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1) Integers Z
(2) Rationals @

(3) Real numbers R

(4) Complex numbers C

(5) Fields and Ordered fields

1. Integers Z

(1) Determine the solutions to the equation m + 1 =2 if m € Zs, if m € Z, if m € Z,
and if m € Q.

(2)  Determine the solutions to the equation m + 2 = 1. if m € Z., if m € Zsq, if m € Z,
and if m € Q.

(3)  Determine the solutions to the equation 2m = 4 if m € Z, if m € Zsg, if m € Z, and
ifm e Q.

(4)  Determine the solutions to the equation 2m = 3 if m € Z, if m € Zsg, if m € Z, and
ifm e Q.

(5)  Determine the solutions to the equation 0-m = 42 if m € Z, if m € Zs, if m € Z,
and if m € Q.

(6)  Determine the solutions to the equation 0-m = 0 if m € Z.,if m € Zs, if m € Z, and

ifm e Q.
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Define even and prove that if the square of an integer is even then the integer itself is
even.

Prove that if m € Z( and m is divisible by 12 then its square is also divisible by 12.
Prove that if m € Z and m? is divisible by 12 then m also divisible by 12.

Describe the subset S of Z.( such that if a € S and n € Z.( then n is divisible by a if

and only if n? is divisible by a.

Prove that, for any 1993 integers, there is a subset whose sum is divisible by 1993.
Prove that the square of an even integer is even.

Prove that the product of two odd integers is odd.

Prove that the sum of two odd integers is even.

Prove that the cube of an odd integer is odd.

Prove that if k is an odd integer then k* =1 is divisible by 4.

Rewrite 2 + 4 + 6 + --- 4+ 2n in summation notation.

Rewrite 1 + 4 + 7 4+ --- + (3n — 2) in summation notation.

Rewrite 2 4+ 7 4+ 12 4 +-- + (517 — 3) in summation notation.

Rewrite 1 +2-2+3-22 4+ 4.2% + ... 4+ n2"~! in summation notation.

Rewrite 12 + 22 + 32 + ... + n? in summation notation.

1 1 1
Rewrit o4 ———ins ation notation.
ew1e1.2+2.3+3.4+ +n.(n+1)1 ummation notatio

Rewrite 3 + 3% + 3% 4+ .- + 3" in summation notation.
Rewrite (1 +2° + -+ + n°) + (1 + 27 + - + n”) in summation notation.

Rewrite 1 + 7 + 7% + --- + 7" in summation notation.

Compute ) 1.
k=1

Compute Y k.
k=1

n
Leta, r € R. Compute ) ark.
k=1
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Given 5 points on a square of side length 1, show that there are two points of the five for

. . . 2
which the distance apart is no more than \/T_

Suppose that the points of the plane are each colored eqither red, yellow or blue. Prove
that there are two points at distance one apart which have the same color.

Assume that the area of a square of side length a is a 2. State and prove the Pythagorean
theorem.

2. Rational numbers Q
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Give an example of s € Q which has more than one representation as a fraction.

Show that \/Q ¢ Q.

Show that \/§ & Q.

Show that \/B ¢ Q.

Show that 217 ¢ Q.

Show that 11" ¢ Q.

Show that 16" ¢ Q.

Show that /2 + \/§ ¢ Q.

Show that the number e! = 2.71828... is irrational by using the series expansion
ol = i 1 _ I 1 1

R 1+1—!+2—!+§+... .

If e! = p/q where p and g are positive integers, consider gle! to get a contradiction.

Let %, C%, ]EC € Q. Define carefully what % = c£l means and prove that if % = fl and
C%, = ]%then% = ]%

Let %, cgl’ Jgpe Q. Define carefully % + c%and% . fl

Let %, cgl’ ]%e Q. Prove carefully that if% = flthen% + ]% = %l + ]EC

Let %, C%, ]%E Q. Prove carefully that if% = C%then% . ]% = cgl . ]%.



(14)
Let %, ‘—CZ, Jf}e Q. Prove Carefully% + (691 + ]%) = (% + CEZ) + ?,

(15) Let %, C%, ]%E Q. Prove carefully that if% + C% = %then% = %
(16) Let %, C%, ]%e Q. Prove carefully that if% + c% = gthenc—ci = —Ta'
(17 Compute <27% ) ' and 27 (4+%> and graph the result.

(18) 1 1 1 1 1 1

Compute 1 + = + = + = + — + — + — + --.
ompute +2+4+8+16+32+64+

(19) Compute 1-2,1-2-3,1-2-3-4,1-2-3-4-5and1-2-3-4-5-6.

20) Comonte —— g Ly L, 1 N 1 .
ompute
e ™ T 2371234712345 1.2.3-45-6

3. The real numbers R

(1) Give an example of s € R which has more than one decimal expansion.

