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3 Lecture 3, 9 March 2022: The double a�ne Hecke algebra (DAHA)

3.1 Page 1: Presentation of the DAHA

The double a�ne Hecke algebra (of type GLn) is the algebra generated by symbols g and xk and Ti

for i, k 2 Z with relations

Ti+n = Ti, xi+n = q
�1

xi, xkx` = x`xk, for i, k, ` 2 Z; (periodicityrelsF)

TiTi+1Ti = Ti+1TiTi+1, TiTj = TjTi, T
2
i = (t

1
2 � t

� 1
2 )Ti + 1, (HeckerelsF)

for i, j 2 Z with j 62 {i� 1, i+ 1};

Tixi = xi+1Ti � (t
1
2 � t

� 1
2 )xi+1,

Tixi+1 = xiTi + (t
1
2 � t

� 1
2 )xi+1,

xi+1 = TixiTi, and Tixj = xjTi, (Xa↵HeckerelsF)

for i 2 {1, . . . , n� 1} and j 2 {1, . . . , n} with j 62 {i, i+ 1}; and

gxi = xi+1g and gTi = Ti+1g for i 2 Z. (DAHArels2F)

Proposition 3.1. (The glue relations) Define

g
_ = x1T1 · · ·Tn�1.

Then
T
�1
1 gg

_ = g
_
gTn�1 and T

�1
n�1 · · ·T

�1
1 g(g_)�1 = q(g_)�1

gTn�1 · · ·T1.

3.2 Page 2: Cherednik-Dunkl operators

The Cherednik-Dunkl operators are Y1, . . . , Yn given by

Y1 = gTn�1 · · ·T1, and Yj+1 = T
�1
j

YjT
�1
j

for j 2 {1, . . . , n� 1}. (CDops)

These are analogues of Murphy elements in the DAHA. The following proposition shows that these
form a family of commuting operators.

Proposition 3.2. If i, j 2 {1, . . . , n} then YiYj = YjYi.

3.3 Page 3: Intertwiners

The intertwiners ⌧_1 , . . . , ⌧
_
n�1 are defined by

⌧
_
i = Ti +

(t�
1
2 � t

1
2 )

1� Y
�1
i

Yi+1
= T

�1
i

+
(t�

1
2 � t

1
2 )Y �1

i
Y

�1
i+1

1� Y
�1
i

Yi+1
, (tauiops)

where the second equality follows from T
�1
i

= Ti � (t
1
2 � t

� 1
2 ). The intertwiner ⌧_⇡ is defined by

⌧
_
⇡ = x1T1 · · ·Tn�1. (taupiop)

The following Proposition determines how the intertwiners ⌧_
i

and ⌧
_
g move past the Yj .

Proposition 3.3. If i 2 {1, . . . , n� 1} and j 2 {1, . . . , n} then

⌧
_
i Yi = Yi+1⌧

_
i , ⌧

_
i Yi+1 = Yi⌧

_
i , and ⌧

_
i Yj = Yj⌧

_
i if j 62 {i, i+ 1}. (taupastYrels1)

If j 2 {1, . . . , n� 1} then

⌧
_
⇡ Yj = Yj+1⌧

_
⇡ and ⌧

_
⇡ Yn = q

�1
Y1⌧

_
⇡ . (taupastYrels2)
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3.4 Page 4: DAHA acts on polynomials

This subsection defines the polynomial representation of the DAHA.
Let C[X] = C[x±1

1 , . . . , x
±1
n ]. The symmetric group Sn acts on C[X] by permuting x1, . . . , xn.

Letting s1, . . . , sn�1 denote the simple transpositions in Sn,

(sif)(x1, . . . , xn) = f(x1, . . . , xi�1, xi+1, xi, xi+2, . . . , xn). (siops)

For j 2 {1, . . . , n} define operators y1, . . . , yn by

(yif)(x1, . . . , xn) = f(x1, . . . , xi�1, q
�1

xi, xi+1, · · ·xn). (yjops)

For f 2 C[X] and i 2 {1, . . . , n� 1} define the divided di↵erence operators @i : C[X] ! C[X] and
the Hecke algebra operators Ti : C[X] ! C[X] and the promotion operator g : C[X] ! C[X] by

@if =
f � sif

xi � xi+1
, Ti = t

� 1
2xi+1@i � t

1
2@ixi+1 and g = s1 · · · sn�1yn, (divdi↵ops)

For i 2 {1, . . . , n} let Xi : C[X] ! C[X] be the operator given by multiplication by xi (i.e. Xif = xif

for f 2 C[X]).

Theorem 3.4. The formulas (divdi↵ops) define an action of the double a�ne Hecke algebra on
C[x±1

1 , . . . , x
±1
n ].

A way of deriving the formulas in (divdi↵ops) is to consider the induced representation

C[X] = Ind
eH
HY

(1Y ) = C-span{xµ1
1 · · ·x

µn
n 1Y | µ = (µ1, . . . , µn) 2 Zn

}

determined by

g1Y = 1Y and Ti1Y = t
1
21Y .

Then the formulas in (divdi↵ops) are consequences of the relations in (Xa↵HeckerelsF) and (DAHArels2F).

Remark 3.5. An alternate expression for @i is

@i = (1 + si)
1

xi � xi+1
,

which is the form in which @i arises as a push-pull operator in cohomology of the flag variety. The
Leibniz rule for @i is

@i(f1f2) = (@if1)f2 + (sif1)(@if2),

and the 0-Hecke algebra relations are

@
2
i = 0, @i@j = @j@i, @i@i+1@i = @i+1@i@i+1,

for i, j 2 {1, . . . , n � 1} and j 62 {i + 1, i � 1}. All of these identities for the operators @i are verified
by direct computation. In particular,

@1@2@1 =
1

(x1 � x2)(x1 � x3)(x2 � x3)

X

w2S3

w,

which is a formula for the push forward H
⇤
T
(Fl3) ! H

⇤
T
(pt) where Fl3 denotes the full flag variety in

C3.
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3.5 Page 5: c-functions

3.5.1 c-functions in xs

Let

cij(x) =
t
� 1

2 � t
1
2xix

�1
j

1� xix
�1
j

= t
� 1

2
xj � txi

xj � xi
, for i, j 2 {1, . . . , n} with i 6= j. (cfnxdefn)

As operators on C[x±1
1 , . . . , x

±1
n ],

Ti = ci,i+1(x)si � (ci,i+1(x)� t
1
2 ), (Tiviacfcn)

Another formula for the action of Ti is

t
1
2Ti = t�

txi � xi+1

xi � xi+1
(1� si), (TiviaBLop)

3.5.2 c-functions in Y s

Let

cij(Y ) =
t
� 1

2 � t
1
2YiY

�1
j

1� YiY
�1
j

= t
� 1

2
Yj � tYi

Yj � Yi
, for i, j 2 {1, . . . , n} with i 6= j. (cfnYdefn)

Letting

⌘si = ⌧
_
i

1

ci,i+1(Y )
then Ti = ⌘sici,i+1(Y )� (ci+1,i(Y )� t

1
2 ), (TiviacfcnY)

The striking similarity between (Tiviacfcn) and (TiviacfcnY) is the core of the XY-parallelism in
double a�ne Artin groups and double a�ne Hecke algebras (see [Mac03, §3.5]).
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