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2 Lecture 2, 2 March 2022: Macdonald polynomials

2.1 Page 1: Nonsymmetric Macdonald polynomials

Let C[X] = C[x±1
1 , . . . , x

±1
n ]. Let Zn denote the set of length n sequences µ = (µ1, . . . , µn) of integers.

The ring

C[X] has basis {x
µ
| µ = (µ1, . . . , µn) 2 Zn

}, where x
µ = x

µ1
1 · · ·x

µn
n .

The symmetric group Sn acts on C[X] by permuting x1, . . . , xn so that

(sif)(x1, . . . , xn) = f(x1, . . . , xi�1, xi+1, xi, xi+2, . . . , xn).

The symmetric group Sn acts on Zn by permuting the coordinates so that

si(µ1, . . . , µn) = (µ1, . . . , µi�1, µi+1, µi, µi+2, . . . , µn).

Then six
µ = x

siµ for µ 2 Zn and i 2 {1, . . . , n� 1}.
For f 2 C[X] and i 2 {1, . . . , n� 1} define

@if =
f � sif

xi � xi+1
.

Define Eµ for µ 2 Zn by the following recursive process:

(E0) E(0,...,0) = 1,

(E1) E(µn+1,µ1,...,µn�1) = q
µnx1Eµ(x2, . . . , xn, q�1

x1),

(E2) If (µ1, . . . , µn) 2 Zn

�0 and µi > µi+1 then

Esiµ =
⇣
@ixi � txi@i +

(1� t)qµi�µi+1t
vµ(i)�vµ(i+1)

1� qµi�µi+1tvµ(i)�vµ(i+1)

⌘
Eµ,

where vµ 2 Sn is minimal length such that vµµ is weakly increasing,

(E3) E(µ1�1,...,µn�1) = x
�1
1 · · ·x

�1
n E(µ1,...,µn).

The set
{Eµ | µ 2 Zn

} is a basis of C[x±1
1 , . . . , x

±1
n ].

2.2 Page 2: Symmetric Macdonald polynomials

Let
C[X]Sn = {g 2 C[X] | if w 2 Sn then wg = g}, the ring of symmetric functions.

For � = (�1, . . . ,�n) 2 Zn with �1 � · · · � �n, let x
� = x

�1
1 · · ·x

�n
n and let E� be the nonsymmetric

Macdonald polynomial indexed by �. The symmetric Macdonald polynomials P� are defined by

P� = P�(x; q, t) =
1

W�(t)

X

w2Sn

w

⇣
E�

Y

i<j

xi � txj

xi � xj

⌘
, (Plambdadefn)

where W�(t) is the appropriate constant which makes the coe�cient of x
� equal to 1 in P�(q, t).

Various specializations of the P�(x; q, t) have their own names.

m� = P�(x; 0, 1) are the monomial symmetric functions ,

s� = P�(x; 0, 0) are the Schur functions,

P�(x; 0, t) are the Hall-Littlewood polynomials .

10



GradStudies A Notes, Arun Ram, version: February 18, 2022

Proposition 2.1. If � = (�1, . . . ,�n) 2 Zn with �1 � · · · � �n then E�(0, t) = x
�.

Using Proposition 2.1 gives formulas

m� =
X

�2Sn�

x
�
, s� =

X

w2Sn

w

⇣
x
�
Y

i<j

xi

xi � xj

⌘
(2.1)

and P�(0, t) =
1

W�(t)

X

w2Sn

w

⇣
x
�
Y

i<j

xi � txj

xi � xj

⌘
.

2.3 Page 3: Fermionic Macdonald polynomials

Let

(Zn)+ = {� = (�1, . . . ,�n) | �1 � · · · � �n} and

(Zn)++ = {� = (�1, . . . , �n) | �1 > · · · > �n}.

The map
(Zn)+ ! (Zn)++

� 7! �+ ⇢
where ⇢ = (n� 1, n� 2, . . . , 2, 1, 0), (rhodefn)

is a bijection.
For � 2 (Zn)+, the fermionic Macdonald polynomial A�+⇢ is

A�+⇢(q, t) =
⇣Y

i<j

xi � txj

xi � xj

⌘ X

w2Sn

(�1)`(w)
wE�+⇢. (Alambdadefn)

Theorem 2.2. (Weyl character formula) Let � 2 Zn with �1 � · · · � �n. Then

A⇢ =
Y

i<j

(xi � txj) and P�(q, qt) =
A�+⇢(q, t)

A⇢

.

