MAST30026 Resources, Arun Ram, August 27, 2022

MAST30026 Metric and Hilbert Spaces

Assignment 2: Updated 26.08.2022
Due: 4pm Thursday September 8, 2022

As usual, part of the exercise is to correct any typos and, in your solutions, to explain carefully to
the marker what you corrected and why.

Question 1. (Parseval’s identities) Let S = {ej,e2,...} be a countable orthonormal basis for a
separable Hilbert space H. Prove that
o0
(a) = Z(x, en)en (Fourier expansion),

n=1
b) ||z||? = Z |{(x,e,)|* (Parseval’s identity for norms),

o
(¢) (z,y) = Z(x, en)(y, en) ( Parseval’s identity for inner products).
n=1
Question 2 (Fourier decomposition for complex valued funcrions). Let
L2([0,27]) = {f: [0,27] = C | | f||2 exists in R>q}

where the norm || [|2: L?([0,27]) — R>o and the sesquilinear form (,): L?([0,2x]) x L?([0,27]) — C
are given by

1 2T .
9= 5 [ FOa0d |l = I
Define .
em(t) = ™, for m € Z and t € R 7).

d
Let L: LQ(R[OQW]) — L2(R[0’2W]) be the operator on Lz(R[ngﬂ]) given by L = e

a) Let m € Z. Show that e,, is an eigenvector of L and compute the eigenvalue.

(a)

(b) Show that (eq,e1,e_1,€2,e_2,...) is an orthonormal sequence in L2([0, 27]).

(c¢) Determine ag,a1,a_1,az2,a_s,... € Csuch that t = apeg + a1e1 +a_1e_1 +ages +a_se_o+--- .
)

(d) Determine cg,c1,c—1,c2,c—2,... € C such that t2 = cpeg + cre1 +c_1e—1 + coeg +c_ge_o+ - -

Question 3 (Fourier decomposition for real valued functions). Let
L2([0,27]) = {f: [0,27] = R | || f|l2 exists in R>q}

where the norm || [|2: L2([0,27]) — R and the sesquilinear form (,): L*([0,27]) x L*([0,27]) — R

are given by
1 2w

(f9) = o /) fx)g(x)dz  and  |[flla =/(f, )
Let so(t) = 1 for t € Rjg on). For n € Zso and t € Rjg o5 define

sn(t) = V2sin(nt), and S_n(t) = V2 cos(nt).
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(a) Show that (sg,s1,5_1,52,5_2,...) form an orthonormal sequence in L?([0, 27]).
(b) Let L: L*(Rpg 2x)) = L*(Rjp,2r)) be the operator on L*(Rpg 24]) given by

d2
at?’

Let n € Z>o. Show that s,, and s_,, are eigenvectors of L and compute the eigenvalues.
(c) Carefully graph the function f: Rjg o — R given by f(t) = 27t — t2.

(d) Expand the function f: Rjgo, — R given by f(t) = 27t — t2 in terms of the orthonormal
sequence (8g, 81,851,582, 5-2,...).

(e) Carefully compute A, B € C such that

1 = (=1)"
nz_:an:A and ,;(nz) = B.

Question 4 (Hermite polynomials). Define a norm || [|,,: C[z] — R>¢ and a sesquilinear form
(,): Clz] x C[z] — C by

(f. 9w = / T f@e@e ¥ de and  [f e = VI P

Define the Hermite polynomials P, (z) by
e_%”TQ), for n € Z~yp.

Let p € R and 0 € Ryg.

(a) Carefully graph the “bell curve” w: R — R and the “normal distribution” N, ,: R — R which

are given by

2 1 _@-w?
z and N = PET

(b) Carefully prove that

1.2 © 1w
(1,1), = / e 2% dx =27 and / e 202 dx =1.
—0o0

0o OV 2T
Explain why these integrals are vital to every data analyst, statistician and probabilist.

(c¢) Define operators D: C[[z]] — C[[z]], X : C][[z]] — C][z]], S: C][[z]] — C][z]] and E: C[[z]] —
Cll«]] by

Df = %, Xf=af,  Sf=e™f  and E=SDS
Carefully prove the following identities:
E"=SD"S™',  XD=DX-1, SD=DS-XS, SX=XS,  SDS'=D-X,
DE™ = E"tl 4 XE™, XD" = D"X —nD" 1,
DX" = X"D +nX"1, XE"=E"X —nE" L.
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(¢) Carefully compute Py, Pi, P>, P3 and Py and prove that

d d

dx dx

(d) Show that if k,n € Z>o and k < n then (P, P,), = 0.
(e) Prove carefully that if n € Z>q then (P, P,), = V27 nl.

(f) Prove that (Py, P1, Ps,...) is an orthogonal basis of C[z] with respect to (, ).

Question 5 (The quantum harmonic oscillator). Let
L*(R) = {f: R = C | |f| exists in Rsq}

where the norm || ||: L?(R) — Rxq and the sesquilinear form (,): L*(R) x L?(R) — C are given by
(o) = [ sglde  and ] = IED.

Let m,w, h € Ry and define

1 rmw\Y4 _me, 2mw. 1
hr(fE): ﬁ(ﬁ) e 2h 2PT((T)2$>7 fOI'TeZz(],

where P,.(x) are the Hermite polynomials of Question 4. Let i = /—1 and define operators

d 1
p= —ih% and H= %pQ + %mw%Q.
. 9 —RPf
More explicitly, if f € L*(R) then Hf = ——5 + smwa"f.
2m dx?

(a) Show that (hg, h1, ha,...) is an orthonormal sequence in L%(R).

(b) Define operators a, a' and N on L?(R) by

1 1 1 1
a = (%) 2 (gc + z'%p), al = (%) 2 (:1: — imp), and N = ala.
Prove that

n?  d?
N = (%) (932—??) —%, aa’ —ala =1, Na' —a'N =al, Na—aN = —a.
mew= dx

(c) Show that, as operators on L?(R),
H=hw(N +3).

(d) Prove carefully that

athy, = (n+1)2hyy1,  ahp =n2h,_1, and  Nhy, = nh,.

(e) Show that h,, is an eigenvector of H and compute the eigenvalue.
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—P,(z) = 2P, (x) — Ppy1(x), Pyii(x) = xzPy(x) —nP,—1(x), and —P,(z) = nPp_1(x).
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2.3 Assignment 3
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