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(1) Absolute value and inequalities

(2) Induction, or perhaps not
(3) Orderson Z, Q. R, C

(4) Cardinality

(5) Sets and functions

1. Absolute value and inequalities
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Let x € R. Define |x]|.

Let x € C. Define |x|.

Let x € R". Define |x|.

Let x € R. Show that |x| =[x + Oil.

State and prove Lagrange's identity for R.
State and prove the Schwarz identity for R.
State and prove Lagrange's identity for R2.
State and prove the Schwarz identity for R?.
Let x € R". Show that | — x| = |x].

Let x, y € R. Show that |[x + y| < [x| + [y].

Let x, y € C. Show that |x + yl < |x| + [yl.
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Let x, y € R". Show that [x + y| < |x]| + |yl.

Let x, y, z € R". Show that |x + y + z| < |x| + |yl + Iz].

Let x, y € C. Show that |x + y|2 +|x - y|2 =2(IxI* + |y|2). Is this identity true for x, y

e R"?

Let x, y € C. Show that |x + y|° = IxI% + [y|> + 2Re(x ).

Let x, y € R. Show that |x + y| > | [x| =yl |

Let x, y € R. Show that [x — y| > | x| —1[yl |.

Let x, y, z € R.Show that [x + y+z| > | x| —Iyl—lz] |.

For x € R, give solutions to the following inequalities in terms of intervals:

(a) x| > 3.
(b) 11 +2x| > 4.
©)Ix+2l>5.

For x € R, rewrite each of the following inequalities in terms of intervals:

@lx+3>1
b)lx-21<3

©)Ix+2l<2and x| > 1
dIx+2/<2or|x|>1

For x € R, give solutions to the following inequalities in terms of intervals:

@lx—-2l<3orlx+1l<1.
(b)lx—-2l<3and|x + 1] < 1.

© lx =5l <|x+1].

Leta, b € R and let ¢ € R such that 0 < ¢ < |b|. Show that

Prove that if a;, a», ..

, a, € R"?

Prove that if a;, a», ..

a, as, ..., a, € R"?

., a, € R then

., a, € R then
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(25) Find the minimal N € Z . such that n < 2" forall n > N.
(26) Find the minimal N € Z such that n! > 2" forall n > N.
(27)  Find the minimal N € Z such that 2" > 2x3 forall n > N.

(28) (Bernoulli's inequality) Prove that if @ € R and a@ > -1 then (1 + a)" > 1 + na for n €
Z>0.

(29) Prove thatif x € R then 1 + x < ¢*.

(30) Prove that if x € R ( then log x > XT_l

(31) Prove thatif x, y € Ry and p € R with 0 < p < 1 then (x + y)” < x” + yP.

(32) (Jensen's inequality) Let I be an interval in R and let f : I — R be a convex function. If
Xiy ..oy Xp €ERand 1y, ..., t, € [0, 1] with t; + -+ + ¢, = 1, then f(t;x] + - + t,x,) <
tlf(xl) + -+ tnf(xn)-

(33) Ifxy, ..., x, ERsgandty, ..., t, € Rsg witht; 4+ - + 1, = [, then 1, x| + - + t, X, >

X1 n ...xntn A

2. Induction, or perhaps not

(1) Prove that if n € Z. then 3 is a factor of n> — n + 3.

(2)  Prove that if n € Z. then 9 is a factor of 10"*! +3.10" + 5.

(3)  Prove that if n € Z. then 4 is a factor of 5" — 1.

(4)  Prove that if n € Z. then x — y is a factor of x" — y".

(5)  Prove that if n € Z. then 7> — 48n — 1 is divisible by 2304.

(6) Provethatifn € Z.othen2 + 4+ 6+ - +2n=n(n+ 1).

(7)  Prove thatif n € Zyo then 1+ 4 + 7+ + (3n—2) = 3 n(3n — 1).

(@)  Provethatif n € Zsgthen2 +7+ 12+ -+ (5n=3) = % n(5n—1).

