Chapter 2. SETS AND FUNCTIONS

§1P. Sets

1. DeMorgan’s Laws. Let A, B, and C be sets. Show that

a) (AUB)UC =AU ((BUC). d) (ANnB)NC=An(BNC).
b) AUB =BUA. e) ANB=BNA.
c) AUD = A. fHAN(BUC)=(ANB)U(ANC).

Proof.
a) To show: aa) (AUB)UC C AU(BUCQ).
ab) AU(BUC)C (AUuB)UC.
aa) Let z € (AUB)UC.
Then x € AUBorxz e C.
Soxe Aorze BorzxeC.
SoxeAorxe BUC.
Soxe AU(BUCQC).
So (AUB)UC C AU(BUCQ).
ab) Let z € AU(BUC).
Thenz € Aorx € BUC.
SoxeAorxze BorzxzeC.
Soxe AUBorzeC(C.
Soxe (AUB)UC.
So AU(BUC)C (AUB)UC.

So (AUB)UC =AU (BUO).

b) To show: ba) AUB C BU A.
bb) BUAC AU B.

ba) Let x € AU B.
Then x € Aor z € B.
Sox e Borxe A.
Sox € BUA.
So AUBC BUA.

bb) Let z € BU A.
Then x € B or x € A.
Soxe Aorx e B.
Soxe AUB.
So BUAC AUB.

So AUB=BUA.

c¢) To show: ca) AUD C A.
cb) AC AUND.
ca) Proof by contradiction.
Assume AUD € A.
Then there exists © € AU such that z &€ A.
So x € 0.
This is a contradiction to the definition of empty set.
So AU C A.
cb) Let z € A.
Then x € A or x € ().



Sox e AU.
So AC AUD.

So AU = A.
d) To show: da) (ANB)NC C AN (BNCOC).

da)

db)

db) AnN(BNC)C(ANnB)NC.
Let x € (ANB)NC.
Then x € AN B and x € C.
Soxe Aand x € Band x € C.
Soxe Aand x € BNC.
Soxe An(BNC).
So (ANB)NC CAN(BNCO).
Let x € AN (BNCQC).
Then x € Aand z € BN C.
Sox e Aand x € Band x € C.
Soxze ANBand z € C.
Soxe(AnB)NC.
So AN(BNC)C(AnB)NnC.

So (ANB)NC =AN(BNC).
e) To show: ea) ANB C BNA.

ea)

eb)

eb) BNAC AN B.

Let x € AN B.

Then x € A and z € B.
Soxz € Bandzx € A.
Sox e BNA.

So ANBC BnA.

Let x € BN A.

Then x € B and x € A.
Sox € Aand x € B.
Sox e AN B.

So BNACANB.

So AnNB=DBnNA.
) To show: fa) AN(BUC)C(ANB)U(ANCQC).

fa)

fb) (ANB)U(ANC)CAN(BUCO).
Let x € AN (BUCQC).
Then x € Aand z € BUC.
Sox€e Aandzxe BorzeC.
SoxeAandre B,orzx € Aand z € C.
Soxe ANBorxe AnC.
Soxe (ANB)U(ANC).
So AN(BUC)C (ANB)U(ANCQC).
Let z € (ANB)U(ANC).
Thenz e ANBorxze ANC.
Sox€e Aandr e B,orz € Aand z € C.
Sox€ Aand,z € Borz e C.
Soxe Aand x € BUC.
Soxe AN(BUC).
So (ANB)U(ANC)C AN (BUCQC).

So AN(BUC) = (ANB)U(ANC). O



§2P. Functions

(2.2.3) Proposition. Let f:S — T be a function. An inverse function to [ exists if and only if f is
bijective.
Proof.
=: Assume f:S — T has an inverse function f~1:7 — S.
To show: a) f is injective.
b) f is surjective.
a) Assume f(s1) = f(s2).

To show: s1 = s9.

s1 = f_l(f(sl)) = f_l(f(82)) = S2.

So f is injective.

b) Let t € T
To show: There exists s € S such that f(s) =¢.
Let s = f~1(¢).
Then

So f is surjective.
So f is bijective.
<=: Assume f:S — T is bijective.
To show: f has an inverse function.

We need to define a function p: 7" — S.
Lett €T.

Since f is surjective there exists s € S such that f(s) = t.
Define p(t) = s.
To show: a) ¢ is well defined.

b) ¢ is an inverse function to f.

a) To show: aa) If t € T then ¢(t) € S.
ab) If t1,to € T and t; = t> then (2} tl) = gﬁ(tg)

aa) It is clear from the definition that ¢(t) € S.

ab) To show: If t; = t5 then p(t1) = @(t2).
Assume tq,to € T and t1 = t9.
Let s1,82 € S such that f(s1) =t; and f(s3) = ta.
Since t1 = ta, f(s1) = f(s2)-
Since f is injective this implies that s; = so.

So ¢(t1) = 81 = 52 = p(ta).
So ¢ is well defined.

b) To show: ba) If s € S then ¢(f(s)) = s.
bb) If t € T then f(p(t)) =t.
ba) This is immediate from the definition of .
bb) Assume t € T.

Let s € S be such that f(s) =t.
Then

flet) = f(s) =t.

So po f and f o are the identity functions on S and T respectively.
So ¢ is an inverse function to f. O



(2.2.7) Proposition.
a) Let S be a set and let ~ be an equivalence relation on S. The set of equivalence classes of the
relation ~ is a partition of S.
b) Let S be a set and let {S4} be a partition of S. Then the relation defined by

s ~t, if s,t are in the same Sy,

is an equivalence relation on S.

Proof.
a) To show: aa) If s € S then s is in some equivalence class.
ab) If [s] N [t] # 0 then [s] = [t].
aa) Let s € S.
Since s ~ s, s € [s].
ab) Assume [s] N [t] # 0.
To show: [s] = [t].
Since [s] N [t] # 0, there is an r € [s] N [¢].
S0 s~ 7randr~t.
By transitivity, s ~ t.
To show: aba) [s] C [¢]
abb) [t] C [s].
aba) Suppose u € [s].
Then u ~ s.
We know s ~ t.
So, by transitivity, u ~ t.
Therefore u € [t].
So [s] C [¢].
abb) Suppose v € [t].
Then v ~ t.
We know t ~ s.
So, by transitivity, v ~ s.
Therefore v € [s].
So [t] C [s].
So [s] = [t]

So the equivalence classes form a partition of S.

b) We must show that ~ is an equivalence relation, i.e. that ~ is reflexive, symmetric, and transitive.

To show: ba) s ~ s for all s € S.
bb) If s ~ ¢ then t ~ s.

be) If s ~ ¢ and t ~ u then s ~ u.
ba) s and s are in the same S, so s ~ s.

bb) Assume s ~ t.
Then s and t are in the same S,.
Sot~s.

bc) Assume s ~ t and t ~ u.
Then s and ¢ are in the same S, and ¢t and u are in the same S,,.
So s and wu are in the same S,.
So s ~ u.

So ~ is an equivalence relation. O

1. Let S, T, U be sets andlet f:S — T and g: T — U be functions.
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a) If f and g are injective then go f is injective.
b) If f and g are surjective then go f is surjective.
¢) If f and g are bijective then g o f is bijective.

Proof.
a) Assume f and g are injective.
To show: If s1,52 € S and (go f)(s1) = (g o f)(s2) then s; = sq.
Assume s1,s2 € S and (go f)(s1) = (go f)(s2).
Then

g(f(s1)) = g(f(s2)).

Thus, since g is injective, f(s1) = f(s2).
Thus, since f is injective, s1 = so.
So g o f is injective.

b) Assume f and g are surjective.
To show: If u € U then there exists s € S such that (go f)(s) = u.
Assume u € U.
Since g is surjective there exists ¢ € T such that g(t) = u.
Since f is surjective there exists s € S such that f(s) = t.
So

Il
&

So there exists s € S such that (go f)(s) = u.
So g o f is surjective.

¢) Assume f and g are bijective.
To show: ca) go f is injective.
cb) go f is surjective.
ca) Since f and g are bijective, f and g are injective.
Thus, by a), g o f is injective.
cb) Since f and g are bijective, f and g are surjective.
Thus, by b), g o f is surjective.
So go f is bijective. O

2. Let f:S — T be a function. Then the set F = {f~1(t) |t € T} of fibers of the map f is a partition of S.

Proof.
éo show: a) If s’ € S then s’ € f~1(¢) for some ¢ € T.
b) If f=1(t1) N f1(t2) # 0 then f~1(t1) = f1(ta).
a) Assume s’ € S.
Then f~1(f(s')) ={s € S| Fls) = f(s')}-
Since f(s') = f(s'), s' € f7H(f(5)).

b) Assume ffl(tl) ﬂfﬁl(tg) #0.
Let s € f1(t) N f1(t )

So f(s) =t and f(s) = o

To show: f~1(t;) = f~ (tg).

To show: ba) f~1(t;)

bb) f7(t2)

“H(ta).
—1(4

cf
C [ (t).



ba) Let k € f~1(t1).
Then f(k) =t
= f(s)
= ts.
So k € f~1(t2).
So f~1(t1) C f7(t2).
bb) Let h € f~1(ts).
Then f(k) = to
— /(s)
=1t.
So h € f~1(ty).
So f7(ta) C f1(t1).
So f~H(t1) = £~ (ta).
So the set F'= {f~1(t) |t € T} of fibers of the map f is a partition of S. D

3. a) Let f: S — T be a function. Define

/oS — imf
s = f(s).

Then the map f' is well defined and surjective.
b) Let f:S — T be a function and let F = {f~1(t) | t € T} be the set of nonempty fibers of f. Define

f: F — T
71t — t

Then the map f is well defined and injective.
c) Let f:S — T be a function and let F = {f~1(t) | t € T} be the set of nonempty fibers of f. Define

ik F — im f
RO

Then the map f’ is well defined and bijective.

Proof.
a) To show: aa) f’ is well defined.
ab) f’ is surjective.
aa) To show: aaa) If s € S then f/(s) € im f.
aab) If s; = s9 then f/(s1) = f'(s2).
aaa) Assume s € S.
Then f'(s) = f(s) € im f by definition of f’ and im f.

aab) Assume s; = so.
Then, by definition of f,

f(s1) = f(s1) = f(s2) = ['(s2).
So f’ is well defined.

ab) To show: If ¢ € im f then there exists s € S such that f'(s) = t.
Assume t € im f.
Then f(s) =t for some s € S.

So f'(s) = f(s) =t.



So f’ is surjective.

b) To show: ba) f is well defined.
bb) f is injective.
ba) To show: baa) If f~!
bab) If f~1(t;) =
baa) Assume f~1(t) € F
Then f( (t)) =t €T, by definition.
bab) Assume f~1(t;) = f~ (tQ)
Let s € f~1(t1).
Then s € f~!(¢2) also.
So tl = f(S) = tg.
Then

t)eFthenf( 1(t)) €

( )
(ta !(t) then f(f~ ( 1)) = F(f7(t2))-

F(f ) =ti =ta = f(f ' (t2)).

So f is well defined.
bb) To show: If f(f~(t1)) = f(f ' (t2)) then f~1(t;) = f~1(t2).

Assume f(f7(t1) = F(f7 (t2))-
Then tl = tg.
To show: f=1(t;) = f~1(ta).
This is clearly true since t; = to.
So f is injective.

