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Let L
,
> : Vx V→ It be a

sesquilinear Asm . Let Wbe
a finite dimensionalsubspace ofV
and WA WIso
the o.rthogonalpnoj-et.inosetow
is the unique linear transformation
Pw : V→V such that
I1) If v E V their Pw Iv) t'W

.

121If vEVand WE W than

< v
,
w 's s k Pw Lil, w > .

(A) If we wthen w- Pw Iw)EW
and w - Pwlw/ E Wh Lsince
if w'E W Ewen

(w- Pw Iwl, w '> s Lw, w '5-(Pw Iwl,WD
= Lw,wit - L w, w "D= D

. )
.

So



w - Pwlwl E WA Wt.s0
.

So
w - Pw (w) so and

Pwlw) 'w .

(B) If ve V than Pwlvlew
Pwlpwlv)) s Pw Iv)

So pjspw (idempotent) .

(c) Define Pwi ' l- Pw
.

If ve V than Pwilv) E WI
(since WEW then
(Pwtlvl

,
w'> self-Pwllvl, w'>

=L v-Pwlvl, w '>
= Tv

, w
'> -(Pwlv), w

'>

=L v. w 's - ( v. w '> so )
.

(D) (Pwd 's Pat , ( the:%am%?)



Shrine

Nwsl 's l l -Pwlll- Pw )
= I-2Pwt Pw

"

s l-2Pwt Pw = I-Pw = Pwt
.

(E) Pw Pw, so s Pwspw
.

www.s.Pwpf.tpwd.pw.pwsd
(F) Is Pw + Pwt
a

sine pwtpwi , put ll- Pw) =/ .
theorem keep W is a fin .

doin 'l subspace of Vand
WA wtso

.

Koen
v , W④Wt .

(orthogonal decomposition)
.



BootTo sEns Vs W④Wt .
To show :(at V - Wt wt

lb) WN WHO
.

lb ) is true by assumption .

Lal Toslew :(aal Wt Wtc
Lab) Vs Wt wt

.

Laal since W and Wt are
contained in V and Vi's
closed under addition then
Wxwtsv

.

(ab) To shave. If VE V then
there exist xEW and

y c-Wt such that vsX#y .

Assume VE V
.

Let * = Pwlul and y 'PwdV) .
Then
xtgspwlv) + Pwtlv)



= lpwt Pwt ) Lv) = l v
= V

.

S V s wt wt
.

S V = w t wt and f-W④W%
Reward In Block decomposition
theorem we had

plxlrlxltqlxlslx) =/
and pus plA)r IA) and

Pw -- q (A)s LA)
and
put, Pa , PJsPw . IsPutPw

and U④ W s V
.

-

Adjoint : Same setup:
W is a fin . dim 'l subspade
of V and WA WHO

.



Let Ew
.. .

. .

, wel be a basis ofW
and { w '

,
.
. .

,
wk I be the dual

basis to {w
. .

. . .

,
wks with respect

to L
,
S
,
i.e

.

< wi
, wigs = bij .

Let f: W→ W be a linear
transformation

.

The adjointoff is the
linear transformation ft:W→W
such that

it x
,yt w then

<flat
,y > =Lx, fHy)>

.

If we w than write

ws C, W, t - - - t CKWK
.

Tween

Ej = lwi, Cj Wj)
=LWJ, 4W, t . - - tCKWK)



= Cwi
,
w >

&
W s Lwtwy wit - - - tfwkw> wk

.

Apply this to ftyy) .

ftyyl-Lwl.fi#yDw,t--nt-LwkTfTgDwk=!&&wi,f*TyDwi
-

%tyy=,¥Lflwiy7W€
This is a formula for f*
purely in terms of f- and
{w

,. . . . . Ww1 and {w ', . . . , w "3.
A linear transformation f:Wow
is

La) self-adjoint if f-=ft .

( "⇐ifx.g. EWthen (fix),y>Kx,flyD.)



*
(b) an isometry if ft 11

(
"

Fifa
,yea then Lflxl,fly)

=Lx
,
#fly))

K) ismormont if fifthsf- *f
.

Favaritecciample
W= In and L

,
> is the

standard dot product .
Let {g , . . .

, en I be standard
basis

ei , it

{er , . . . , ca } is orthonormal .
Let f : W→ W be a linear
transformation . Let AE th II)
be the matrix off with
respect to {q , . . ., eat

.



So f ; an→ In

cyan.

ur↳ A w
.

The matrix of ft; en
v tsAtv

(with respect to See , . . . ,en s) is
D-*c- the 141 given by

A *Ii
, j) = AHI .

twe write A*= It)
.

Since

@AtYe.ileee-Atei-ftYq.yL51u-e.E
,

4k¥tee
.

I ''FIEla
=⇐Ate> ee!

for#up)

-
-%
,
,¥
,sina.ee#eiseeeTceeeSscLeT.ee-.cLeTaee7



=

e.4.AT#keT.eisee.-.e&AhiTtee
.

So Atle
,
its Akil)

.


