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bet 1A be a commutative ring .

An ideal, or lA-submody, ofIA
is a subset 14S 1A such that
41 Ifm

, ,mzEM then MitsuoM
H IfmEM and a EIA then

amEM

IA is a PII, or principal
i# domain

,
if117 satisfies

(1) Ifa
,
byEIA and CFO and

a.c = bc then a -b
( cancellation law)

(2) If M is an ideal of It then
there exists LE IA such that
MsLD

.

Examples It , andLTE is
miItipies ofL.



GOAL. If IF is a field than
IFExt is a PID

.

Proposition (Euclidean algorithm
for IFEx )) Let alxl, blx ) EIFEXT
and b txt is monic then there
exist unique glad, r W d-FELT
such that

alNs qLH blatrIx) and

deg LrINI d deg Lb tell .
Partial fractions
-

Backwards ofcommon denominator.
For example :

5×+22

¥115
" It + It

.

Another example '.
3 I

-33 = I t 23
SL#pwtafYis



Splitting Let It be a PID .

Let p.ge/A with

pkftqIA-IAL.li
.
e. p, q are relatively prime,( ie
. god Lp,g) =/ )
There exist r.SE If such that

prtqs = I
Then
pig , Popoff = rq + sp.

and

a-pqsajhsappga9I.ggtaps
-

Primeqoowarsapd+ ¥51Ep, = aiptauptaz
p
3

with
q.az,ask IA



(This is decimal expansion in
the case polo\ a
,
104an Iota, 153 ailosaulotaz

103

% -1%51%-0
.

= 2651000
The

"

digest
''

a
, .az, aye 90,1, . .

.

, 93)
-

Reorientating oflAIµ.

If asbq*r then aqsbtrq
.

-

Partialfraetions fog
2×4+3×2
-

1×4114*42-5
Note : Using Euclidean algorithm
4415, x'1×44+1

So 1=4×41×421+4415 .



so
2×4+3×2

Fixe,
= 4×4914724*4114×44

= 2×2-1

It t
2-
44151×44

= 24×41,7 + www.iil-xz#
KID4*4-21
a

= 21×411-3 -142×4 + 2
-.

(X 't l) u x 4- 2

= - I

x¥, a
# 2×42

Proposition Let IFbe a field .

If M is an ideal of IFEx ] then
there exists LINEIFEXT such
that M ⇐ llxl IFEx) e

( From the depths
:

Let AEMn KEI . Them



eva : #ExT→ Mn (IF)
potp,Xt . - -tpkxktspotp,At - -tpKAK

Kerley,I ' {pkNEiffel (plA) so }
.

÷÷÷÷÷÷÷÷÷÷¥÷:o)And Mabel divides datIx-Al
.

it
. dellx-A) is amultiple ofmyId .

REALLY

Kerley) s m Ix ) IFEx]
A

Prod Let M be an ideal ofFEI
.

To show. There exists allxlGFI]
such M sllxlIFEXT

.

Let m KIEM be such that

if plxlEM then deg404417¥ deglink).
HtmW smotm,xt. - - * madKd with Md#O

.



Lete1×1 → 1mg Imlxl)
= momI'tm,mixt - - otmd.in'dXd"

t xd .

To show : LINREX] sM
.

To show ! Lal 1k$tFEx7 EEM
lb) M SlWIFEY

.

Lal To show. IfplxlGEEK] then
heldplx) E M .

Assumep!HE IFEXI .
To show: plxlLINEM .

Since M is closed under scalar
multiplication by elements of
IFExt then plxlllxlEM..

So LINIFEXIEM
(b) To show. M s llxllfEx )

.

To show. Ifalet EM then
old ElletIFEx)

Assasme abutEM.



By the Euclidean algorithm,there exist 91×1,NHEIFEXJ such that
a lil = qlxsllxltrlx)
and deglxrlxl) s deglllxll .
Since a lxl EM and L (x) EM
and M is closed under scalar
multiplication and addition
then
rt# ⇐ a 1×19-gladH EM.

By construction dal has
minimal degree among elementsof M so

degllrlxlkdeglllxll trees
orLet 0

.

•
alxssqlxsllxl tallestFEN

.

So Ms llxllffx)
.

So MsLINIFEXT
.x

.

deglaotqx taunt - - - -) is
the maximal d c- Edzo suchthatad,#O

.