¢) By Ex. 2.2.3 b), the function

f F — T
1) -t
is well defined and injective.
By Ex. 2.2.3 a), the function
1 F im f

is well defined and surjective.
To show: ca) im f =im f.
cb) f’ is injective.
ca) To show: caa) im f C im f.
cab) im f Cim f.
caa) Assume t € im f.
Then f~1(t) is nonempty.
So there exists s € S such that f(s) =
Sot € im f.
So im f Cim f.
cab) Assume ¢ € im f.
Then there exists s € S such that f(s) =
So f7L(t) # 0.
Soteimf.
So im f Cim f.
So imf =1im f.
cb) To show: If f’(f_l(tl)) = f/(f_ltg)) then f=1(t1) = f~1(t2).
Assume f/(f71(t1)) = f'(f 7 (t2)).
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So tl = t2.
So f7H(t1) = [ (ta).
So f' is injective.
So f’ is well defined and bijective. O

4. Let S be a set and let {0,1}° be the set of all functions f:S — {0,1}. Given a subset T C S define
a function fr:S — {0,1} by

_J0 ifs¢T;
fT(S>_{1 ifseT.

Then the map

e 25 — {0,1}°
T - fr

is a bijection.

Proof.
To show: a) 1 is well defined.
b) 4 is bijective.
a) To show: aa) If T € 2% then ¢(T) = fr € {0,1}5.
ab) If T} and T; are subsets of S and Ty = T, then ¢(T1) = ¢¥(T).
aa) It is clear from the definition of fr that zz/psi(T) = fr is a function from S to {0, 1}.
ab) Assume Tj and T5 are subsets of S and T} = Th.
To show: ’I/J(Tl) = ’w(Tg)
To show: fr, = fr,.
To show: If s € S then fr,(s) = fr,(s).
Assume s € S.
Case 1: If s € T} then, since T} = Ty, s € T5.
So

fT1 (S) =1= sz(S)‘

Case 2: If s ¢ Ty then, since Th = T, s ¢ Ts.
So

fri(s) = 0= fr,(s).

So fr,(s) = fr,(s) for all s € S.
So fr, = fr,.
So (1) = fr, = fr, = ¥(T3).
So 1 is well defined.

b) By virtue of Proposition 2.2.3 we would like to show:
$:2% — {0,1}° has an inverse function.
Given a function f:S — {0,1} define

Ty ={se S| f(s) =1}
Define a function ¢: {0,1}° — 2° by

e {0,1}% — 2%
f = TY.



To show: ba) ¢ is well defined.
bb) ¢ is an inverse function to .

ba) To show: baa) If f € {0,1}° then ¢(f) = Ty € 25.
bab) If fi, fo € {0,1}° and f; = f» then

o(f1) = ¢(f2).

baa) By definition, Ty = {s € S| f(s) =1} is a subset of S.
bab) Assume fi, fo € {0,1}% and fi = fo.
To show: ¢(f1) = ¢(f2).
To show: Ty, =1T¥,.
To show: baba) Ty, C TY,.
babb) Ty, C T},.
baba) Assume s € TY,.
Then fi(s) = 1.
Since fa(s) = f1(s), fa(s) = 1.
Thus s € T},.
SO Tf1 Q TfQ-
babb) Assume s € T¥,.
Then fo(s) = 1.
Since f1(s) = fa(s), fi(s) = 1.
Thus s € T},.
SO Tf2 g Tfl'
So Tf1 = Tf2~
So ¢(f1) = ¢(fa)-
So ¢ is well defined.

bb) To show: bba) If T' € 25 then o(¢(T)) = T.
bbb) If f € {0,1}* then v (p(f)) = f.
bba) Assume T C S.
To show: ¢ ((T)) =T.
To show: Ty, =1T.
To show: bbaa) Ty, C T.
bbab) T C T¥,.
bbaa) Assume t € T,.
Then fr(t) = 1.
Sotel.
So TfT g T.
bbab) Assume ¢t € T.
Then fr(t) =1.
Sote TfT'
SoT Q TfT'
So TfT =T.
So ¢(¥(T)) =T.
bbb) Assume f € {0,1}7.
To show: z/;(cp(f)) =f.
By definition, w(go(f)) = fr;-
To show: If s € S then fr,(s) = f(s).
Assume s € S.
Case 1: f(s) =1.
Then s € TY.
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So fr;(s) = 1.
So fry(s) = f(s).
Case 2: f(s) =0
Then s ¢ Ty.
So fr;(s) = 0.
So fry(s) = f(s).
So fr;(s) = f(s).
So v (e(f)) = f-
So ¢ is an inverse function to .

So ¥ is bijective. O

5. a) Let o be an operation on a set S. If S contains an identity for o then it is unique.
b) Let e be an identity for an associative operation o on a set S. Let s € S. If s has an inverse then
it 1S unique.

a) Let e, ¢’ € S be identities for o.
Then e o e’ = e, since €’ is an identity, and e o e’ = ¢/, since e is an identity.
Soe=¢.

b) Assume t, u € S are both inverses for s.
By associativity of o, u = (tos)ou=to(sou)=t 0O

6. a) Let S and T be sets and let g and vr be the identity maps on S and T respectively.
For any function f:S — T,
LT © f = f7 and

b) Let f:S — T be a function. If an inverse function to f exists then it is unique.

Proof.
a) Assume f:S — T is a function.

To show: aa) tpo f = f
ab) fo s =

To show: aa) IfsesS then vr(f(s)) = f(s).
ab) If s € S then f(ts(s)) = f(s).

aa) and ab) follow immediately from the definitions of ¢y and tg respectively.

b) Assume ¢ and 1 are both inverse functions to f.
To show: ¢ = 1.
By the definitions if identity functions and inverse functions,

p=po(foy))=(pof)op=1.

So, if an inverse function to f exists, then it is unique. O
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Chapter 1. GROUPS AND GROUP ACTIONS

§1P. Groups

(1.1.3) Proposition. Let G be a group and let H be a subgroup of G. Then the cosets of H in G partition
G.

Proof.
To show: a) If g € G then g € ¢'H for some ¢’ € G.
b) If g1H N goH # () then g1 H = goH.
a) Let g € G.
Then g=g-1€ gH since 1 € H.
So g€ gH.
b) Assume g1 H NgoH # 0.
To show: ba) ¢1H C goH.
bb) goH C g1 H.
Let ke g1H NgoH.
Suppose k = g1hy and k = goho, where hy,hy € H.
Then

g1 = gihihy' = khi' = gohohy!, and
g2 = gohohyt = khy' = g1hihy '
ba) Let g € g1 H.

Then g = g1h for some h € H.
Then

g = glh = ggthl_lh € gg[*[7

since hohy 'h € H.
Sog1H C go.H.
bb) Let g € goH.
Then g = goh for some h € H.
So

g=goh =gihihy'h € g1 H

since hihy 'h € H.
So g2H C g1 H.
So ng = ggH.
So the cosets of H in G partition G. O

(1.1.4) Proposition. Let G be a group and let H be a subgroup of G. Then for any g1, g2 € G,
Card(g1 H) = Card(g2H).

Proof.
To show: There is a bijection from g1 H to g2 H.
Define a map ¢ by

o: g1H —  goH
x — gggflx.

To show: a) ¢ is well defined.
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b) ¢ is a bijection.
a) To show: aa) If x € g1 H then p(x) € goH.
ab) If x = y then p(z) = p(y).
aa) Assume z € g1 H.
Then x = g1 h for some h € H.
So ¢(x) = gagy 'g1h = g2h € goH.
ab) This is clear from the definition of .
So ¢ is well defined.

b) By virtue of Theorem 2.2.3, Part I, we want to construct an inverse map for . Define

v goH — glff
Yy 0199 Y-

HW: Show (exactly as in a) above) that v is well defined.
Then,

V(p(x)) = 9195 "o(x) = 9195 9297 'z =z, and
e(W(y) = 9291 " o(y) = 9297 195 'y = y.

So v is an inverse function to .
So ¢ is a bijection. O

(1.1.5) Corollary. Let H be a subgroup of a group G. Then
Card(G) = Card(G/H) Card(H).

Proof.
By Proposition 1.1.4, all cosets in G/H are the same size as H.
Since the cosets of H partition G, the cosets are disjoint subsets of G,
and G is a union of these subsets.
So G is a union of Card(G/H) disjoint subsets all of which have size Card(H). O

(1.1.8) Proposition. Let N be a subgroup of G. N is a normal subgroup of G if and only if G/N with the
operation given by (aN)(bN) = abN is a group.

Proof.
=: Assume N is a normal subgroup of G.
To show: a) (aN)(bN) = (abN) is a well defined operation on (G/N).
b) N is the identity element of G/N.
c) g~ !N is the inverse of gN.

a) We want the operation on G/N given by

G/N xG/N — GJ/N
(aN,bN) +— abN

to be well defined.
To show: If (a1 N,b1N), (a2 N,boN) € G/N x G/N and (a1 N,byN) = (aaN,b2N)
then a1b61 N = asba N.
Let (a1 N,b1N), (a2N,b2N) € (G/N x G/N) such that (a1 N, b1 N) = (a2N,baN).
Then alN = QQN and blN = ng
To show: aa) a1b1N C asbaN.
ab) GQbQN Q alblN.

aa) We know a; = ag -1 € agN since ai N = agN.
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So a; = asny for some nq € N.
Similary, by = bonsy for some ny € N.
Let k € a1b1 V.

Then & = a1byn for some n € N. So

k= albln
= agnlbgngn

= agbgbglnlbgngn.

Since N is normal, b;lnlbg € N, and therefore (bglnlbg)ngn € N.
So k= agbz(bglnlbg)ngn € asbo N.
So a1by N C asby N.

ab) Since a; N = as N, we know ayny = ay for some n; € N.
Since by N = by N, we know byny = by for some ny € N.
Let k& € asbyN.
Then k = asban for some n € N. So

k= agbgn

= ainibinan

a1b1b1_1n1b1n2n.

Since N is normal bl_lnlbl € N, and therefore (bflnlbl)ngn € N.
So k= albl(bflnlbl)ngn € alblN.
So agng g alblN.

So (a1b1)N = (azb2)N.

So the operation is well defined.

b) The coset N = 1N is the identity since

(N)(gN)=(1

gN
(g1)
(gN)(N),

= (1g)N
— (g1)N

for all g € G.

c¢) Given any coset gN its inverse is g~ ' N since

So G/N is a group.

<=: Assume (G/N) is a group with operation (aN)(bN) = abN.
To show: If g € G and n € N then gng=—! € N.
First we show: If n € N then nIN = N.
Assume n € N.
To show: a) nN C N.
b) N CnN.

a) Let z € nN.
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Then x = nm for some m € N.
Since N is a subgroup, nm € N.
Soxz e N.
SonN C N.
b) Assume m € N.
Then, since N is a subgroup, m = nn"'m € nN.
So N CnN.
Now let g € G and n € N.
Then, by definition of the operation,

gng "N = (gN)(nN)(g~'N)

= (gN)(N)(g~'N)
=glg N
= N.

So gng~! € N.
So N is a normal subgroup of G. O

(1.1.11) Proposition. Let f:G — H be a group homomorphism. Let 1g and 1y be the identities for G
and H respectively. Then

a) f(lg) = 1.

b) Forany g € G, f(g~!) = f(g)~"

Proof.
a) Multiply both sides of the following equation by f(1g)~*.

f(le) = f(lg-1c) = f(1e)f(1g).

b) Since f(9)f(g7") = fl997") = f(le) = 1m, and f(g~")f(9) = f(97'9) = f(1g) = 1u, then

flo9~t=flg™). O

(1.1.13) Proposition. Let f:G — H be a group homomorphism. Let 1¢ and 1p be the identities for G
and H respectively. Then

a) ker f is a normal subgroup of G.

b) im f is a subgroup of H.

