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(1) Sequence analysis

(2) Definitions and proofs

(3) Picard and Newton iteration

1. Sequence analysis

For each of the following sequences:

(a) explicitly write out the first 7 terms,

(b) graph the sequence,

(c) determine if it is bounded,

(d) determine if it is increasing or decreasing,
(e) determine if it is Cauchy,

(f) determine the sup and inf,

(g) determine the lim sup and lim inf,

(h) determine if it is convergent or divergent,
(i) determine the limit if it is convergent,

(m) determine if it is contractive.

(1) Analyse the sequence a, = n.
(2) Analyse the sequence a, = ( — 1)"n.
2

(3) Analyse the sequence a, = n~.

4) Analyse the sequence a, = 12n — n>.
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Analyse the sequence a, =

Analyse the sequence a, =

Analyse the sequence a, =

Analyse the sequence a; =

Analyse the sequence a, =

Analyse the sequence a, =

Analyse the sequence a, =

Analyse the sequence a, =

Analyse the sequence a, =

Analyse the sequence a, =

Analyse the sequence a, =

n+2i

dn+3
4n2 4+3n+1

1

W=

(3k* = 7k* + 5)

(nh)?
2n)!

(n!)?5"
(2n)!

(= D"

1/n

1

Analyse the sequence a, = —

Analyse the sequence a, =

n

NCEa e



(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

Analyse the sequence a, = \/ﬁ (\/n +1- \/ﬁ)

Let x € R with |[x|] < 1. Analyse the sequence a, = x".

Let x € R with x > 0. Analyse the sequence a,, = x!/".

X n
Let x € R. Analyse the sequence a,, = (1 + —) .
n
1 __xn+1
Let x € R. Analyse the sequence a, = 7
- X

Let x € R. Analyse the sequence a, = 1 4+ x + --- + x".

1 5
Analyse the sequence given by a; =3 and q,, = 5 (an_l + )
an-1

Let a € R with a > 0. Fix a positive real number x;. Analyse the sequence given by x4
1 N a

==l x+— .
2\ x,

Let a, f € R. (. Analyse the sequence given by a; = a and a,+1 = \/f + a,.

Let a, f € R . Analyse the sequence given by a; = a and a,+1 = f + 1/a,.

1
24 x,

Analyse the sequence given by x; = 1 and x,,+| =

1
Fix a real number x; between 0 and 1. Analyse the sequence given by x,,+| = 5 (x,? + 2).

Estimate the solution to x> — 7x + 2 = 0 to three decimal places and verify that the limit is

a solution to the equation x> — 7x +2 = 0.
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Analyse the sequence given by a; =0, ay, =3 ay 41, and dyy =3+ dog

n
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Analyse the sequence a, =

Analyse the sequence given by a; = \/5 and a,+1 = \/2 + a,. In particular, show that a,
is increasing and bounded above by 3.

1

Analyse the sequence given by a; =2 and a,4+; = 3 — —. In particular, show that a, is
n

increasing and a,, < 3 for all n.

Suppose the nth pass through a manufacturing process is modelled by the linear equations

3 2
x, = A" xp, where xy is the initial state of the system and A = % . Show that
2 3
1 1 1
AT = 2 2 (1)” 2 2
|G |
2 2 2 2
p
Then with the initial state xy = ,calculate lim x,.
l—p n— oo

The Fibbonaci sequence 0,1,1,2,3,5,8,13, ... is described by the difference equation Fj .,

Fiia
= F;,1 + F} and the initial conditions Fo =0, F; = 1. Writing u; = , show that

Fy

Uy, = Auy, where

11
A= .
10
1
Solve for u; in terms of uy = and show that
0

(=)

and therefore find the limit as k — oo of the ratio F; |/ F}.

2. Definitions and proofs

&)
(2)
3)
“4)

What is a sequence?
What is a convergent sequence?
What is a divergent sequence?

What is the limit of a sequence?
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What is the sup of a sequence?
What is the inf of a sequence?
What is the lim sup of a sequence?
What is the lim inf of a sequence?
What is a bounded sequence?
What is an increasing sequence?
What is a decreasing sequence?
What is a monotone sequence?
What is a Cauchy sequence?

What is a contractive sequence?

Prove that if (a,) is a sequence in C and (a,) converges then lim,,_, o, @, is unique.
Prove that if (a,) is a sequence in C and (a,) converges then (a,) is bounded.

Prove that if (a,) and (b,) are sequences in C and lim,,, ., a, = a and lim,, _, ., b,, = b then

lim,,a,+b,=a+b.

Prove that if (a,) and (b,) are sequences in C and lim,,_, ., a, = a and lim,, _, ., b,, = b then

lim, _, » a,b,, = ab.

Prove that if (a,) and (b,) are sequences in C and lim,, , , @, = a and lim,,_, ., b,, = b and

by # 0forall n € Z then lim,, ., 7> = 7.

Prove that if (a,), (b,) and (c,) are sequences in R and lim,,_, ., @, = € and lim,, , ., ¢;, = ¢

anda, <b, <c,forall n € Z.(thenlim,_, b, = ¢.

Prove that if (a,), is a sequence in R and (a,) is increasing and bounded above then (a,)
converges.

Prove that if (a,), is a sequence in R and (a,) is not bounded then (a,) diverges.

Find a sequence a, in R such that if r € [0, 1] there is a subsequence of a, which

converges to r.



3. Picard and Newton iteration

&)

2)

3)

“)

&)

Let f : (O, %n) — R is given by f(x) = %tan x. Estimate numerically the solution to x

f(x) with x € (0, 1 m) using Picard iteration.

Let f: (O, 1 ) — R is given by f(x) = %tan x. Estimate numerically the solution to x

f(x) with x € (0, 1 x) using Newton iteration (let F(x) = x — f(x)).

Show that the equation g(x) = x3 + x =1 =0 has a solution between 0 and 1. Transform
the equation to the form x = f(x) for a suitable function f : [0, 1] — [0, 1]. Use Picard
iteration to find the solution to 3 decimal places. (Try f(x) =1/ (x2+1)).

Show that the equation g(x) = x* = 4x? = x + 4 =0 has a solution between /3 and 2.
Transform the equation to the form x = f(x) for a suitable function f : [\/g, 2] — [\/3, 2

]. Use Picard iteration to find the solution to 3 decimal places. (Try f(x) = /2 + \/;).

Applying Newton's method to solve the equation f(x) = x2—2 =0 gives a sequence x,
J(xn)
f'Ga)

defined recursively by x,4; = x, for each n > 1. We choose x; =2 as our

initial approximate solution.

X 1
(a) Verify that x,, 1| = T” + —. Use this to calculate x, and x3.
Xn

(b) Show that if the limit lim x, = L exists, then it must satisfy L?>-2=0.

n—-oo

(c) Show, by induction on , that \/5 < x, <2, forall n.

(d) Show that x,,, 1 < x,, for all n.

(e) Deduce that the sequence x, has a limit, and that lim x, = \/5

n—-oo
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