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Card161 - Conard(orbit) Card(Stahl.
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Let G be agroup .

A Gist is a set S with an action
of G

.

An action ofG is a
function G xs→s

(g, x) f- g.×
such that

(a) If g,get6 And X Es then

g .
. Igo . xI = Iggy . x

(b) If *ES and I .X s X
.

Let s be a G--set
.

Let xES
.

Stabs IN sSgt61g.sisx 3
G. x -- fg .* IgE6.1.



Theorem lorbit-stabilizer
Full version )
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(as The orbits partition 8 .

Cosdls) s [ Card(G .Xi)
.

distinct
orbits

(b) Let xe5and Hssta.bg (x).
Card1%1 = Card16 .x)

.

¢ Let xES.

Card Is LordKeax)CairdtotaledxD.

④ Let xES and gEG .

Then

stabs Ig .xlsgstaba.CNof'
Park La ) we proved last week .

Lb ) Assume xES and let
H s Stabatx) .

To show. GardCGH) =CardLG .x)
.

To show '. There exists abijection



y
'

. % → Gax

Let
y , GH → Gox

gH↳ g.x
to show :#al g is a function

.

HH y chjeefine
# y surjective .

¥1 To show : Ifgi ,getG and
gilt-galt then yIg, H) -gIgaH) .
Assume g,getGand g, H-- gu H .

Then
gig, . I c- gilt -gilt

so there exists ht Hsuch that

g sguk .

To show : y Ig, H) =p(gaHl .
To show: g ,

. x = gn
.X

.

g, ox = guk . x
-
- gu. (hax )
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So y is a function .

*b) Toshow: g is injective .

To show : Ifg,get6 and
91g, H ) =glgaH) than
gilt -galt .

Assure gi.glG and
Hg, HI =pIgaHl .

Then g, ox sgzox .

S x -- gi
'
. ga .x = gig.x .

So gi
'gaestabglx) =H.

To shows g, H =gz H .

g*- gigi'greg, Igi 'galEg, H.

So
ga H ng, H t 4

So gilt =gaff. (
since coset
partition G ) .



S g is injective .

(but to show : y is surjective .

To shove
. Ifegg E G

.x than
there exist gEG such that
gig H) sy

Assume yE G ax .

Then there exists GE G suchthat
y. -- ga x

Thang,GH) s ga k 'y .

So g is surjective .

So card 1%) = Card16.x)
.

Let xes
.

To show : Card181 ' Cartel6.x )

Let H-stab
,w .
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= Gardel%) card(StalagW)
(by lb l ) .

= card(GlH) card. lH)
=Card(G) (by Lagrange 's

theorem ).
(d) Assume xESand gEG .

Toshare. Stabs Cg.x ) sgstabglxlg'.
To show. (datstabdgaxlsgsta.bg/xlg '

idblgstabalxlgi's stabs (g .x).
(dat Let ye stabg Ig.x) .
To shave, E gstabs. LNof' .
To show '. There sexists dntstab IN
such that ysghgf'.
Let h sojyg .

.

Than
k .x -- g-'yg . x = g-

'
n ly . (g.x ))
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. (g. x)

=

g-
'
ga x = ! . X SX .

So he Staldoglxl .
To shows g- = ghaf' .
ysglgtyglg.IT
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⇐

ghg's glgtyglgtsggy.gg'
= I.y . I '

y .

⑥b)Toshow. gstebglklg '
c- Stabs (g. xl.Let z c. gstabglxlgl.Then these exists hestab

↳
Las

such that zsghg" .

To show
. z d- Stabs (gaa) .

2- a Ig .N s ghg
"
. Lga Kl.

= ghoflg . x



= gh . x
= g. (h . x)
-

- g. x (1%74%1×1)
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So zestabglq.tl .
So
gstabgklg-stabglg.tl .
-

conjugation action
and Class equation-
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Hosta
-- u⇐ '6%8 HI . x

= U g(Hae) .
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= u.g.xi@YatcEs.e,
↳sets " %
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Yesterday f:b→ Hadromomarphism-and Kskerf
.

Then 61k€ but as groups
#Isis a G-set, xes and Hostage

.

61µs G. K as sets
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Category Morphisms
sets functions
Groups homomorphisms
Vectorspaces Liheartransfumefui

.
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Ranklnvllity theorem .