Proof.
To show: a) ker f is a normal subgroup of G.
b) im f is a subgroup of G.
a) To show: aa) ker f is a subgroup.
ab) ker f is normal.

aa) To show: aaa) If ky, ko € ker f then kiko € ker f.

aab) 1g € ker f.
aac) If k € ker f then k=1 € ker f.

aaa) Assume ki,ks € ker f. Then f(k1) = 1y and f(k2) = 1py.
So f(klkg) = f(kl)f(kg) = ]-H
So kiko € ker f.

aab) Since f(lg) =1y, 1g € ker f.

aac) Assume k € ker f. So f(k) = 1x.
Then
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FET) =f)™ =15 =1n.
So k=1 € ker f.
So ker f is a subgroup.

ab) To show: If g € G and k € ker f then gkg™! € ker f.
Assume g € G and k € ker f. Then

flgkg™") = F(g9)f(k)f

So gkg~! € ker f.
So ker f is a normal subgroup of G.
b) To show: im f is a subgroup of H.
To show: ba) If hy, he € im f then hihy € im f.
be) If h € im f then h~! € im f.
ba) Assume hq, he € im f.
Then hy = f(g1) and he = f(g2) for some g1, g2 € G.
Then

hihe = f(91)f(92) = [(9192)
since f is a homomorphism.
So hihg € im f
bb) By Proposition 1.1.11 a), f(lg) = 1y, so 1y € im f.
be) Assume h € im f.
Then h = f(g) for some g € G.
Then, by Proposition 1.1.11 b),

So h~! €im f.
So im f is a subgroup of H. O

(1.1.14) Proposition. Let f : G — H be a group homomorphism. Let 1 be the identity in G. Then

a) ker f = (1¢) if and only if f is injective.

b) im f = H if and only if [ is surjective.
Proof.

a) Let 1g and 1g be the identities for G and H respectively.

=: Assume ker f = (1¢g).
To show: If f(g1) = f(g2) then g1 = g.
Assume f(g1) = f(g2).

Then, by Proposition 1.1.11 b) and the fact that f is a homomorphism,
lg = f(g1)f(92) ™" = flgr95 ).

So glggl € ker f.
But ker f = (1¢).
So gig;* = 1¢.
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So g1 = ga-
So f is injective.
<=: Assume f is injective.
To show: aa) (1g) C ker f.
ab) ker f C (1g).
aa) Since f(lg) = 1u, lg € ker f.
So (1g) C ker f.
ab) Let k € ker f. Then f(k) = 1g. So f(k) = f(1lg). Thus, since f is injective, k = 1.
So ker f C (1¢g).
So ker f = (1¢).
b) =: Assume im f = H.
To show: If h € H then there exists g € G such that f(g) = h.
Assume h € H.
Then h € im f.
So there exists some g € G such that f(g) = h.
So f is surjective.
<=: Assume f is surjective.
To show: ba) im f C H.
bb) H Cim f.
ba) Let x € im f.
Then = = f(g) for some g € G.
By the definition of f, f(g) € H.
Sox € H.
Soim f C H.
bb) Assume x € H.
Since f is surjective there exists a g such that f(g) = «.
Sox €im f.
So H Cimf.
Soimf=H. 0O

(1.1.15) Theorem.
a) Let f:G — H be a group homomorphism and let K = ker f. Define

f: G/kerf — H
gk~ f(g).

Then f is a well defined injective group homomorphism.
b) Let f:G — H be a group homomorphism and define
f" G — imf
g — [flg)
Then [' is a well defined surjective group homomorphism.

¢) If f:G — H is a group homomorphism then

G/ker f ~im f,
where the isomorphism s a group isomorphism.

Proof. .
a) To show: aa) f is well defined.

ab) f is injective.
ac) f is a homomorphism.
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aa) To show: aaa) If g € G then f(gK) € H.
aab) If 1 K = g2 K then f(g1K) = f(g2K).
aaa) Assume g € G.
Then f(gK) = f(g) and f(g) € H by the definition of f and f.

aab) Assume g1 K = g2 K.
Then g1 = gok for some k € K.

To show: f(g1K) = f(92K), i.e.,

To show: f(g1) = f(g2)-
Since k € ker f, we have f(k) =1 and so

f(g1) = f(g2k) = f(g2)f(k) = f(g2)-

~ So f(g1K) = f(92K).
So f is well defined.
ab) To show: If f(g1K) = f(g2K) then g1 K = g2 K.
Assume f(g1K) = f(g2K). Then f(g1) = f(g2)-
So f(g1)f(g2)"' = 1.
So f(g195") = L.
So glggl € ker f.
So g1g5 * = k for some k € ker f.
So g1 = g2k for some k € ker f.
To show: aba) g1 K C g2 K.
abb) g2 K C g1 K.

aba) Let g € g1K. Then g = g1k; for some k; € K.
So g = gokkq € go K, since kk, € K.
So 1 K C g2 K.

abb) Let g € goK. Then g = goko for some ko € K.
So g = g1k ks € g1 K since k™ 'ky € K.
S0 g2 K C g1 K.

So g1 K = ¢o K.
So f is injective.
ac) To show: f(g1K)f(92K) = f((91K)(92K)).

Since f is a homomorphism,

(1K) f(g2K) =

So f is a homomorphism.

b) To show: ba) f’ is well defined.
bb) f’ is surjective.
be) f is a homomorphism.

ba) and bb) are proved in Ex. 2.2.3, Part L.
be) Since f is a homomorphism,

f(9)f'(h) = f(g)f(h) = f(gh) = f'(gh).
So f’ is a homomorphism.
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c) Let K =ker f.
By a), the function

fi G/IK — H
gk = f(9)
is a well defined injective homomorphism.
By b), the function

f: G/K — im f
9K = f(gK) = f(9)
is a well defined surjective homomorphism.
To show: ca) im f = im f.
cb) f' is injective.
ca) To show: caa) im f C im f.
cab) im f Cim f.
caa) Let h € im f.
Then there is some gK € G/K such that f(gK) = h.
Let ¢’ € gK.
Then ¢’ = gk for some k € K.
Then, since f is a homomorphism and f(k) = 1,

So h € im f.
So im f Cim f.

cab) Let h € im f.
Then there is some g € G such that f(g) = h.
So f(gK) = f(g9) = h.
Soh€imf.
So im f Cim f.

c¢b) To show: If f/(¢1K) = f'(g2K) then g1 K = g K.

Assume f'(g1K) = f'(g2K).

Then f(glK)A: flg2K).

Then, since f is injective, g1 K = g2 K.

So f’ is injective.
Thus we have

f's G/K — imf
gk  — f(9)

is a well defined bijective homomorphism. O
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§2P. Group Actions

(1.2.3) Proposition. Suppose G is a group acting on a set S and let s € S and g € G. Then
a) Gs is a subgroup of G.
b) Ggs = gngil'
Proof.
a)To showa) If hy, ho € G, then hihgy € G,
ab) 1 € G.
ac) If h € G4 then h=! € G,.
aa) Assume hi, he € G5. Then

(hlhg)s == hl(hgs) = hls = S.

So hihy € Gg.
ab) Since 1s =s,1 € Gj.
ac) Assume h € G,. Then

h=ls=h"Y(hs) = (h 'h)s =15 =s.
So h~! € G,.
So G is a subgroup of G.

b) To show: ba) G,s C gGsg~ .
bb) gGsg™" C Gys.

ba) Assume h € G g.

Then hgs = gs.
So g~ 'hgs = s.
So g~thg € G,.

Since h = g(g~'hg)g™', h € gG.g~".
So Gys C gGsg™ .
bb) Assume h € gGsg~!.
So h = gag™! for some a € G,.
Then

hgs = (gag™")gs = gas = gs.

So h € Ggs.
So Gys C gGsg™ .
So Gys = gGsg™. DO

(1.2.4) Proposition. Let G be a group which acts on a set S. Then the orbits partition the set S.

Proof.
To show: a) If s € S then s € Gt for some t € S.
b) If 51,82 € S and Gs; N Gsy # () then Gs; = Gso.
a) Assume s € S.
Then, since s = 1s,s € Gs.
b) Assume s, 52 € S and that Gs; N Gsy # 0.
Then let t € Gs1 N Gss.

So t = g1s1 and t = goss for some elements g1, g2 € G.
So

—1 —1
S1 =07 G252 and s3 = g5 g151.

To show: Gs; = Gss.
To show: ba) Gs; C Gsa.
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bb) GSQ g GSl.
ba) Let t; € Gsy.
So t = hys; for some hy € G.
Then

t1 = his1 = hig; 'gas2 € Gsa.

So Gs; C Gss.

bb) Let to € Gss.
So tg = hassy for some hy € G.
Then

to = hasy = hags 'g151 € Gsi.

So Gsg C Gs;.
So G51 = GSQ.
So the orbits partition S. O

(1.2.5) Corollary. If G is a group acting on a set S and Gs; denote the orbits of the action of G on S
then
Card(S) = Z Card(Gs;).

distinct
orbits

Proof.
By Proposition 1.2.4, S is a disjoint union of orbits.
So Card(S) is the sum of the cardinalities of the orbits. O

(1.2.6) Proposition. Let G be a group acting on a set S and let s € S. If Gs is the orbit containing s and
G is the stabilizer of s then
| G: G4 |= Card(Gs).

where | G: G | is the index of G, € G.

Proof.
Recall that | G: G |= Card(G/G5).
To show: There is a bijective map

p: G/Gs — Gs.
Let us define

©: G/Gs — Gs
gGs = gs.

To show: a) ¢ is well defined.
b) ¢ is bijective.
a) To show: aa) p(9Gs) € Gs for every g € G.
ab) If 1G5 = g2G then ¢(g1Gs) = p(g2Gs).
aa) Is clear from the definition of ¢, ¢(gGs) = gs € Gs.
ab) Assume g1, 92 € G and 1G5 = g2Gs.
Then g1 = goh for some h € G.

To show: g15 = gss.
Then

g18 = g2hs = gas,
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since h € Gs.

So 0(91Gs) = ¢(g2Gs).
So ¢ is well defined.

b) To show: ba) ¢ is injective, i.e. if (g1Gs) = ©(g2G2) then 1G5 = g2Gs.
bb) ¢ is surjective, i.e. if gs € G then there exists hG € G/Gy
such that p(hG;) = gs.
ba) Assume ¢(g1Gs) = p(g2Gs).
Then g15 = gos.
So s = gl_lggs and gglgls =s.
So gflgg € G5 and 92_191 € Gs.
To show: ¢ is injective.
To show: g1Gs = g2G
To show: baa) ¢1Gs C g2Gs.
bab) ¢2Gs C g1Gs.
baa) Let k1 € g1Gs.
So k1 = glh1 for some h; € Gj.
Then

k1= g1h1 = 9197 "9295 "g1h1 = g2(95 " g1h1) € g2Gs.

So gle g gQGs-

bab) Let ks € g2Gs.
So ko = goho for some ho € Gj.
Then

ko = gaha = 9295 ' 9191 'g2ha = g1(97 'g2h2) € 1Gs.
So goGs C g1Gs.
So gle = gQGs-
So ¢ is injective.
bb) To show: ¢ is surjective.
Assume t € G.

Then t = gs for some g € G.
Thus,

P(9Gs) = gs =t.
So  is surjective.

So ¢ is bijective. O

(1.2.7) Corollary. Let G be a group acting on a set S. Let s € S, let Gs denote the stabilizer of s, and let
G's denote the orbit of s. Then

Card(G) = Card(Gs)Card(Gs).

Proof.
Multiply both sides of the identity in Proposition 1.2.6 by Card(Gs) and use Corollary 1.1.5. DO

(1.2.9) Proposition. Let H be a subgroup of G and let Ny be the normalizer of H in G. Then
a) H is a normal subgroup of Ng.
b) If K is a subgroup of G such that H C K C G and H is a normal subgroup of K then K C Ng.
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Proof.
b) Let k € K.
To show: k € Ng.
To show: khk—' € H for all h € H.