9  Provethatifne Zsgthen 1 +2-2+3-22 +4-23 4 o 4+ 2" ' =1+ (n—-1)2".

(10) Provethatif n € Zsgthen 12 +2%2 +3%2 4+ - + n? = 1 n(n+1)2n+1).
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1 1 1 n
+ + 4t = :
1-2 2.3 3.4 n-(n+1) n+1

Prove that if n € Z. then

Prove that if n € Zq then 3 +3% +3% 4 . 43" = 2(3" — ).

4
Prove that if n € Z then(1+25+---+n5)+(1+27+...+n7)=2<”(”2+1)> '
. 2 n 1—-r"
Prove thatif n € Z,gthenl +r+7r°+ - + 1" = "
—r

Prove that if n € Z,g then Y, (2k — 1) = n?.
k=1

Prove that ) k = %n(n +1).
k=1

Prove that ¥, (3k —2) =3 n(3n—1).
k=1

Prove that ) k? = én(n +1D2n+1).
k=1

n
Prove that ) k3 = inz(n + 1)2.
k=1

n n 2
Prove that Y k° = <Z k) .
k=1

k=1

_ n
k(k+1) n+1

n
Prove that )
k=1

— 1 _1 _ 1
Define a sequence by a; =0, ay; = 5ay_; and a1 = 5 + dyy. Show that ay;, = 3

()"

Prove that if n € Z( then 3 is a factor of n°> — n + 3.

Prove that if n € Z - then 9 is a factor of 10"*! +3.10" + 5.
Prove that if n € Z . then 4 is a factor of 5" — 1.

Prove that if n € Z . ( then x — y is a factor of x" — y".

Let D be a diagonal matrix, D = diag( 4, ... 4;), where D;; = 4;, D;; =0, for i # j.



Prove, by induction that, for each positive integer n,
D" = diag(A”, ..., A").

N

(28) Let A be a matrix such that A = PDP~!, where D is diagonal. Prove, by induction, that
for each positive integer n,
A" =PD"P L.

3.0rderson Z, Q, R, and C

(1) Define the order > on Z-.
(2)  Define the order > on Z .
(3)  Define the order > on Z.

(4)  Define the order > on Q.

) Show that < = if and only if abd® < cdb®.

NN N
QAo

(6)  Define the order > on R.

(7)  Show that there is no order > on C such that C is a totally ordered field.
(8)  Show thatif x, y,z € Rand x < yand y < z then x < z.

(9 Show thatif x, ye Rand x < yand y < x then x = y.

(10) Show thatifx, y,z € Randx < ythenx +7 < y+z.

(11) Show thatif x, y € Rand x > 0 and y > 0 then xy > 0.

(I12) Show that if x € R and x # 0 then x% > 0.

(13) Show thatif x, ye Rand0 < x < ythen y~' < x~!.

(14) (The Archimedean property of R) Show that if x, y € R and x € R then there exists
n € Z g such that nx > y.

(15) Show that the Archimedean property is equivalent to Z  is an unbounded subset of R.

(16) (Q is dense in R) Show that if x, y € R and x < y then there exists p € Q such that x
<p<y.

(17) (R — @ is dense R) Show that if x, y € R and x < y then there exists p € R — Q such
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that x < p < y.

If x, y € R and x < y show that there exist infinitely many rational numbers between x

and y as well as infinitely many irrational numbers.
Let x € Rsgand n € Z- (. Then there exists a unique y € R ¢ such that y" = x.

