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24 Lecture 5: Proofs of Principal specialization formulas

24.1 Lecture 5: Proof of the c-function formula

Theorem 24.1. Let µ,� 2 Zn with �1 � · · · � �n and let Eµ(x1, . . . , xn; q, t) and P�(x1, . . . , xn; q, t)
and A�+⇢(x1, . . . , xn; q, t) be the corresponding nonsymmetric, symmetric and fermionic Macdonald
polynomials, respectively. Then
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where |µ| = µ1 + · · ·+ µn.

Proof. For this proof use the realization of the polynomial representation C[X] as an induced module
eH1Y via the eH-module isomorphism of (CXasIndHY). Then the creation formulas for Eµ, P� and
A�+⇢ are
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(see Theorem 2.6 and (creationPA)).

Let 1X be a formal symbol which satisfies 1XTj = t
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_ = 1X , for j 2 {1, . . . , n � 1}.
Since g
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Thus, if µ 2 Zn then

1XEµ(x1, . . . , xn; q, t) = 1Xt
� 1

2 (n�1)|µ|
Eµ(1, t, t

2
, . . . , t

n�1; q, t), where |µ| = µ1 + · · ·+ µn.

For i 2 {1, . . . , n� 1},
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By (EeigenvalueB),
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This is the induction step to conclude that if w 2 W and w = si1 · · · si` is a reduced word for w then
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which completes the proof of the first statement.
Using the creation formula A�+⇢ = t
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where the first equality comes from (PoinbysymmB) which gives
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24.2 Lecture 5: Proof of the root product formula

Corollary 24.2. Let µ 2 Zn

�0 and let � be the decreasing rearrangement of µ. Let n(�) =
P

n

i=1(i �
1)�i. Then

P�(1, t, t
2
, . . . , t

n�1; q, t) = t
n(�)

Y

1i<jn

�i��j�1Y

`=0

1� q
`
t
j�i+1

1� q`tj�i

and

Eµ(1, t, t
2
, . . . , t

n�1; q, t) = t
� 1

2 `(v
�1
µ )

Y

(r,c)2µ

uµ(r,c)Y

i=1

1� q
µr�c+1

t
vµ(r)�i+1

1� qµr�c+1tvµ(r)�i
.

Proof. Let ⇢_ = 1
2(n� 1, n� 3, . . . ,�(n� 3),�(n� 1)). Then

n(�) = h(�1, . . . ,�n), (0, 1, . . . , n� 1)i = h�,�⇢
_ + (n�1)

2 (1, 1, . . . , 1) i = (n�1)
2 |�|� h�, ⇢

_
i

and, since `(t�) =
P

i<j
(�i � �j) then

`(t�) = (n� 1)�1 + (n� 2)�2 + · · ·+ (n� n)�n �
�
(n� 1)�n + (n� 2)�n�1 + · · ·+ (n� n)�1

�

= (n� 1)�1 + (n� 3)�2 + (n� 5)�3 + · · ·� (n� 3)�n�1 � (n� 1)�n = h�, 2⇢_i,

108



GradStudies A Notes, Arun Ram, version: March 15, 2022

so that
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which, by Theorem 5.1, gives the formula in the first statement.
By Theorem 5.1,
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24.3 Lecture 5: Proof of the hook formula

Theorem 24.3. Let � = (�1, . . . ,�n) 2 Zn

�0 with �1 � · · · � �n. Then
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Let m be the number of columns of length n in �. Let r 2 {1, . . . , n}. Switching the products over j
and ` gives
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Since this is equal to the expression in (*) the result follows.

24.4 Lecture 5: Proof of the nonsymmetric hook formula

Theorem 24.4. Let µ = (µ1, . . . , µn) 2 Zn
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For a single fixed row r, the product
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