This is true since H is normal in K.

a) This is the special case of b) when K = H. D

(1.2.10) Proposition. Let G be a group and let S be the set of subsets of G. Then
a) G acts on S by

a GxS§S — S
(9,8) — gSg~!
where gSg~' = {gsg™1 | s € S}. We say that G acts on S by conjugation.
b) If S is a subset of G then Ng is the stabilizer of S under the action of G on S by conjugation.
Proof.

a) To show: aa) « is well defined.

ab) «(1,S) =S forall S e€S.

ac) alg,a(h,S)) = a(gh,S) for all g,h € G, and S € S.

aa) To show: aaa) gSg~! € S.
aab) If S =T and g = h then gSg~! = hTh™!.
Both of these are clear from the definitions.

ab) Let S € S.
Then

a(l,8) =181"1 = S.

ac) Let g,h € Gand S € S.
Then

a(g,a(h, S)) = a(g, hSh™") = g(hSh™")g™!
= (gh)S(h~'g™") = (gh)S(gh)~" = a(gh, S).

b) This follows immediately from the definitions of Ng and of stabilizer. O

(1.2.12) Proposition. Let G be a group. Then
a) G acts on G by

GxG — G
(9,8) +— gsg~h.
We say that G acts on itself by conjugation.
b) Two elements g1,g2 € G are conjugate if and only if they are in the same orbit under the action
of G on itself by conjugation.
¢) The conjugacy class, Cy, of g € G is the orbit of g under the action of G on itself by conjugation.
d) The centralizer, Z,, of g € G is the stablilizer of g under the action of G on itself by conjugation.
Proof.
a) The proof is exactly the same as the proof of a) in Proposition 1.2.10.
Replace all the capital S’s by lower case s’s.
b), ¢), and d) follow easily from the definitons. O

(1.2.14) Lemma. Let Gy be the stabilizer of s € G under the action of G on itself by conjugation. Then
a) For each subset S C G,
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Zg = ﬂGS.

ses

b) Z(G) = Zg, where Z(QG) denotes the center of G.
c) s € Z(G) if and only if Zs = G.
d) s € Z(G) if and only if Cs = {s}.

Proof.
a) aa) Assume s € Z;.
Then szs~! = s for all s € S.
Sox e G, forallseS.
So z Nges Gis.
So Zs C mSGSCTY&
ab) Assume = € NsesGs.
Then xsz~! = s for all s € S.
Sox € Z,.
So msGSGs-
b) This is clear from the definitions of Zg and Z(G).
c) =: Let s € Z(G).
To show: Zg = G.
By definiton Zg C G.
To show: G C Zs.
Let g € G.
Then gsg~! = s since s € Z(G).
Soge Zs.
So G - Zs.
So ZS =G.
<—: Assume Zg = G.
Then gsg~! = s for all g € G.
So gs = sg for all g € G.
So s € Z(G).

d) =: Assume s € Z(G).
Then gsg~! = s for all s € G.
SoCs ={gsg~'|ge G} ={s}
<=: Assume C; = {s}.
Then gsg~! = s for all g € G.
Sos€eZ(g). O

(1.2.15) Proposition. (The Class Equation) Let C,, denote the conjugacy classes in a group G and let
|Cy,| denote Card(Cy,). Then

G =1Z(G)|+ Y Card(Cy,).

[Cg, I>1
Proof.
By Corollary 1.2.5 and the fact that the C,4, are the orbits of G acting on itself by conjugation we
know that

G| = Card(C,,).
Cy;

By Lemma 1.2.14 d) we know that
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So

Gl = > Card(Cy)+ Y Card(Cy,)

ICg, =1 ICg, 1>1
= Card(Z(G)) + Y Card(Cy,). O
ICg; |>1
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Chapter 2. RINGS AND MODULES

§1P. Rings

(2.0.4) Proposition. Let R be a ring and let I be an additive subgroup of R. Then the cosets of I in R
partition R.

Proof.
To show: a) If r € R then r € v/ + I for some ' € R.
b) If(’l’l—‘rf)ﬂ(’l’g—‘rf)#(Z)thenTl—f'I:Tz—f'I.
a) Let r € R.
Thenr=r+0€r+1,since 0 € I.
Sorer+1.
b) Assume (r; +1)N (ro + 1) # 0.
To show: ba) ry +1 Cro+ 1.
bb) T2+Ig7'1+[.
Letse(rl—f—I)ﬁ(rg—i—I).
Suppose s =11 + i1 and s = ro + io wWhere 71,40 € I.
Then

7’1:T1+i1—i128—i1:T2+i2—i1 and

T2:7’2+7527i2187752:T1+7:177;2.

ba) Let r € ri + I.
Then r» = r1 + i for some i € I.
Then

T:T1+i=T2+i2—i1+i€T2+I,
since i9 — 11 +1 € 1.
SOT1+IQT2+I.
bb) Let r € ro + I.

Then r = ro + 4 for some 7 € I.
So

T':7"2+Z':T'1+Z.17’L‘2+Z'€7"1+I,
since i1 — 1o +1 € 1.
Sorg+1Cry+1.

Sori+1=ry+1.
So the cosets of I in R partition R. O

(2.0.6) Proposition. Let I be an additive subgroup of a ring R. I is an ideal of R if and only if R/I with
operations given by
(rm+D+ o+ =(1+r2)+1 and
(ri+D(roe+1I)=rirg+1
i8S a Ting.

Proof.
=>: Assume [ is an ideal of R.
To show: a) (ri+ 1)+ (re+1) = (r1 +72)+ I is a well defined operation on R/I.
b) (r1+I)(re +I) = (r1r2) + I is a well defined operation on R/I.
o) ((m+D+@r2+1)+(rs+1)=(ri + 1)+ ((r2 + 1)+ (rs + 1))
forally + I,ro+I,r3+1€ R/I.
d) (m+D+ e+ D=2+ +(ri+1I)forallry +I,ro+1€ R/I.
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e) 0+ I =1 is the zero in R/I.

f) —r+ I is the additive inverse of r + I.

g) ((m+D(r2+1D)(rs+1) = (r1 +1)((r2 + I)(r3 + 1))
forally + I,ro+I,r3+1€ R/I.

h) 1+ I is the identity in R/I.

i) fry+1I,ro4+ 1,73+ 1€ R/I then

(r1 +I)((r2 +1) +(r3+1)) = +Dro+1)+(r1 +1)(rs+ 1) and
((7“2 + 1)+ (r3 +I))(r1 + D=+ D(r1+1)+ (rs+I1)(r1 +I).

a) We want the operation on R/I given by

R/I xR/I — R/I
(r+I,s+I) — (r+s)+1

to be well defined.
Let (ri+1,s1+1),(ro+I,s2+1) € R/I x R/I such that
(T1+I,81+I):(T2+I,82+I).
Thenri +1=ro+1and s1 +1 =55+ 1.
To show: (r1 +s1) + 1= (ro+s2) + 1.
So we must show: aa) (r1 +s1)+1 C (ry + s2) + I.
ab) (ro+s2)+1C (r1+s1)+1.
aa) We know ry =r; +0€ro+ Isincery + I =rg + 1.
So ry = r9 + k; for some k; € 1.
Similarly s1 = so + ko for some ko € 1.
LettG(T1+81)+I.
Then t = r1 + s1 + k for some k € 1.
So

t=ri1+s1+k
=ro+ki+sa+kat+k
=ro+So+ k1 4+ ko + k,

since addition is commutative.

Sot=(ro+s2)+ (k1 +ka+k)€ry+sa+1.
So (ry+s1)+1C (r2+s2) + 1.

ab) Since r1 + I =ry + I, we know r; + k1 = ro for some ky € I.
Since s1 + I = s + I, we know s1 + ky = so for some ko € 1.
Let t € (ro + s2) + I.

Then t = r9 + s5 + k for some k € 1.
So

t=ro+sa+k
=r1+ki+s1+ka+k
=r1+s1+ki+kat+Ek,

since addition is commutative.

Sot=(ri+s1)+ (ki +ka+ k)€ (ri+s1)+ 1.
So (ro+s2) + 1 C (r1 +s1) + 1.

So (r1+8s)+1=(rg+s2)+1.
(

So the operation given by (r1 + )+ (ro + I) = (11 + 72) + I is a well defined
operation on R/I.

b) We want the operation on R/I given by
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R/I x R/I
(r+1I,s+1)

— R/I
— (rs)+1
to be well defined.
Let (r+ 1,81+ 1),(ra+ 1,82+ 1) € R/I x R/I such that
(ri+I,s1+1)=(ra+1,s2+1).
Then ry +1 =ro+1 and so +1 = s + 1.
To show: r1s1 +1 = rase + 1.
So we must show: ba) r1s1 + 1 C rosg + 1.
bb) rase +1 Crisq + 1.
ba) Since r1 + I =rg + I, we know r; = ro + k; for some k; € I.
Since s1 + I = so + I, we know s; = s5 + ko for some kg € I.
Let t € ris1 + 1.
Then ¢t = r1s1 + k for some k € 1.
So

t=ris1+k
= (ro+ki)(s2+ k) + k
=198y + k1sa +roky + k1ko + K,
by using the distributive law.
k1so + roks + k1ko + k € I by the definition of ideal.

Sot € rgsy+ 1.
SOT151+IQT282+I.

bb) Since r1 + I = ro + I, we know 11 + k1 = 1o for some k; € I.
Since s1 + I = so + I, we know s1 + kg = s for some kg € I.
Let t € roso + 1.
Then t = r985 + k for some k € I.
So

t= 7989 + k
= (1"1 + kl)(sl + k’2) + k
=151 +riky + kisy + kiks + K,
by using the distributive law.
7’1]432 -+ ]C151 + ]{31]{52 + kel by the definition of ideal.

Soterysy +1.
So rose +1 Crysy + 1.
Sorisy+1 =198y + 1.
So the operation given by (r + I)(s+ I) =rs+ I is a well defined operation on R/I.

¢) By the associativity of addition in R and the definition of the operation in R/I,

(m+D+@re4+1)+(rs+1)=((r+r2)+1)+ (rs+1)
=((ri+ry)+rs)+1
(r1+ r2+r3)—|—I

=(rm+1I)+ ((T2+T3)+I)

=(rm+D)+ ((rs+ 1)+ (r3+1))

forally + I,ro+I,r3+1€ R/I.

d) By the commutativity of addition in R and the definition of the operation in R/I,
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(rm+D+ro+1)=0r14+mr)+1
=(rg+mr)+1
=(ro+ 1)+ (r1+1)

forall vy + I,7o +1 € R/I.
e) The coset I =0+ I is the zero in R/I since
I+(r+0)=0+r)+1
=r+1
=r+0)+I=(r+I1)+1
forallr+1 € R/I.

f) Given any coset r + I, its additive inverse is (—r) + I since

r+D+(—r+D)=r+(-r)+1

forallr+1 € R/I.

g) By the associativity of multiplication in R and the definition of the operation in R/I,

((’I"l +I)(T2+I))(T‘3+I)Z(T17‘2—|—I)(7‘3—|—I)
:(T1T2)7‘3+I
:7'1(7"27'3)+I
:(’I"l +I)(’I"2T3—|—I)
= (ry+ D) ({2 + D)rs + 1)
fOTa11T1+I,T2+I,T3+IER/I.
h) The coset 1+ I is the identity in R/I since
QA+Dr+D)=1-r+1
=r+1
=r-14+1
=r+D(1+1)
forall 7+ 1 € R/I.
i) Assume 7, s,t € R. Then by definition of the operations
(r—|—I)((s—|—I)+(t+I)):(r—|—I)((s—|—t)—|—I)
=r(s+t)+1
=(rs+rt)+1
=(rs+I)+(rt+1)
=(+D(s+ 1)+ (r+D)(t+1),

and
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(s+D+@E+D)r+1)=((s+1) +I)(r+])

((
=(s+t)r+
(sr+tr)+[
=(sr+ 1)+ ({tr+1)

=+ D+ +(E+D(r+1).

So R/I is a ring.
<=: Assume R/I is a ring with operations given by

(r+ D)+ (s+I)=(r+s)+1 and
(r+D(s+1)=rs+1

forallr+1,s+ 1€ R/I.
To show: If K € I and r € R then kr € I and rk € 1.
First we show: If k € [ then k+ 1 =1.
To show: a) k+1C1I.
b) ICk+1I.

a) Let i € k+ I.
Then i = k + k; for some k1 € 1.
Then, since [ is a subgroup, i =k + k; € I.
Sok+1ICI.

b) Assume k; € I.
Since by —kel, ki =k+ (k1 —k) e k+ 1.
SolI Ck—+1.