For each of the following subsets of R find the maximum, the minimum, an upper
bound, a lower bound, the supremum, and the infimum:

@A={peQlp*<2},
(b)B={peQ]|p*>2},
CE ={reQ|r<0},
(D E,={reQlr<0},

For each of the following subsets of R find the maximum, the minimum, an upper
bound, a lower bound, the supremum, and the infimum:

1
(a) S = {; ne Z>0},
(b) §=1[0, D),
(©)S=2Zsy,

(dS={xeQ|x<0 or (x>0 and x2?>2)},

For each of the following subsets of R find the maximum, the minimum, an upper
bound, a lower bound, the supremum, and the infimum:

(@S=17,
b S =142 21,
© S = (/2 2),
—1)"
(d)S={xeR x=( n) , n€Z>o},

For each of the following subsets of R find the maximum, the minimum, an upper
bound, a lower bound, the supremum, and the infimum:

(a) S = {;2 nEZ},
(|n|+ 1)

|
(b)S={n+— nez>0},
n

(©)S={27"=3"|m, n€Zsy},
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(dS={xeR|x?>-4x <0},

For each of the following subsets of R find the maximum, the minimum, an upper
bound, a lower bound, the supremum, and the infimum:

(@) S=1{l+x*|x€eR},
b)S={xeR|x?<09},
) S={xeR|x*<17},
DS={xeR|[Ix+2]<2 or |x|>1}.

Are the supremum and infimum (if they exist) in the set S?

For each of the following subsets of R find the maximum, the minimum, an upper
bound, a lower bound, the supremum, and the infimum:

@S={xeR|]2x+1 <5},
S={xeR||x—-2|<3and|x+ 1| < 1},
©)S={xeR|xeQand x?> <7},
(dS={xeRIlx+2<2or x|l > 1}.

Are the supremum and infimum (if they exist) in the set S?

2x% +1
Find an upper bound for the function f(x) = i for x € Rand |x] < 1.
. , x3+3x+1
Find an upper bound for the function f(x) = W forx € Rand |x + 1] < 2.
— X

Let S be a nonempty subset of R. Show that x = sup § if and only if

(a) x 1s an upper bound of S, and

(b) for every € € R there exists y € S such that x —e < y < x.

State and prove a characterization of inf § analogous to the characterization of sup S in
the previous problem.

Let ¢ € R and let S be a subset of R. Show that if S is bounded then c +S = {c+s|s
€ R} is bounded.

Let ¢ € R and let S be a subset of R. Show that if S is bounded then ¢S = {cs | s € R} is
bounded.

Let c € R and let S be a subset of R. Show that sup(c + §) = ¢ + sup S.



(33) Letc € Rsq and let S be a subset of R. Show that sup(cS) = csup S.
(34) Letc € R and let S be a subset of R. Show that inf(c + S) = ¢ + inf S.

(35) Letc € R<( and let S be a subset of R. Show that inf(cS) = cinf S.

4. Cardinality

(1) Define (a) cardinality, (b) finite, (c) infinite, (d) countable, and (e) uncountable.
(2)  Prove that Card({a, b, c, d, e}) = Card({1, 2, 3, 4, 5}).

(3)  Show that Card(Z) = Card(Zsy).

(4)  Show that Card(Z) = Card(Zxg).

(5)  Show that Card(Zs) = Card(Z).

(6)  Show that Card({x € Q10 < x < 1}) = Card(Z>).

(7)  Show that Card({x € R0 < x < 1}) # Card(Zsy).

(8)  Show that Card(Z) = Card(Q).

(9)  Show that Card(Z-) # Card(R).

(10)  Show that Card(C) = Card(R).

(11) Let S be a set. Show that Card(S) = Card(S).

(12)  Show that if Card(S) = Card(T) then Card(T) = Card(S).

(13)  Show that if Card(S) = Card(T') and Card(7) = Card(U) then Card(S) = Card(U).

(14) Define Card(S) < Card(T) if there exists an injective function f : S — 7. Show that if
Card(S) < Card(7T) and Card(T) < Card(S) then Card(S) = Card(T).

5. Sets and functions

(1) Let A, B and C be sets. Show that (AUB)UC = AU(BUC).
(2) Let A and B be sets. Show that AUB = BUA.
(3)  Let A be a set. Show that AUQ = A.

(4)  Let A, B and C be sets. Show that (ANB)NC = AN(BNC).



®)
(6)
(7)

(8)

©)

(10)

(11)

(12)

(13)
(14)
(15)

(16)

(17)

Let A and B be sets. Show that ANB = BNA.