(2)  Show that .9999... = 1.00000... .
(3) Show that the sum of two irrational numbers need not be irrational.
(4)  Show that the product of two irrational numbers need not be irrational.

®) Compute the decimal expansion of —336221 .

(6)  Letx, y € R be given by
x =.98765432109876543210987...  and  y = 1.01001000100001....
Compute the first 10 decimal places of xy.

(7)  Let f:Q — R be a function such that f(1/1) = 1.000..., f(a + b) = f(a) + f(b) and
flab) = f(a)f(b).

(a) Show that f(1/8) = 0.125000....
(b) Show that f is not surjective.

(8) Express 0.1111... as a rational number.
(9) Express 2.6666... as a rational number.

(10) Express 0.9999... as a rational number.
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Express 0.349999... as a rational number.

Express 0.37373737... as a rational number.

Express 0.00101010101... as a rational number.

Give an example of a decimal expansion that cannot be expressed as a rational number.
Show that the decimal expansion of a rational number is eventually repeating.

Show that any decimal expansion which is eventually repeating represents a rational
number.

State and prove the Pythagorean Theorem.

Compute the decimal expansion of \/5 to 10 digits.
Compute the decimal expansion of z to 10 digits.
Compute the decimal expansion of 2\/5 to 10 digits.
Compute the decimal expansion of 72 to 10 digits.
Compute the decimal expansion of — \/§ to 10 digits.

Compute the decimal expansion of 1/ \/Q to 10 digits.

4. Complex Numbers C
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Define the following sets and give examples of elements of each:

(a) the set of positive integers,

(b) the set of nonnegative integers,
(c) the set of integers,

(d) the set of rational numbers,

(e) the set of real numbers,

(f) the set of complex numbers,
(g) the set of algebraic numbers.

Find a complex number z such that z + w = w for all complex numbers w.
Find a complex number z such that zw = w for all complex numbers w.

Graph Z. ¢, Z>9, Q, R, and Q, as subsets of C.
State the fundamental theorem of algebra.

Compute (3 — 7i) + (2 + 5i) and graph the result.
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Compute (—12 + 3i) — (7 — 5i) and graph the result.

Compute (4 + 8i)(2 — 3i) and graph the result.

—15+i

Compute and graph the result.

+2i

Compute (3 — 2i)? and graph the result.

Compute \/Z and graph the result.

Compute and graph the result, where a, b € R.

a+bi

Compute (3 — 5i) + (7 + 2i) and graph the result.
Compute (5 — 2i) — (3 — 6i) and graph the result.

Compute (2 — 4i)(3 + 2i) and graph the result.

6—i

Compute and graph the result.

1
Compute 14 and graph the result.

1
Compute 164 and graph the result.
Compute and graph (27'7) *

Compute and graph 27@+1/3),
—1+i4/3 ’
Compute and graph — |-

Compute and graph (1 + )" + (1 —i)",for n € Z .
Letz = x + yi with x, y € R. Show that
-1

1
77 = —(x — yi).
|z |2

Letz = x + iy with x, y € R. Compute and graph %

Let z = x + iy with x, y € R. Compute and graph z*.

B+ 4i)(—1+20)
(=1-DH(3-1)

Letz = x + iy with x, y € R. Compute and graph
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Show that the conjugate of is equal to - .
22 +1 22 +1

5. Fields and Ordered fields

(1) Define (a) field and (b) ordered field.

(2)  LetF be a field. Prove that if x € F then 0- x = x.

(3)  LetF be a field. Prove that if x € F then —( — x) = x.

(4)  Let F be a field. Prove that if x € F and x # 0 then (x_l)_1 = X.

(5)  LetF be a field. Prove thatif x € Fthen x- (= 1) = — x.

(6)  LetF be a field. Prove that if x, y € F then ( — x)y = — xy.

(7)  Let F be a field. Prove that if x, y € F then ( — x)( — y) = xy.

(8)  Let F be an ordered field. Prove that if a € F and a > 0 then —a < 0.

(9)  Let F be an ordered field. Prove thatif a € F and a # 0 then a? > 0.

(10) Let IF be an ordered field. Prove thatif ¢ € F and @ > 0 thena~! > 0.

(I1) Let F be an ordered field. Prove thatif a, b € F and a > 0 and » > 0 then ab > 0.
(12) Let F be an ordered field. Prove thatifa, b € Fanda > 0and b > Othena + b > 0.
(13) Let F be an ordered field. Prove thatifa, b € Fand 0 < a < band thenb~! <a~!.
(14) Let F be an ordered field. Prove that if a, b € F and a < b then a2 < b2.

(I5) Let F be an ordered field. Prove that if a, b € F and a? < b2 then a < b.

(16) Let [ be an ordered field. Prove that 1 > 0.
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