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Let bea field .

Let A c- Mullet.
The minimalpolynomialofA
I.

MAIN is the smallest degree
monic Ltop coetf. is 1)
polynomial such that

m, IAlso .

The characteristics
of A is dat l*-A)

theorem (Cayley-Hamilton)

datk -A) is amultiple ofM¥1.
Examples A = 169) .

dat la-Al s dat1189)-(69))
= dot('f'%,) = Cx-it.



Plug in A :
ya -15.4691 -16915

= 1%5=188)
.

Ma lx ) s x- l .

malAl --A-I s 169)- 169)
= (881=0 .

datIx-Al ' K-43×2-2×-11
MAIKI s x- l .
#

Let AEMu Idf) .
The matrix A is diagonalisable
over IF -if there exist PEGlu LIF)
(Gta LIF) is invertiblematrices)
and ki, .

. ., dnt# such that

P'
'

AP = ("



wnjtiaglx. . . . .Aul ' %)
Let Drs (''o ' .

dat ID) = d, hi - - Xu
If A is diagonalisable
than

hotHA) s datIPI
'

datCPIdetox
= dot lpl

"
della)deTIP)

= dotlP
"!datIA)detCpl

= dat lP"AP)
=diet 1.D) -di - - X

n .

antix-D ' dot to
s dat (
""

o

'

×)



= (x -tillx. XI - - - Ix- Xu )
In this way we know, or
calculate the characteristic
polynomial of diagonalisablematrix

.

Howdo we -know ifA is
diagonalisable .

Theorem Let AEMulk) .

Then

it is diagonalisable ifand
only if there exist n
linearly independent eigenvectors
ofA
Prod(sketch .

⇒

Assume P'
'AP = (t

Then
Aps P



we
n . l:::) . pit:!:) . . - as
" fish - iii. al:÷÷:
e::

a:::÷÷:
" if - -

- t

. +he columns

so Apis tjpj . (gtganf.EEF).
Use a theorem from before

{base,goat§← Glenda



(p" . . .,put '→µ . - -

'

pg) =P.
So P being invertible implies
the columns are lcheerly
independent .

This completes the proofof⇒ye
.

I#agmiabR
but which is diagonalisableoverCl .
-

Let A = b)
.

Then

dat Ix-Al -- dat 9)-fo, f))
-
- dat( Y

'

t) = Ntl .
There is ze real number XEIR
suck that 441=0

.

So dat lX -A) to if t EIR
.

So Ken H -A) if AER
.

So A EMMalIR ) has no
higherrotors in IR ?



So A is not diagonalisable
oxor R

.

LetLx-A) -- x.41 s Ix- i) i)
so i and -i are roots ofXII.
i.e
. i 4 , so and fit7- 1=0
So over Q , there is an eigenvector
p, of eigenvalue i, p,and another eigenvector of
eigenvalue -i .

Since i and - i are distinct
than p, and pie are linearly
independent .

So if Ps fig, ply) than
P
" to, b) P =L )

.

To find p, we want Ap, s ip,
Icome multiply p, boy any nonzero
constant and still A yup,)= ik



So assume pi ' (!)
.

Want
Ap. . Ill'd sittin

.

so (4) silk) .
So c. si

.
So p, s (E)

.

To find Pu. .
assume pus (L)

.

Want

p.pe/.9bKdl--tiYdl---ipr
.

so " Kid)
.

So D= - i . So past!)
.

So p. ( in
,

s ( 'i ti)
.

mpdnpp.info?i )
.

So A is diagonalisable overQ .



If A c-Mullet is diagonalisableovwthten A ↳"s n linearly
independent eigenvectors ME.

T.in:244#enlyEagmvcectyC?
Let it . (f ;) c-Milk) .
Then
,pot . Ifill'd :( 'o)

S
p, s(f) is an eigenvector

of eigenvalue l.
A 1%161149 -H

.

So 19) is not an eigenvector .
A (Ba) =L'd than
to:X'd -- l'd

.

so I''Il 't'd
.



So Itest
.

So as0
.

So on¥ option for an
eigenvector of eigenvalue )
is p, ' (b)

.

detlx-Al - dot(¥9)- (lol))
- dat ( "o ' 'x'!,) = Lx-it .
Se the only possible eigenvalue
is I

. If 441 than detLtA)to
.

Exempts
1.961 to;)
nothing . one eigenvector
over IR but only .

is overd
.

If dat (t -A) = 0
than X -A is not invertible
and KarlX-A)to

.



If dat H -A) to
then t -A is invertible
and Ker Lk -A1=0

.

Karlf)=D ←⇒ fis injective .