Now assume r € R and k € 1.
Then by definition of the operation

rk+I=(r+I)(k+1I)
=(r+1)I
(r+I)(0+I)

=0+
1,

and

kr+1=(k+1)(r+1)
— (0+1)(r+1)
=041
=1.

Sokrelandrkel.
Solisanideal of R. O

(2.0.9) Proposition. Let f:R — S be a ring homomorphism. Let Or and Og be the zeros for R and S
respectively. Then

a) f(Or) = 0Os.
b) For anyr € R, f(—r)=—f(r).
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Proof.
a) Add —f(0g) to each side of the following equation.

f(Or) = f(Or +0r) = f(Or) + f(OR)-
b) Since

fr)+ f(=r) = f(r+(-r))
F=r) 4+ £r) = f((=r) +7)
then f(—r)=—f(r). O

f(0g) =0s and
f(Or) = 0s,

(2.0.11) Proposition. Let f: R — S be a ring homomorphism. Then
a) ker f is an ideal of R.
b) im f is a subring of S.

Proof.
Let O and Og be the zeros of R and S respectively.
a) To show: ker f is an ideal of R.
To show: aa) If k1, ks € ker f then ki + ko € ker f.
ab) Ogr € ker f.
ac) If k € ker f then —k € ker f.
ad) If k € ker f and r € R then kr € ker f and rk € ker f.

aa) Assume ki, ko € ker f.
Then f(k‘l) = Os and f(k‘g) = Os.
So f(ki + k2) = f(k1) + f(k2) = Os.
So k1 + ko € ker f.

ab) Since f(Or) = 0g, Og € ker f.

ac) Assume k € ker f.

So f(k) = 0g.
Then
f(=k) = =f(k) = 0s
So —k € ker f.
ad) Assume k € ker f and r € R.
Then

f(kr) = f(k)f(r) =0s - f(r) =0s and
frk) = f(r)f(k) = f(r) - 0s = Os.
So kr € ker f and rk € ker f.
So ker f is an ideal of R.
b) To show: ba) If 51,82 € im f then s; + $3 € im f.

bb) O0g € im f.

be) If s € im f then —s € im f.

bd) If s1,s2 € im f then s1s € im f.

be) 1g € im f.

ba) Assume $1,82 € im f. Then s; = f(r;) and s = f(r) for some r1,75 € R.
Then

51452 = f(r1) + f(r2) = f(r1 +12),

since f is a homomorphism.
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So 51+ 89 € im f.
bb) By Proposition 2.1.9 a), f(0g) = 0g, so Og € im f.

be) Assume s € im f. Then s = f(r) for some r € R.
Then, by Proposition 2.1.9 b),

—s = —f() = (1)
So —s €im f.

bd) Assume s1,$2 € im f. Then s; = f(r1) and so = f(r2) for some r1,7r2 € R.
Then

sis2 = f(r1)f(r2) = f(rir2),

since f is a homomorphism.
So s182 € im f.
be) By the definition of ring homomorphism, f(1g) = 1g, s0 1g € im f.

So im f is a subring of S. O

(2.0.12) Proposition. Let f: R — S be a ring homomorphism. Let O be the zero in R. Then
a) ker f = (0r) if and only if f is injective.
b) im f = S if and only if f is surjective.

Proof.
a) Let O and Og be the zeros in R and S respectively.
—: Assume ker f = (0g).
To show: If f(ry) = f(re) then 1 = ra.
Assume f(r1) = f(r2).
Then, by the fact that f is a homomorphism,

0s = f(r1) — f(r2) = f(r1 —ra).

Sor; —ry € ker f.
But ker f = (0g).
So TN — T2 = OR.
So T = To.
So f is injective.
<=: Assume f is injective.
To show: aa) (Ogr) C ker f.
ab) ker f C (Ogr).
aa) Since f(0g) = 0g, Og € ker f.
So (Ogr) C ker f.
ab) Let k € ker f.
Then f(k) = 0s.
So f(k) = f(Or).
Thus, since f is injective, k = Op.
So ker f C (0g).
So kerf = (OR)

b) =: Assume im f = S.
To show: If s € S then there exists r € R such that f(r) = s.
Assume s € S.
Then s € im f.
So there is some r € R such that f(r) = s.
So f is surjective.
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<=: Assume f is surjective.
To show: a) im f C S.
b) S Cim f.
a) Let z € im f.
Then x = f(r) for some r € R.
By the definition of f, f(r) € S.
SoxeS.
Soim f C S.
b) Assume x € S.
Since f is surjective there is an r such that f(r) = z.
So x €im f.
So S Cim f.
Soimf=S5. 0O

(2.0.13) Theorem.
a) Let f: R — S be a ring homomorphism and let K = ker f. Define

f: R/kerf — S
r+ K —  f(r).

Then f is a well defined injective ring homomorphism.
b) Let f: R — S be a ring homomorphism and define
f" R — imf
ro—= o f(r).
Then f' is a well defined surjective Ting homomorphism.

¢) If f: R — S is a ring homomorphism, then

R/ker f ~im f
where the isomorphism is a ring isomorphism.

Proof.
Let 1 and 1g be the identities in R and S respectively.

a) To show: aa) f is well defined.
ab) f is injective.
ac) f is a ring homomorphism.
aa) To show: aaa) If 7 € R then f(r + K) € S.
aab) If ry + K =ry + K € R/K then f(r1 + K) = f(r2 + K).
aaa) Assume r € R.
Then f(r+ K) = f(r), and f(r) € S, by the definition of f and f.
aab) Assume r + K =ry + K.
Then ri =ro +k for some k € K.
To show: f(r + K) = f(rs + K), i.e.,
To show: f(r1) = f(rs).
Since k € ker f, we have f(k) =0 and so

f(r1) = f(ra+k) = f(ra) + f(k) = f(ra) + 0 = f(r2).

~ So f(r+K) = f(rs + K).
So f is well defined.

ab) To show: If f(r1 + K) = f(ro + K) then r; + K =15 + K.
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Assume f(r1 + K) = f(ro + K).
Then f(r1) = f(r2).
So f(r1) — f(r2) = 0.
So f(T1 77"2) =0.
Sory —rg € ker f.
So r1 —r9 = k, for some k € ker f.
So r1 = ry + k, for some k € ker f.
To show: aba) 1 + K Cro + K.
abb) ro+ K Cri+ K.
aba) Let r € r1 + K.
Then r = r1 + kq, for some k; € K.
Sor=ro+k+ky €rg+ K since k+ k1 € K.
Sor1 + K Cry+ K.
abb) Let r € ro + K.
Then r = ro + ko, for some ks € K.
Sor=ro+ky=1r1 —k+ky€ry+ K since -k + ko € K.
Sors + K Cri + K.
Sori + K =ry+ K.
So f is injective.
ac) To show: aca) If ry + K,7s + K € R/K
then f((r1 + k) + (r2 +K)) = fri4+ K)+ f(rs + K).
acb) If’l"l +K,T2+K€R/K
then f((r1 + K)(r2 + K)) = f(r1 + K) f(r2 + K).
ace) f(lgp+ K) = 1g.
aca) Let r1 + K, + K € R/K.
Since f is a homomorphism,

acb) Let ry + K,ro+ K € R/K.
Since f is a homomorphism,

fri+ K)f(rs+ K) = f

acc) Since f is a homomorphism,

f(Ar+ K) = f(1r)
—1g.

So f is a ring homomorphism.

So f is a well defined injective ring homomorphism.

b) Let 1g and 1g be the identities in R and S respectively.
To show: ba) f’ is well defined.
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bb) f’ is surjective.
be) f’ is a ring homomorphism.

ba) and bb) are proved in Ex. 2.2.4 a) and b), Part I.

be) To show: bea) If r1,79 € R then f'(r1 +r2) = f'(r1) + f'(r2).
beb) If vy, 79 € R then f/(rir2) = f/(r1) f'(r2).
bee) f'(1r) = 1s.

bca) Let r1,72 € R.
Then, since f is a homomorphism,

fi(ri+ra) = f(ri+r2) = f(r1) + f(r2) = f/(r1) + f'(r2).

beb) Let r1,7r2 € R.
Then, since f is a homomorphism,

f’(ﬁTz) = f(”17“2) = f(ﬁ)f(Tz) = fl(ﬁ)f/(?"z)-

bee) Since f is a homomorphism,

f'(Ir) = f(1r) = 1s.
So f’ is a homomorphism.

So f’ is a well defined surjective ring homomorphism.

Let K =ker f.
By a), the function

fi R/IK — S
r+ K — f(r)

is a well defined injective ring homomorphism.
By b), the function

f': R/K — im f
r+K — fr+K)=f(r)
is a well defined surjective ring homomorphism.
To show: ca) im f = im f.
cb) f’ is injective.
ca) To show: caa) im f C im f.
cab) im f C im f.
caa) Let s € im f.
Then there is some r + K € R/K such that f(r + K) = s.
Let ' e r+ K.

Then r’ = r + k for some k € K.
Then, since f is a homomorphism and f(k) = 0,

So s €im f.
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So imf Cim f.
cab) Let s € im f.
Then there is some r € R such that f(r) = s.
So f(r+ K) = f(r) =s.
Sose€imf.
So im f Cim f.
So im f = im f.
¢b) To show: If f'(ry + K) = f'(ry + K) then r, + K = ry + K.
Assume f'(ry + K) = f'(r + K).
Then f(r1 + K) = f(r2 + K).
Then, since f is injective, 11 + K =12 + K.
So f’ is injective.
Thus we have

f': R/K — imf
r+ K o= f(r)

is a well defined bijective ring homomorphism. O

(2.0.17) Proposition. Let R be a ring. Let Op and 1 be the zero and the identity in R respectivelly.
a) There is a unique ring homomorphism @:LT— R given by

©(0) = O,
e(m)=1p+---+1g, and
p(=m) = —p(m),
for every m €X, m > 0.
b) ker p =n I= {nk | k €L} where n = char(R) is the characteristic of the ring R.
Proof.

Let 1 and O be the identity and zero of the ring R.
a) Define ¢: T— R by defining, for each m > 0, m €,

plm)=1n+ +15,
—_———
m times
p(=m) = —p(m),
©(0) = 0g.

To show: aa) ¢ is unique.

ab) ¢ is well defined.

ac) ¢ is a homomorphism.

aa) To show: If ¢': T— R is a homomorphism then ¢’ = .
Assume ¢': T— R is a homomorphism.
To show: If m €Z then ¢'(m) = p(m).
If m =1 then ¢'(1) = 15 = p(1).
If m > 0 then

Pm)=¢' 1+ +1)=¢ 1)+ +¢' (1) =1g+ -+ 1g = p(m).
m times m times m times
¢'(—=m) = —¢'(m) = —p(m) = p(-—m).
If m = 0 then ¢'(0) = 0r = ¢(0).
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ab) This is clear from the definitions.

ac) To show: aca) ¢(1) = 15.
ach) p(mn) = p(m)p(n).
ace) p(m +n) = p(m) + ¢(n).
aca) This follows from the definition of ¢.
acb) Let m,n > 0. Then, by the distributive law,

em)en) =0+ ---+DA+---+1)=14+---+1=¢p(mn).

m times n times mn times

p(=m)p(—n) = (—1r)p(m)(-1)re(n) = p(m)p(n) = p(mn) = ¢((-m)(-n)).

acc) Let m,n > 0.
Then

pm)+pmn)=14+-+14+1+--+1=1+---4+1=p(m+n).

m times n times m-~+n times

@(—m) +p(—n) = —p(m) — p(n) = —(p(m) + ¢(n)) = —p(m + n)
=o( = (m+n)) =p((=m) + (-n)).

