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1 Ordered sets

Let S be a set. An partial order on S is a relation < on .S such that
(a) If x,y,z€ Sand z <y and y < z then = < z,

(b) If z,y € S and x <y and y < = then z = y.

Let S be a set. An total order on S is a partial order < on S such that

(¢) If z,y € Sthenz <yory <.

A partially ordered set or poset is a set S with a partial order < on S.

Let S be a poset. A lower order ideal of S is a subset E of S such that if y € E, x € S and
x <ythenz € E.

Let S be a poset and let E be a subset of S. An upper bound of F is an element b € S such
that if y € E then b > y.

Let S be a poset and let E be a subset of S. An lower bound of F is an element £ € S such
that if y € E then ¢ < y.

Let S be a poset and let E be a subset of S. The greatest lower bound of E is the element
inf(E) € S such that

(a) inf(FE) is a lower bound of E,

(b) if £ € S is a lower bound of E then ¢ < inf(FE).

Let S be a poset and let F¥ be a subset of S. The least upper bound of F is an element
sup(E) € S such that

(a) sup(FE) is a upper bound of F,

(b) if b € S is a upper bound of E then sup(E) < b.



A lattice is an poset S such that every pair of elements z,y € S has a greatest lower bound
and a least upper bound.

Let S be a poset. The intervals in S are the sets

[a,b] ={z €S |a<z<b}
[a,b) ={z €S |a<z<b},
(a,b] ={z €S |a<x<b},
(a,b) ={x €S |a<z<b},
)= {reS|a<al,

)={zeS|a<uz},
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for a,b € S. The sets [a,b], a,b € S are closed intervals and the sets (a,b), a,b € S are open
intervals.

={zx eS|z <b},
={zx eS| x<b},

HW: Show that if S is a lattice then the intersection of two intervals is an interval. Give an
example to show that this is not necessarily true if S is not a lattice.

A poset S is left filtered if every subset E of S has an upper bound.
A poset S is right filtered if every subset E of S has an lower bound.

Let S be a poset and let E be a subset of S. A minimal element of E is an element x € E
such that if y € F then x < y.

A poset S is well ordered if every subset F of S has a minimal element.

HW: Show that Every well ordered set is totally ordered.
HW: Show that there exist totally ordered sets that are not well ordered.



