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Principal ideal domains PIDS
(have good god's : god Lab)
is well defined)

.

Let 1A be a commutative hug .

Examine It .

Nonexempt MnlQ1 turns . I .

lIsakisfiestha#eafir
tan if it satisfies

⇐↳
if u
,
b. CEDA und etO and

ace bc then a -b
.

lA@rokerodiv_isorsifLASatisf.es

if a
,
b EA and ab sO

(NZD) then asD or b s O
.



HI! IA satisfies KL) if
and only if It satisfies
Let#HEDahanmutative rug

ifIA is an integrator
H satisfies 44

.

Eixample A, or a field IF.
Q, IR,Q .

Nonexempt ¥4227
.

In 2242¥ , 3 '450
.

-

ideals

An ideal
,
orsubmodule, ofIt

is a subset ME117 suchthat
I-4 If m

,.mu EM then m, MitM.

I b) Ifme 14 and aEIA then
am E M .

Line
.
M is closed under addition
and s -cardor multiplication ).



(sameas a substage exceptIA doesn't have to be afield )
.

A principal ideal demeanor
PID

.

-

is

a commutative mug If such
that

cat IA satisfies 44
,

lb) If M is an ideal of117
then there exists LEIA such
that MsLEA

(multiples work well in a PID)
.

(Ht it. is every ideal isgenerated by one element)
.

( analogy : A cyclic subgroup
is a subgroup generated
by one element )

Exempts 27 322522
.

or IF.afield, or IFExt .

Nonexain-pe.hn integraldomain



but is not a PID .

①Ex
,y ) or 2-Ex ]

.

In TELEX]
,

then 14 open by 2, X
is 2.274 ) x x FLEX] is an ideal
that can't be generated by
one element .

In GEX
, y ) then
XQCX

,y] +you,y)
is an ideal that can't be
generated by one element.
-

Let It be a field and let
M be an ideal ch IE.

So ME IE
,
closed under

addition and under scalar

multiplication .

If M¥0 let a c- M .

with also
.

Then scalarmolt . by atElf

gives oil. a. EM
.



So I EM.

So c. 1 EM for cells
.

S M sit
.

So if M is an ideal in It

then 14=0 or MsFl
.

(i.e
.
IF "has no ideals ")

.

A nsrg with no ideals is
a simpering .

A group with honoring
is a simple groups

A module with no submodule
is asimpk# .

(
"

simple
"

and "irreducible "
ane synonyms

)
.

So IF has only the ideals
0 . IF and I . IF

So if is a PID
.



6¥: If It is a field then
IFEXT is a PID

.

Iconsequence is that for
polynomials you work with
gcdlplxbqlxl) and lcmlplxbqfx)).

Proposition lEuclidean algorithm
for #Ext )

.
Let IFbea

field . Let alxl, but c- IFEx]
with b LH mo'm 's .

Then there exist qtxbrcxklffx)
such that

alt) s qlxlblx) trLx) and

deg LrtxD d dog lbw) .
Examples as 2×4-13×2

b s tht 2 .

2×4*3x 's 2¥14k¥21thas q b t r



2×2- I
X42t¥3x

2×4+24×2
-
- X
- x4 2
T

POINT: Just figure out what
qlxl has to be .

Pivot Let alxl, b Cx ) E#Ex]
with b txt movie . Let

at# Gota, X t asextet . - - t-an X
n

b IN a bot b, Xt - - - tbm.fm#xm .

To show. There exist qlx) and
rlxl such that as q b trand deg r L degb .

Let
qlxlsqoxq.tt . - - t qn.mx

" -m

given by
9h -in s Anan.



qu -m -it In -m b
m- ,

= an -1

!

En-m-jt En-m-g:p bin -it
- - - t 9n-m-Ibm-ja

,

;

t 9n-m bm-join-j

gotg, bm-i t ' - - ton-m-I bnn- In-m)ti
For convenience let
b-Koo for KE27>o

+ 9n -m b m-ln-m ) ' Em .

This system of linear equations
is triangular and so
Eo , q , -

- - s En-m are determined.

Then define (the remainder)
.

rIx) s ate -qlxl bw

Un#ss : Assume
a lat s q, IN bIx) tr, Lx)
alNs q CN blat trial

with deglr, LN) L deg lbLal)
deg LrnKl) skeg lb Lal)



To show! q, #squat) and
r, lets Valk)

.

Simcoe
O , atx) -alt)
= ⑨ IN-qlxllblxtxlrilxtralxl

Solve for qlxs-gala to get
q , but-grew so . (YT

Then glasgow .

Huggins)
.

And r
, but-rdx)so .

S r, lets KIN
.¢

.