It m > n, o(m) + p(~n) = p(m) —p(n) = (14 +1) (1 +- +1)

m times n times
=14+ 4+1=p(m-—n).
o( )

m—n times

If m <n, p(m) +¢(—n) = p(m) — p(n) = —(o(n) — p(m))
= —¢p(n—m) = p(m —n).
So ¢ is a homomorphism.
b) Let n =char(R).

To show: ba) n ZC ker .
bb) kerp Cn I.

First we show n € ker ¢.
By the definition of char(R),

on)=1p+---+ 1z =0pg.
—_———
n times

So n € ker .
ba) Let m € n Z.
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Then m = nk for some k €Z.
Since ¢ is a homomorphism,

p(m) = p(nk) = p(n)p(k) = 0-p(k) = 0.
So p(m) € ker p.
So n ZC ker .

bb) Let m € ker ¢.
Write m = nr + s where 0 < s <n and r €X.
Then, since ¢ is a homomorphism,

Or = @(m) = o(nr +s) = p(n)p(r) + ¢(s) =0r +¢(s) =lr +---+ 1&.
—_———
s times
By definition of char(R), n is the smallest positive integer such that 1z +--- 1z = Og.
—_——

n times

So s = 0.

So m = nr.
Somenk.
So kerp Cn Z.

Sokerop=nZ. O

(2.0.21) Proposition. FEvery proper ideal I of a ring R is contained in a mazimal ideal of R.

Proof.
The idea is to use Zorn’s lemma on the set of proper ideals of R containing I, ordered by inclusion. We
will not prove Zorn’s lemma, we will assume it. Zorn’s lemma is equivalent to the axiom of choice. For
a proof see Isaacs book [I].

Zorn’s Lemma. If S is a poset such that every chain in S has an upper bound then S has a mazimal
element.

Let S be the set of proper ideals of R containing I, ordered by inclustion.
To show: Given any chain of ideals in S

o Clp1 © I C L1 © -+

there is a proper ideal J of R containing I that contains all the I.
Let

J:UIk.
k

To show: a) J is an ideal.
b) J is a proper ideal.
a) To show: aa) Ifi,j € J theni+j € J.
ab) If i € J and r € R then ir € J and 77 € J.

aa) Assume i,j € J.
Then ¢ € I}, and j € I} for some k and k’.
So either 4,5 € I} or i,j € I} since either Iy, C I or I C Iy.
So either i + j € I, or i 4+ j € I} since I}, and Iy are ideals.
So

1+ €UIk =J.
k
ab) Assume ¢ € J and r € R.
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Then ¢ € I, for some k.
Since Iy is an ideal, ri € I}, and ir € Iy.
So

rie|JIv=J and ire| I, =
k k
So J is an ideal.
b) To show: 1 ¢ J.

Since the I, are all proper ideals, 1 ¢ I}, for any k.
So

1¢(JIn=.
k

So J is a proper ideal of R.

So every chain of proper ideals in R that contain I has an upper bound.
Thus, by Zorn’s lemma, the set S of proper ideals containing I has a maximal element.
So I is contained in a maximal ideal. O
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§2P. Modules

(2.2.4) Proposition. Let M be a left R-module and let N be a subgroup of M. Then the cosets of N in
M partition M.

Proof.
To show: a) If m € M then m € m’ + N for some m’ € M.
b) If (mi + N) N (mg + N) # 0 then my + N =mo + N.
a) Let m e M.
Then, since0 e Nym=m+0&€m+ N.
Somem+ N.
b) Assume (mj3 + N) N (ma2+ N) # 0.
To show: ba) mq + N Cmg+ N.
bb) ma+ N Cm; + N.
Let a € (m1 + N)N(mg+ N).
Suppose a = m1 +n; and a = mo + no where ni,ne € N.
Then

m =mi+n,—ni=a—n3 =ms+ny,—ny and

Mo = M9 +Ng —Ng =a — Ng =M1 + N1 — No.

ba) Let m € my + N.
Then m = mq + n for some n € N.
Then

m=mi+n=mg—+ng—ni+née€myg+N,
since ng —ny +n € N.
Som1+N§m2+N.

bb) Let m € ma + N.
Then m = ms + n for some n € N.
Then

m=mo+n=mp+n—no+néemg+N,
since ny —ng +n € N.
Somas+ N Cmq+ N.

Somqi+ N =mo+ N.
So the cosets of N in M partition M. O

(2.2.5) Theorem. Let N be a subgroup of a left R-module M. Then N is a submodule of M if and only if
M/N with the operations given by

(mi+ N)+ (m2+ N)=(m1+ma)+ N, and
r(mi+ N)=rmy + N,

is a left R-module.

Proof.
=>: Assume N is a submodule of M.
To show: a) (my+ N)+ (ma2+ N) = (m1 + ma) + N is a well defined operation on M/N.
b) The operation given by r(m + N) = rm + N is well defined.
¢) ((m1+ N)+ (ma+ N)) + (m3 + N) = (m1 + N) + ((m2 + N) + (m3 + N))
for all m1—|—N,m2—|—N,m3—|—NEM/N.
d) (mi+N)+(may+ N)=(ma+ N)+ (my+ N) for all m; + N,ms+ N € M/N.
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) 0+ N = N is the zero in M/N.
) —m 4+ N is the additive inverse of m + N.
) If 1,72 € Rand m + N € M/N, then ri(r2(m + N)) = (rir2)(m + N).
) fm+ N € M/N then 1(m+ N)=m+ N.
i) If r € Rand my + N,ma + N € M/N,
then r((my + N) + (m2 + N)) =r(mq + N) 4+ r(mg + N).
j) Ifri,ro € Rand m+ N € M/N,
then (ry +r2)(m+ N)=ri(m+ N)+ra(m+ N).

a) We want the operation on M/N given by

e
f
g
h

M/N x M/N — M/N
(m1+N,m2+N) — (m1+m2)—|—N
to be well defined.
Let (m1 4+ N,mg + N),(ms + N,my+ N) € M/N x M/N such that
(m1—|—N,m2—|—N):(m3—|—N,m4—|—N).
Then m1 + N =m3+ N and mo + N = my + N.
To show: (m1 +mg) + N = (mg +my) + N.
So we must show: aa) (my +msa) + N C (m3+m4) + N.
ab) (m3+my) + N C (m1 +mg) + N.
aa) We know m; =mq +0 € mg + N since m; + N = ms3 + N.
So my = mg + ki1 for some k; € N.
Similarly mo = my + ko for some ko € N.
Let t € (my +ms2) + N.
Then t = m1 + mgy + k for some k € N.
So

t=my+mg+Ek
=ms+ki+ms+kat+k
=mg +my + ki + ko + k,

since addition is commutative.

Sot=(mg+my)+ (ki +ka+k)€ms+my+ N.
So (my +ma) + N C (m3 +my) + N.

ab) Since mj + N = mgs + N, we know m; + k1 = mg for some k; € N.
Since ms + N = my + N, we know my + ko = my for some ko € N.
Let t € (mg + m4) + N.

Then ¢t = ms +my + k for some k € N.
So

t=m3+my+k
=mi1+ki+me+ka+k
=m1 +mo + k1 + ks + k,

since addition is commutative.

So t = (my +mg) + (k1 + ko + k) € (my +ma) + N.
So (ms +my4) + N C (mq +ma) + N.

So (m1 +m2) + N = (m3 +myq) + N.
So the operation given by (mi + N) + (ms + N) = (m1 + m3) + N is a well defined
operation on M/N.

b) We want the operation given by

RxM/N — MJN
(rrm+N) — rm+N
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to be well defined.
Let (r1,m1 + N), (r2,ma + N) € (R x M/N) such that (r;,my + N) = (r2,ma + N).
Then r{ = ry and m; + N = my + N.
To show: rimq1 + N = rams + N.
To show: ba) rimi + N C romg + N.
bb) rems + N C rymq + N.

ba) Since my + N = mgy + N, we know my = mq + ngy for some ng € N.
Let k € rym; + N.
Then k = rym1 + n for some n € N. So

k=rimi+n
=rg(ma +n2) +n

= TroMmsy + ToNo + N.

Since N is a submodule, ro9ne € N, and rony +n € N.
So k = romg + rong +n € r9mo + N.
So rymi + N C romg + N.

bb) Since m; + N = mo + N, we know mge = m; + n; for some n; € N.
Let &k € romgy + N.
Then k = romg + n for some n € N. So

k=roms+n
=ri(mi+n1)+n

=rimi; +7riny +n.

Since N is a submodule, r1n1 € N, and riny +n € N.
Sok=rimy+ring+née€rim + N.
So roms + N Crymy + N.
So rymi + N =romo + N.
So the operation is well defined.

¢) By the associativity of addition in M and the definition of the operation in M/N,

((m1+ N)+ (m2+ N)) + (m3 + N) = ((m1 +mz) + N) + (m3 + N)
(m1+m2 +m3)+N
(m1+ m2+m3))—|—N
=(mi1+N)+ ((m2+m3)+N)
= (m1+ N) + ((mz+ N) + (m3 + N))
for all m; + N,ms+ N,m3 + N € M/N.

d) By the commutativity of addition in M and the definition of the operation in M/N,
(m1+ N)+ (ma+ N) = (my +mg) + N

:(m2+m1)+N
= (mg+ N)+ (m; + N).

for all m; + N,ma+ N € M/N.
e) The coset N =0+ N is the zero in M/N since
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N+(m+N)=0+m)+N
=m+N
=(m+0)+N=(m+N)+N
for allm+ N € M/N.

f) Given any coset m + N, its additive inverse is (—m) + N since

(m+N)+(—m+N)=m+(—m)+ N
=0+N
=N
=(—-m+m)+ N
=(—m+N)+(m+N)
for all m+ N € M/N.

g) Assume 71,72 € R and m+ N € M/N.
Then, by definition of the operation,

r1(ro(m+ N)) = ri(rom + N)
=ri(rem) + N
= (rirg)m+ N
= (rir2)(m—+ N).

h) Assume m + N € M/N.
Then, by definition of the operation,

I(m+N)=(1m)+ N
=m+ N.

i) Assume r € R and m; + N,my + N € M/N.
Then

r((mi+ N)+ (ma+ N)) =r((m1 +ms) + N)
=r(mi+ma)+ N

(rmq +1rmg) + N

= (rmy + N)+ (rmz + N)

=r(my+ N)+r(me2+ N).

j) Assume 71,79 € R and m+ N € M/N.
Then

(ri+r2)(m+N) = ((ﬁ + rg)m) + N
= (rim+rom)+ N
= (rym + N) + (ram + N)
=ri(m+ N)+ry(m+ N).
So M/N is a left R-module.
<=: Assume N is a subgroup of M and (M/N) is a left R-module with action given by

r(m+ N)=rm+ N.
To show: N is a submodule of M.
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To show: If r € R and n € N then rn € N.
First we show: If n € N then n + N = N.
To show: a) n+ N C N.
b) NCn+ N.

a) Let k en+ N.
So k =n + nq for some ny € N.
Since N is a subgroup, k =n+mny € N.
Son+ N CN.
b) Let k € N.
Sincek—neN,k=n+(k—n)en+N.
So NCn+ N.
Now assume r € R and n € N.
Then, by definition of the R-action on M /N,

m+ N=r(n+N)
=r(0+ N)

Sormn=rn+0¢€ N.
So N is a submodule of M. O

(2.2.9) Proposition. Let f: M — N be an R-module homomorphism. Then
a) ker f is a submodule of M.
b) im f is a submodule of N.

Proof.
a) By condition a) in the definition of R-module homomorphism, f is a group homomorphism.
By Proposition 1.1.13 a), ker f is a subgroup of M.
To show: If r € R and k € ker f then rk € ker f.
Assume r € R and k € ker f.
Then, by the definition of R-module homomorphism,

flrk)y=rf(k)=r-0=0.

