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. VxV→IF a Sesquilinear

form and W is a finite din ' l

subspace of V and WA WHO
.

Let f: W→ W be at.near transf.
and ft '. W→ w the adjoint
linear transformation .

( if x.yTWthan tfw,y> six,MyD.)
la ) f is self-adjoint if f= ft .

lb) f is anisometry if fft's I.sf*f
(c) f is normal if f*f= fft

.

Favourite example is when
Us ①u and L

,
> is the

standard dot product .

(7) a unit unit . - -TuneIn

the
Let A be matrix off'

and A* be the matrix offt



with
'

respect to the favourite
basis 9er . . . .

,
end where his

th

f i.① n-Qu
U l- Au and

ft! → gu
v↳ If*v .

and

① *, pit
. ( conjugatetranspose

=Hermitiandual
.

(Note: LAB) 's DBT= BEAT
= Btft, ①*At)

.

A is Hitman if A=At
(i.e. self-adjoint).

A is unitary ifAA *s I =A*A
Lie. isometry ) .

A is morad if A-A*sD-*A
.

What is reason for unitary
matrices ?

The gaggergroup is



Gcn Lal 'EPEMiskell Parishat. -bed
.

Proposition The map
ftp.?.%ab%eefaufsGcuLal
Cpu . . .,put i- ftp.

,

. -
. ply)is a bijection

the unitasygroup is
Unless SueMnkill Easy )
(Un Ldl is a subgroup of Glen (Q1)

.

Proposition The map
{T.EEEnm.ee } e- Uncas
lui . .

. ..ua/ 1- (dy - -

-§
What is the reason for

normal matrices ?



A subspace W is A - invariant
if Iv satisfies:
-

if WE W and A-w E W
.

Proposition Let A EMn Ld )
.

such
that AA *⇐AtA

.

Let Xtc
and

vi. KerlX -A)
= {veal K -A)v so }
= {pedal ApsXp 3

.L X-enigmaspace ofA) .

Then
( as V, is A - invariant
Ibl V
, is At- invariant

(4 VI is A- invariant and
H VI is At- invariant
Proofs@ To show: Ifpt Vx

then Apt Vx
.



Assume p EVx
.

To show : Ap E Vx .

Ap = Xp E V, since Vx
is a subspace
andXEQ

.

(b) To show '. Ifp t Vx then
Atp EVx .

Assume p t Vi
.

To show : A*p t Vi .

To show : A(Atp) s t (Atp ) .
D-A"p sD-

*Ap (since Ais
normal )

= A*Xp = X Http .

S V, is A* invariant
.

*④ To shear : Vat is A-invariant
.

To show : If u E Vf there
AT evi

.

Assume V E V#
.



*To show: A v E V# .

*To show : If p E V, then (Av, p>so
Assume p E Vi

.

To skew : L AY
,p ) s O .

(A *v
,p > = cp.AT
-

= (Ap, V>
= ftp.T
-

= up , v>

= IT
,

since Vt Vf
,

= 0
.

So Attu E VI and Vat is Atahvt
.

(c) To show : V¥ is A-invariant
.

To show : If VE VI then AvEV,f.
Assure v t tht
To show : Av t tht .



To show '
. IfpEV, then

LAv
, p > =O .

Assure
p e Vi

.

To show : LAv
, PD sO .

<Av
, pas v. A *p > "

pigy,
O
,

since Vx
is HEinv t

.

and V E V¥.
So Nxt is A-invariant

.H
.

theorem (spectral theorem)
.

Let n E Eyo and let AC-Mn (¢)
and assume 17D- *=A*A

.

Lal Then there exist k
, s .

. . , knee
and a unitarymatrix U
suck that
U "A U ' l " %)

.



Lbs Let UsIn with the standard
dotproduct . Let f: V→ V be
a linear transformation suchthat
fft, f*f

.

Then there
existsan orthonormal
basis &Uc , . . .

, lead of V
such that we , . . ., un are
all eigenvectors off

.

(a) and Ib) are equivalent
by taking A to be the matrix
of f with respect to G, . . . , en)
and
us fly. . . - din)

Corollary Assume 17 is
self adjoint . Then
A diagonal.sable and old
eigenvalues are real .



Proof Assume A is selfadjoint.
So AsA't

.

So AA*sAA sA*A
.

S A is normal
.

So the spectral theorem says
there exists HELlull) with

Uta*U''All = (tf . . =D

Then

['o' =D*= (u#Aug
*

= U * At µ*gt
= U
'tA
't

U .

= U*AU'D
.

=L " -

-yd
.

So I
,
- X
, . .

. . . In' tu
.

So HEIR, . - - inEIR - b
.



goop

G← MuleI
Represent your gap as
matrices

.
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,
operation .
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