Let A, B and C be sets. Show that AN(BUC) = (ANB)U(ANC).

Define (a) partial order, (b) total order, (c) partially ordered set, and (d) totally ordered
set.

Define (a) maximum, (b) minimum, (c) upper bound, (d) lower bound, (¢) bounded
above, (f) bounded below.

Define (a) upper bound, (b) lower bound, (c) least upper bound, (d) greatest lower
bound, (e) supremum and (f) infimum.

Let S be a set. Show that the set of subsets of S is partially ordered by inclusion.
Give an example of a partially ordered set S with more than one maximal element.

Let S be a partially ordered set and let E be a subset of S. Show that if a greatest lower

bound of E exists in S then it is unique.

Show that Q does not have the least upper bound property.
Show that R has the least upper bound property.

Whichof Z ¢, Z¢, Z, C have the least upper bound property?

LetS,7T and Ube setsand let f : S — T and g : T — U be functions. Show that

a. if f and g are injective then go f is injective,
b. if f and g are surjective then go f is surjective, and

c. if f and g are bijective then ge f is bijective.

Let f:S — T be a function and let U C S. The image of U under f is the subset of T
given by
fO) ={fwlu e U}.

Let f: S — T be a function. The image of U under f is the subset of T given by
mU = {f(s)ls € S}.
Note that im f = f(S).

Let f:S5 — T be a function and let V C T. The inverse image of V under f is the
subset of S given by

Ffv={seSlfs)eV).

Let f: S — T be a function and let ¢ € T. The fiber of f over ¢ is the subset of S given
by



0 ={s eSlf(s) =1t}

Let f: S — T be a function. Show that the set F = { flolite T} of fibers of the map
f is a partition of S.

(18) a. Let f : S — T be a function. Define
f:S — imf
s > f(s).
Show that the map f” is well defined and surjective.
b. Let f: S — T be afunctionand let F = {f'(lt € im f} = {f 1 (1)lt € T}\@ be
the set of nonempty fibers of the map f. Define

A

f: F — T
Flo —
Show that the map ]A” is well defined and injective.
c. Let f: S — T be afunction and let F = { f'(9)lt € im f} = {f ')t € T}\@ be
the set of nonempty fibers of the map f. Define
]A‘ " F — imT
o o—
Show that the map ]AC "1s well defined and bijective.

(19) Let be a set. The power set of S, 25, is the set of all subsets of S.

Let S be a set and let {0, 1}5 be the set of all functions f : S — {0, 1}. Given a subset
T C S define a function f; : S — {0, 1} by
0, ifs&T,

Jr(s) = .
1, ifseT.

Show that the map
o: 25 — {0,1)5

T — f;
is a bijection.

(20) Let o : SXS — S be an associative operation on a set S. An identity for o is an element

e € Ssuch that ecs = sce =sforalls € S.

Let e be an identity for an associative operation o on a set S. Let s € S. A left inverse



for s is an element ¢ € S such that res = e. A right inverse for s is an element t' € §

such that sez’ = e. An inverse for s is an element s™! € S such that s os = 505! = ¢.

a. Let o be an operation on a set S. Show that if S contains an identity for o then it is
unique.
b. Let e be an identity for an associative operation o on a set S. Let s € S. Show that

if s has an inverse then it is then it is unique.

(21) a. Let S and T be sets and let 5 and 17 be the identity maps on S and T respectively.
Show that for any function f: S - T,

ire f = f, and
Sfots=f.

b. Let f: S — T be a function. Show that if an inverse function to f exists then it is
unique. (Hint: The proof is very similar to the proof in Ex. 5b above.)

6. References

[Ca] S. Carnie, 620-143 Applied Mathematics, Course materials, 2006 and 2007.
[Ho] C. Hodgson, 620-194 Mathematics B and 620-211 Mathematics 2 Notes, Semester 1, 2005.
[Hu] B.D. Hughes, 620-158 Accelerated Mathematics 2 Lectures, 2009.

[Wi] P. Wightwick, UMEP notes, 2010.



