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Let 6 be agroup
and

It a subgroup .

The setofcosets-ofltch-G.is
Glas 9g Hl gtHl where

gH= Eg H l htHl.
Theorems card16kCardLGIHIcardCH)

,

even better
the cosets partition G and
card log H ) ⇐ Card1HI

°

Can we multiply cosets ?



Proposition Let 6 bea group and
It a subgroup .

Then

% "%- % is a

(alt
,
#A)↳ abH function

makesagroup- itand only if
It is normal

.

WRON# RIGHI
Eixample G g-D5-fst.gr?sr.c }
with r3=l

,
stil

,
rsssr

' '
.

Let H- 91,57
,
5=1

.

The ↳sets of H:
H -- fist rlt-sr.rs} r'Hdr;#
'SH

, =rsH
, smolt

•
Glass H,rH,THI.

Let µ : %x% →%
(alt, BH) les ab H.



Then
µHH, rHl -- l - rH = rHihr, .rs}

= all'sH, rHT s srH = r'sHisribs}
OOPS

.

So µ is not a function
(The input lH, rH) = IsH, rH)
does not have a uniqueoutput ) .

This is just like
Rso - IR
x I→*

is nota
function .

since Tgs 3 and Pgs-3
.

and 315-B
.

A subgroup H is normedif it
satisfies :
IfheH and gEG ther

g
"hg E H .



Proof⇒ Assume ice is a function.
To show : H is normal.
To show.
If he H andgEG then

g-
'hg EH .

Assume htH and GEG .

To show : g-
'hg E H -

siege g-
'HH -- of

"H
.

g-
'hag c. g-Ihglt =pig"h H, g H)

= µ Ig-
'It
, g H)

= g-
'

gHs l .H=H .

£
of
'

hg EH.

So H is normal
.

⇐ Assume It is normal .
To show : pi is a function .

To show: If a,ya, b,,bzEG and
a, HsazH and b

, H-- but
then

a,
b
,H = azbill .



(a,$, H 'fuln,H, b , H) and(
arbeit quiault, b. HI )

Assume a, .ae, b, ,but6 and
a,
H 'anH and b, Hsbolt.

Since a. Gault
-then there exists

h
,
# H suck that a

, s aah,
since b, EbuH then there exists
theH suck that b, sbaha

Than
a b, sank, bake aububilh, bake

=anbabihbnlh-tavbaltsmaebjh.byEH (because Hisnormal )
and (birth.ba)hitH (because Hisa- subgroup

)
.

S
a,
b
,
H NanbuH to

.

So a
,
b
,
Hs aubelt , since the

assets partition G .

So µ is a funkion .
11

.



Pnaoositiov If G is a groep and
It is a subgroup then
%x%±s%
(alt. b H)↳aby

'
'

s a function

if and only if H is normal.
theorem Ifµ is a function
then 61 is a group .
ProofToshow '

.

(a) If a, .ae,age6 then
a
, H . tant .as H)' la,H.az H) .as H.

(b) There exists eat6 such that
if g EG ther
eHngH

s g$4 and gH
.ettsqH.

µ If gEG then
there exists BEG

such that

g HibHse
H and bH '

gHseH .



(a) Assume a, ,are, ay E G .
Then

a. It lastt.as H) s a,H lareas H)
= a

,
lataz ) H and

La, H -aah) .as H = a,adf.azIt
= la
,as

) as H .
and

a,
Iaeas ) = la

,
aday byassociativity

.
So GCH is associative .

(b) To share. There exists EEG
such that if GE G then

elt.gl/--gHandgHeH=gH .

Let ⑧ 'l
, where I is the

identity in G
To show : IfgEG their
alt .GH 'g H and g H -e HsgH .

Assume g c-
6

.

Then
alt -g H

-
- egH

s liq H-gH and
gHiett

-
- geHs g l H -g H .



So eH s l .H'H is the identity
in GlH

.

Let gEG .

To share. There exists be6
Such that
b High self and g HibHseH.

Let b sof
'
,

this inverse ofgch G
.

Then
b H ngHs bag H 'g'

'

g H
-
- l . H

seH and

GH . b H s g b H s gaj
'Hs l . H

= e H.

So g
'H is the inverse ofg H
in GlH

.

(also g'h H is the inverse

BOT
of g H ch 6%,

- g-
'h is most the inverse
of g ch G

)
"
.



Definition Let 6 be a group
and let N baea marginal subgroup.
The quotientgroup is GIN
with x%→%
(aw

,
bN) t abN

.

Now we've finally explained
why clocks are denoted

24 (Let me#
yo)

.

mZ2
.

B is a gorp Lunder K)
MEL is a wormysubgroup .

Mm# s {Otm22, Hm27, . . .

,
m- Itm ZZ }

is the set ofcosets
.

Dtm#MEL s Otmeh

So mtm# sOtmttt
Just as I2=0 in €41222

.



SikeIf b Em# and aC-22
then I-altb ta C- ME

then MEL is normal
.

-
"atheism "

If GE G and he H
then
ghH=gH .