So rk € ker f.
So ker f is a submodule of M.

b) By condition a) in the definition of R-module homomorphism, f is a group homomorphism.
By Proposition 1.1.13 b), im f is a subgroup of N.
To show: If r € R and a € im f then ra € im f.
Assume r € R and a € im f.
Then a = f(m) for some m € M.
By the definition of R-module homomorphism,

ra =rf(m)= f(rm).
So ra € im f.

So im f is a submodule of N. O

(2.2.10) Proposition. Let f: M — N be an R-module homomorphism. Let Oy be the zero in M. Then
a) ker f = (0pr) if and only if f is injective.
b) im f = N if and only if [ is surjective.
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Proof.
Let 057 and On be the zeros in M and N respectively.
a) =: Assume ker f = (0yy).
To show: If f(my) = f(mg) then my = ma.
Assume f(m1) = f(me).
Then, by the fact that f is a homomorphism,

On = f(m1) — f(m2) = f(m1 — ma).

So m1 — mq € ker f.
But ker f = (0n).
So mip — Mg = OJV[.
So my = ma.
So f is injective.
<=: Assume f is injective.
To show: aa) (0p7) C ker f.
ab) ker f C (0p).
aa) Since f(0pr) = On, Ops € ker f.
So (0pr) C ker f.
ab) Let k € ker f.
Then f(k) = Oy.
So f(k) = f(Onm).
Thus, since f is injective, k = 0py.
So ker f C (0py).
So ker f = (0pr).

b) =: Assume im f = N.
To show: If n € N then there exists m € M such that f(m) = n.
Assume n € N.
Then n € im f.
So there is some m € M such that f(m) = n.
So f is surjective.
<=: Assume f is surjective.
To show: ba) im f C N.
bb) N Cim f.
ba) Let = € im f.
Then = = f(m) for some m € M.
By the definition of f, f(m) € N.
Soz e N.
Soim f C N.
bb) Assume x € N.
Since f is surjective there is an m such that f(m) = z.
Soz €im f.
So N Cim f.
Soimf=N. O

(2.2.11) Theorem.
a) Let f: M — N be an R-module homomorphism and let K = ker f. Define

f: M/kerf — N
m+K —  f(m).

Then f is a well defined injective R-module homomorphism.
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b) Let f: M — N be an R-module homomorphism and define

fi'" M — imf
m  —  f(m).
Then f' is a well defined surjective R-module homomorphism.

c) If f+ M — N is an R-module homomorphism, then

M/ker f ~im f
where the isomorphism is an R-module isomorphism.

Proof. .
a) To show: aa) f is well defined.
ab) f is injective.
ac) f is an R-module homomorphism.
aa) To show: aaa) If m € M then f(m+ K) € N.
aab) If my + K =mo+ K € M/K then f(mi + K) = f(ma + K).
aaa) Assume m € M.

Then f(m + K) = f(m) and f(m) € N, by the definition of f and f.

aab) Assume mi + K = mgo + K.
Then my = mg + k, for some k € K.
To show: f(my + K) = f(ma + K), ie
To show: f(mq) = f(ma).

Since k € ker f, we have f(k) = 0 and so

f(ma) = f(ma + k) = f(mz) + f(k) = f(ma2).

So f(my + K) = f(my + K).
Sof is well defined.
ab) To show: If f(my + K) = f(ma + K) then my + K = my + K.

Assume f(ml +K)= f(szrK).

Then f(m1) = f(m2).

So f(m1) — f(me) =0.

So f(my —mg) = 0.

So my — mq € ker f.

So m1 — mo = k, for some k € ker f.

So m; = mgy + k, for some k € ker f.

To show: aba) m; + K C ms + K.
abb) ms + K Cm; + K.

aba) Let m € my + K. Then m = my + ky, for some k; € K.
SOm:m2+k+k’1€m2+K,SiHC6k+]C1GK.
Somi+K Cms+ K.
abb) Let m € my + K. Then m = mg + ko, for some ko € K.

Som=mi —k+ky€mq+ K since —k+ky € K.
Soms+K Cmy + K.

Som1+K:m2—|—K.

So f is injective.
ac) To show: aca) If mi + K,mz + K € M/K
then f(my + K) + f(my + K) = (m1 + K) + (m2 + K)).
acb) If r € R and m + K € M/K then f( (m+ K)) =rf(m+ K).
aca) Let mi + K,my+ K € M/K.
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Since f is a homomorphism,

acb) Let r € Rand m+ K € M/K.
Since f is a homomorphism,

~ So f is an R-module homomorphism.
So f is a well defined injective R-module homomorphism.

b) To show: ba) f’ is well defined.
bb) f’ is surjective.
bc) f’is an R-module homomorphism.

ba) and bb) are proved in Ex. 2.2.3 a), Part I.
be) To show: bea) If my,mo € M then f/'(my1 4+ me) = f'(m1) + f/'(m2).
beb) If r € R and m € M then f/'(rm) = rf/'(m).

beca) Let my,mg € M.
Then, since f is a homomorphism,

f'(my +ma) = f(my +ma) = f(ma) + f(me) = f'(m1) + f'(m2).

beb)  Let my,ma € M.
Then, since f is an R-module homomorphism,

flrm) = f(rm) = rf(m) =rf'(m).

So f’ is an R-module homomorphism.
So f’ is a well defined surjective R-module homomorphism.

c) Let K =Xker f.
By a), the function

fi M/K — N
mrK o f(m)
is a well defined injective R-module homomorphism.
By b), the function
fi M/K — im f
m+K — f(m+K) =f(m)
is a well defined surjective R-module homomorphism.
To show: ca) im f = im f.
cb) f' is injective.
ca) To show: caa) im f C im f.
cab) im f Cim f.
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caa) Let n € im f.
Then there is some m 4+ K € M/K such that f(m + K) = n.
Let m' e m+ K.
Then m’ = m + k for some k € K.
Then, since f is a homomorphism and f(k) = 0,

Son € im f.
So im f C im f.
cab) Let n € im f.
Then there is some m € M such that f(m) = n.
So f(m+ K) = f(m) =n.
Son € imf.
Soim f C im f.
So im f = im f
¢b) To show: If f'(m; + K) (mg + K) then m; + K = mo + K.
Assume f'(mq + K) (ma + K).
Then f(my + K) = f(ma + K).
Then, since f is injective, m; + K = mga + K.
So f' is injective.

oy
= f

Thus we have

f© M/K — imf
m+K —  f(m)

is a well defined bijective R-module homomorphism. O
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Chapter 3. FIELDS AND VECTOR SPACES
§1P. Fields

(3.1.3) Proposition. If f: K — F is a field homomorphism then f is injective.

Proof.
To show: f: K — F is injective.
Assume f: K — Fis a field homomorphism.
To show: If 21,29 € K and f(z1) = f(z2) then 1 = x,.

Assume z1, 25 € K and f(z1) = f(z2).
To show: x1 = xo.

Proof by contradiction: Assume x; # zs.

Let Ox and Or be the additive identities in K and F' respectively.

Let 1xand 1r be the multiplicative identities in K and F respectively.
Then f(x1) — f(fz) =0 and 21 — 22 # Ok.

Let y = (w1 — x2) "1 , which exists by property h) in the definition of a field.
Then, since f: K — F is a homomorphism and f(z1) — f(x2) = OF,
v)

1p = f(lx) = f((x1 — 22)
= fz1 — 22) f(y)
= (f(fﬂl) - f(mz))f(y)
=0r- f(y)
=0p.
This is a contradiction to property g) in the definition of a field.

So x1 = ws.
So f: K — F is injective. O
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§2P. Vector Spaces

(3.2.4) Proposition. Let V be a vector space over a field F' and let W be a subgroup of V.. Then the cosets
of W in V partition V.

Proof.
To show: a) If v € V then v € v/ + W for some v’ € V.
b) If (v1 + W) N (va + W) # 0 then v1 + W = vy + W.
a) Let v e V.
Then, since0 e W, v=v+0cv+W.
Sovev+ W.
b) Assume (v1 + W) N (vg + W) # 0.
To show: ba) vy + W C vy + W.
bb) vg+W Cuvy +W.
Let a € (v1 + W) N (va + W).
Suppose a = vy + w1 and a = vy + wo where wy,wy € W.
Then

vy =v1+w; —w; =a—w; =vy+wy —w; and

Vg = Vg + Wo — We = @ — Wo = V] + W1 — Wa.

ba) Let v € vy + W.
Then v = v1 + w for some w € W.
Then

V=01 + W=+ W —wy +w E vy + W,
since wo —wy +w € W.
Sovy +W Cwuy+W.

bb) Let v € vy + W.
Then v = vo + w for some w € W.
Then

V=vs+w=v+w —wsy+w€Euv + W,
since wy —wo +w € W.
Sowve +W Cwuy +W.

SO1}1+W:U2+W.
So the cosets of W in V partition V. O

(3.2.5) Theorem. Let W be a subgroup of a vector space V' over a field F. Then W is a subspace of V' if
and only if V/W with operations given by

(V1 + W)+ (v2+W) = (vi+v2) + W, and
cv+W)=co+W,

s a vector space over F.

Proof.
=—: Assume W is a subspace of V.
To show: a) (vy + W)+ (va+ W) = (v1 + v2) + W is a well defined operation on V/W.
b) The operation given by c(v + W) = cv + W is well defined.
o) (v + W)+ (2 +W))+ (vs+ W) = (v1 + W)+ ((va+ W) + (v3 + W))
for all vy + W,ve + W,vz + W € V/W
d) (u+W)+(va+ W)= (v2+W)+ (v + W) for all vy + W,va + W € V/W.
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) 0+ W =W is the zero in V/W.
) —v+ W is the additive inverse of v + W.
) If c1,c0 € F and v+ W € V/W, then ¢; (c2(v+ W)) = (cre2)(v + W).
Y Hfvo+W e V/W then 1(v+ W) =0+ W.
i) If ce Fand vy + Wyue + W € V/W,
then c((v1 + W) + (va + W)) = c(v1 + W) + c(vy + W).
j) fep,co€e Fand v+ W e V/W,
then (1 +e2)(v+ W) =c1(v+ W)+ ca(v+W).

e
f
g
h

a) We want the operation on V/W given by

V/W x V/W — V/W
('U1+VV,'UQ+W) — (’U1+’02)+W
to be well defined.
Let (v1 + W,vg + W), (v3 + W,vs + W) € V/W x V/W such that
(’Ul +Wue+ W) = (’Ug + W,v4+W).
Then vi + W =v3+ W and vo + W =vgs + W.
To show: (v1 +v2) + W = (v3 +v4) + W.
So we must show: aa) (v1 +v2) + W C (v3 +v4) + W.
ab) (v3+vg)+ W C (v; +vg) + W.
aa) We know v; =v; +0 € vg + W since v1 + W = vg + W.
So v1 = v3 + w; for some wy € W.
Similarly v, = v4 + wo for some wy € W.
Let t € (vy 4+ vg) + W.
Then t = v1 + vo + w for some w € W.
So

t=v1 +ve+w
=v3+w; +v4+wy+w
=v3 t+v4s+wy +w2 +w,
since addition is commutative.

