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1.7 The exponential and the logarithm

The exponential function is the element ex of Q[[x]] given by
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Theorem 1.2. As an element of Q[[x, y] (which has xy = yx),

ex+y = exey.

HW: Show that e0 = 1.

HW: Show that e�x = 1
ex .

The logarithm is

log(1 + x) =
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Theorem 1.3. Let

G = {p(x) 2 Q[[x]] | p(0) = 1} and g = {p(x) 2 Q[[x]] | p(0) = 0}

Then

(a) log(1 + (ex � 1)) = elog(1+x)
� 1 = x.

(b) G is a commutative group under multiplication, g is a commutative group under addition and

G �! g
p 7�! ep � 1

is bijective and satisfies '(p1p2) = '(p1) + '(p2).
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