2.4 Page 4: Eigenvalues

Define operators T1, . . . , Tn�1 and g on C[x±1
1 , . . . , x

±1
n ] by

Tif = t
� 1

2
�
t�

txi � xi+1

xi � xi+1
(1� si)

�
f and (gf)(x1, . . . , xn) = f(q�1

xn, x1, . . . , xn�1).

The Cherednik-Dunkl operators are

Y1 = gTn�1 · · ·T1, Y2 = T
�1
1 Y1T

�1
1 , Y3 = T

�1
2 Y1T

�1
2 , . . . , Yn = T

�1
n�1Yn�1T

�1
n .

Theorem 2.3. Let µ 2 Zn and let i 2 {1, . . . , n}. Then

YiEµ = q
�µit

�(vµ(i)�1)+ 1
2 (n�1)

Eµ.
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2.5 Page 5: Creation formulas

2.5.1 A creation formula for Eµ

The intertwiners, or creation operators, are

⌧
_
⇡ = x1T1 · · ·Tn�1 and ⌧

_
j = Tj + t

� 1
2
(1� t)Yk
Yk � Yj

, (creationopsA)

for j 2 {1, . . . , n� 1}.
Let µ = (µ1, . . . , µn) 2 Zn

�0. The minimal length permutation vµ such that vµµ is weakly increasing
is given by

vµ(r) = 1 +#{r
0
2 {1, . . . , r � 1} | µr0  µr}+#{r

0
2 {r + 1, . . . , n} | µr0 < µr},

for r 2 {1, . . . , n}. A box in µ is a pair (r, c) with r 2 {1, . . . , n} and c 2 {1, . . . , µr}. If b = (r, c) is a
box in µ then define

uµ(r, c) = #{r
0
2 {1, . . . , r � 1} | µr0  c� 1}+#{r

0
2 {r + 1, . . . , n} | µr0 < c� 1}.

Theorem 2.4. Let µ 2 Zn

�0. Letting

⌧
_
uµ

=
Y

(r,c)2µ

(⌧_
uµ(r,c) · · · ⌧

_
2 ⌧

_
1 ⌧

_
⇡ ), then Eµ = t

� 1
2 `(v

�1
µ )

⌧
_
uµ
1,

where 1 is the polynomial 1 2 C[x±1
1 , . . . , x

±1
n ].

2.5.2 Creation formulas for P� and A�+�

Let w0 be the longest element of Sn so that

w0(i) = n� i+ 1, for i 2 {1, . . . , n}, and `(w0) =
n(n� 1)

2
=

✓
n

2

◆
.

Let z 2 Sn. A reduced expression for z is an expression for z as a product of si,

z = si1 · · · si` , such that i1, . . . , i` 2 {1, . . . , n� 1} and ` = `(z).

Define
Tz = Ti1 · · ·Ti` if z = si1 · · · si` is a reduced word for z.

The bosonic symmetrizer and the fermionic symmetrizer are

10 =
X

z2Sn

t
1
2 (`(z)�`(w0))Tz and "0 =

X

w2Sn

(�t
� 1

2 )`(z)�`(w0)Tz. (symmdefsA)

The creation formulas for P� and A�+⇢ are

2.6 Lecture 2: Notes and references

Macdonald [Mac, Ch. I (1.13)] uses the notation � for (n� 1, . . . , 2, 1, 0). The element ⇢ is such that
h⇢,↵

_
i
i = 1 for the simple coroots ↵_

i
. In the case of reductive groups which are not simple (like GLn

or Kac-Moody groups) the element ⇢ is not uniquely determined by these conditions. For the group
GLn, ⇢ = (n � 1, . . . , 2, 1, 0) is a favorite choice, whereas for the group SLn (which also has a type
A root system) ⇢ = (n�1

2 ,
n�3
2 , . . . ,�

n�3
2 ,�

n�1
2 ) is the only option. Since this section is focused on

Macdonald polynomials for type GLn it seems sensible to use the notation ⇢, in place of Macdonald’s
notation �.
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