So t = (v3 4+ v4) + (w1 +wa +w) € v3 + vy + W.
So (U1+Uz)+Wg(U3+U4)+W.

ab) Since v + W = v3 + W, we know vy + wy = vs for some w; € W.
Since vo + W = v4 + W, we know vy + wo = v4 for some wo € W.
Let t € (vs 4+ vq) + W.
Then ¢t = v3 + v4 + w for some w € W.
So

t=v3+vy+w
=v] +wi +vy+we+w
=v1 + v2 + wi + w2 +w,
since addition is commutative.
So t = (v1 +v2) + (w1 + w2 +w) € (v1 +v2) + W.
So (U3+U4)+W§ (01+U2)+W.
So (”Ul +”02) +W: (U3+v4) +W.
So the operation given by (vy + W) + (v + W) = (v1 + v3) + W is a well defined
operation on V/W.

b) We want the operation given by

FxVIW — V/W
(ccv+W) — co+W
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to be well defined.
Let (c1,v1 + W), (co,v2 + W) € (F x V/W) such that (¢1,v1 + W) = (co,v2 + W).
Then ¢; = co and v1 + W = vy + W.
To show: civ1 + W = covg + W.
To show: ba) civ1 + W C covg + W.
bb) covg + W C vy + W.

ba) Since v1 + W = vy + W, we know v; = v9 + wy for some wy € W.
Let t € civ1 + W.
Then ¢t = cyv1 + w for some w € W. So

t=civ1 +w
=co(ve +wy1) +w

= coU2 + cowi1 + W,

since ¢; = ca.

Since W is a subspace, cow; € W, and cowy +w € W.
So t = covg + cowq + w € covg + W

So civr + W C covg + W.

bb) Since v1 + W = vy + W, we know vy = v1 + wo for some we € W.
Let t € covg +W.
Then t = covo + w for some w € W. So

t=covg +w
=cy(v1 + we) +w
=1V + crwg + w,
since ¢y = 1.
Since W is a subspace, cywy € W, and cyws +w € W.
Sot=civy +crws +w € crvg + W.
So covg + W C civ; + W.
So c1v1 + W = CoV2 + w.
So the operation is well defined.

¢) By the associativity of addition in V' and the definition of the operation in V/W,
(1 + W)+ (v2+ W) + (v3+ W) = ((v1 + v2) + W) + (vs + W)
( (v1 + v2) —H}g) + W
(U1+ Vg + U3 )—|—W
= (v1 + W)+ ((v2 +v3) + W)
= (1 + W)+ ((v2+ W)+ (v3 +W))
for all vy + W,vg + W,u3 + W € V/W.
d) By the commutativity of addition in V' and the definition of the operation in V/W,
(’Ul +W)+(’UQ+W) = (’U1+1}2)+W
= (1}2 + ’01) + W
= (va+ W)+ (1 + W).

for all v + Wva + W € V/W.
e) The coset W =0+ W is the zero in V/W since
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W+ @w+W)=0+v)+W
=v+W

(v+0)+W

=@w+W)+W

for all v+ W € V/W.

f) Given any coset v + W, its additive inverse is (—v) + W since

W+W)+(—v+W)=v+(—v)+ W
=0+W
=W
=(—v4+v)+W
=(—v+W)+v+W
forall v+ W € V/W.

g) Assume ¢,c0 € Fand v+ W € V/W.
Then, by definition of the operation,

cr(e2(v+ W)) = c1(cov + W)
c1(cav) +
( )11+W
(0102)(?] + W)

h) Assume v+ W € V/W.
Then, by definition of the operation,
llv+W)=(lv)+ W
=v+ W.

i) Assume c € F and vq + Wyue + W € V/W.
Then

c((v1+W)+(vg+W) (Ul+’l)2 —|—W)
=c(vy +uv)+ W
= (cvy +cvg) + W
= (cv1 + W) + (cvg + W)
=c(v1 + W) + c(va + W).

j) Assume ¢1,c0 € Fand v+ W € V/W.
Then

(1 +e)(v+W)= (cl+02 )+W
= (v +cv)+ W
= (v + W)+ (cov+ W)
=ci(v+ W)+ c(v+W).

So V/W is a vector space over F.
<=: Assume W is a subgroup of V and V/W is a vector space over F' with action given by
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clo+W)=co+W.
To show: W is a subspace of V.
To show: If c € F and w € W then cw € W.
First we show: If w € W then w+W =W.
To show: a) w+W CW.
b) WCw+W.
a) Let k € w+ W.
So k = w + w; for some wy € W.
Since W is a subgroup, w +w; € W.
Sow+W CW.
b) Let k € W.
Since k—weW, k=w+((k—w)cw+W.
SoW Cw+W.
Now assume ¢ € F and w € W.
Then, by definition of the operation on V/W,

cw~+ W =clw+ W)
=c(0+W)
=c-0+W
=0+W
=W.

Socw=cw+0€eW.
So W is a subspace of V. O

(3.2.8) Proposition. Let T:V — W be a linear transformation. Let Oy and Ow be the zeros for V and W
respectively. Then

a) T(0y) = Ow.
b) For anyv eV, T(—v)=-T(v).

Proof.
a) Add —T'(0y) to both sides of the following equation.

T(Ov) =T(0v +0v) =T(0v) + T(0v).

b) Since T'(v) + T(—v) = T(v+ (—v)) = T(0y) = Ow and
T(—v) + T(v) = T((—v) + v) + T(0v) = O, then

—T(v) =T(-v). O

(3.2.10) Proposition. Let T:V — W be a linear transformation. Then
a) ker T is a subspace of V.
b) imT is a subspace of W.

Proof.
a) By condition a) in the definition of linear transformation, T is a group homomorphism.
By Proposition 1.1.13 a), ker T is a subgroup of V.
To show: If ¢ € F and k € ker T then ck € ker T
Assume ¢ € F and k € ker T
Then, by the definition of linear transformation,

T(ck) =cT'(k)=c-0=0.
So ck € kerT.
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So ker T is a subspace of V.

b) By condition a) in the definition of linear transformation, 7" is a group homomorphism.
By Proposition 1.1.13 b), im 7" is a subgroup of W.
To show: If c € F' and a € imT then ca € imT.
Assume c € F and c € imT.
Then a = T'(v) for some v € V.
By the definition of linear transformation,

ca = cT'(v) =T(cw).

So ca € imT.
So im T is a subspace of W. 0O

(3.2.11) Proposition. Let T:V — W be a linear transformation. Let Oy be the zero in V. Then
a) kerT = (0vy) if and only if T is injective.
b) imT =W if and only if T is surjective.

Proof.
Let Oy and Oy be the zeros in V and W respectively.
a) =: Assume ker T' = (Oy).
To show: If T'(v1) = T'(ve) then v; = vs.
Assume T'(v1) = T'(v2).
Then, by the fact that T is a homomorphism,

OW = T(’Ul) - T(Ug) = T(’Ul — ’Ug).

So vy —wg € kerT.
But ker T = (0y).
So V1 — Vg = Ov.
So v1 = .
So T is injective.
<=: Assume T is injective.
To show: aa) (0y) C kerT.
ab) kerT C (Oy).
aa) Since T(0y) = Oy, Oy € ker T'.
So (Oy) CkerT.
ab) Let k € ker T
Then T'(k) = Ow .
Thus, since T is injective, k = Oy.
So kerT' C (0y).
So ker T = (Oy).

b) =: Assume im7T = W.
To show: If w € W then there exists v € V such that T'(v) = w.
Assume w € W.
Then w € imT.
So there is some v € V such that T'(v) = w.
So T is surjective.
<—: Assume T is surjective.
To show: ba) imT C W.
bb) W CimT.
ba) Let x € imT.
Then z = T'(v) for some v € V.
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By the definition of T', T'(v) € W.
SoxeW.
SoimT C W.
bb) Assume xz € W.
Since T is surjective there is a v such that T'(v) = z.
Sox cimT.
SoW CimT.

SoimT=W. O

(3.2.12) Theorem.
a) Let T:V — W be a linear transformation and let K = kerT. Define

T: VikeeT — W
v+ K — T(v).

Then T is a well defined injective linear transformation.

b) Let T:V — W be a linear transformation and define

TV — imT
v = T(v).

Then T' is a well defined surjective linear transformation.

¢) If T:V — W is a linear transformation, then

V/kerT ~imT
where the isomorphism is a vector space isomorphism.

Proof. .
a) To show: aa) T is well defined.
ab) T'is injective.
ac) T is a linear transformation.
aa) To show: aaa) If v € V then T(v+ K) € W. K )
aab) If vy + K = vy + K € V/K then T'(v1 + K) =T (v2 + K).
aaa) Assume v € V. R
Then T(v+ K) = T(v) and T'(v) € W, by the definition of 7" and T'.

aab) Assume v; + K = vy + K.
Then vy = vy + K, for some k € K.
To show: T'(vy + K) = T'(vy + K), i.e.,
To show: T'(v1) = T'(v2).
Since K € ker T', we have T'(k) = 0 and so

T(Ul) = T(’U2 + ]{J) = T(Uz) + T(k‘) = T(Ug).

So T(’Ul + K) = T(UQ + K)
So 7 is well defined.
ab) To show: If T'(v; + K) = T'(vy + K) then v; + K = vy + K.
Assume T'(vy + K) = T(vy + K). Then T'(v1) = T(v3).
So T'(v1) — T'(vz) = 0.
So T'(vy —vg) =0.
So vy —wg € kerT.
So v1 — vg = k, for some k € kerT.
So v1 = v9 + k, for some k € ker T'.
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To show: aba) v; + K C vy + K.
abb) ve + K Cv; + K.
aba) Let v € v; + K. Then v = vy + kq, for some k; € K.
Sov=wvy+k+k €vy+ K,since k+ ki € K.
Sovi + K Cuy+ K.
abb) Let v € v + K. Then v = vy + ko, for some ks € K.
Sov=v1 —k+ky €vy+ K since -k + ky € K.
Sovy,+ K Cv + K.
Sovi + K =v,+ K.
So T' is injective.
ac) To show: aca) If v1 + K,vs + K € V/K then
T(vi+ K)+T(va+ K) =T((v1 + K) + (v2 + K)).
acb) If c€ F and v+ K € V/K then T(C(U+K)) =cT'(v+ K).
aca) Let v + K,vo + K € V/K.
Since T is a homomorphism,

T(vy + K)+T(vs + K) =T(v1) + T(v2)

T(v1 + v2)

= (v1+v2 +K)
(vl—l—K (v2 + K)).

ach) Let ce Fand v+ K € V/K.
Since T is a homomorphism,
T(c(v +K)) = T(cv + K)
T

(cv)
= cT'(v)

T'(v+K).

So T is a linear transformation.
So T is a well defined injective linear transformation.

b) To show: ba) T” is well defined.
bb) T” is surjective.
be) T’ is a linear transformation.

ba) and bb) are proved in Ex. 2.2.3 b), Part I
be) To show: bea) If vy, v € V then T (vy + vg) = T (v1) + T" (v2).
beb) If ¢ € F and v € V then T'(cv) = ¢TI (v).

bca) Let v1,vp € V.
Then, since T is a linear transformation,

T (v1 +v2) = T(vy +v2) = T(v1) + T(vy) =T (v1) + T (v2).

beb)  Let vy,ve € V.
Then, since T is a linear transformation,

T'(cv) = T(cv) = cT'(v) = T (v).

So T" is a linear transformation.
So T" is a well defined surjective linear transformation.

c) Let K =kerT.
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By a), the function

T VIK — W
v+ K — T(v)

is a well defined injective linear transformation.
By b), the function

T V/KE — R im T
v+ K — Tw+K) =T()
is a well defined surjective linear transformation.
To show: ca) i{nT =imT.
cb) T is injective.
ca) To show: caa) im7T C im T.
cab) im7T Cim7.
caa) Let w € imT. R
Then there is some v + K € V/K such that T (v + K) = w.
Let v' e v+ K.
Then v = v + k for some k € K.
Then, since T is a linear transformation and T'(k) = 0,

Sow e imT.
SoimT CimT.
cab) Let w € imT.
Then there is some v € V such that T'(v) = w.
So T'(v+ K) = T(v) = w.
Sow € imT.
Soim 7 C imT.
SoimT =im7.
¢b) To show: If T"(vy + K) = T"(vy + K) then vy + K = vy + K.
Assume 1" (v, + K) = T"(v3 + K).
Then T'(vy + K) = T'(vy + K).
Then, since T is injective, v1 + K = vs + K.
So 1" is injective.

Thus we have

7. V/K — imT
v+ K — T(v)

is a well defined bijective linear transformation. DO
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