Questions for Assignment 4

MAST90017 Representation Theory
Semester 1T 2015
Lecturer: Arun Ram
to be turned in on 27 August 2015 before 5pm

(1) (The GL,-crystal B®*) Let p; be the straight line path to ¢; and let B = {p1,...,pn}

be the GL,-crystal generated by p;. Show that the crystal action on the tensor
product B®* is given by the following:

Fori e {1,...,n — 1} define
fi: Bp)®™ — B(p)®* U{0} and &: B(p1)®* — B(p1)** U {0}
as follows. For b € B(p,)®*,

place +1 under each p; in b,
place —1 under each p;y; in b, and
place 0 under each p;, j # 4,7+ 1.

Ignoring 0Os, successively pair adjacent (41, —1) pairs to obtain a sequence of un-
paired —1s and +1s

-1-17-1-1-1-1-1+4+1+4+1+1 +1
(after pairing and ignoring 0s). Then

f;b = same as b except the letter corresponding to the leftmost unpaired +1 is changed to p;1,

e;b = same as b except the letter corresponding to the rightmost unpaired —1 is changed to p;.

If there is no unpaired +1 after pairing then f;b = 0.
If there is no unpaired —1 after pairing then ¢€;b = 0.

Before launching the general proof do some illustrative small and smallish examples.

(2) (The GL,-crystal B(\)) Let A be a partition with k£ boxes and let

B(A) = {column strict tableaux of shape A}.



The set B()) is a subset of B(g1)®* via the injection

B(\) — B(e,)®*
D —— (the arabic reading of p)
i . in |z’1 |
CYESCEEEEE iAp+1 (01)
— 5i1®5i2®"’®5ik

where the arabic reading of p is €;, ® €;, ® - - - ® g, if the entries of p are iy, 49,.. .,
read right to left by rows with the rows read in sequence beginning with the first
row. Show that this embedding determines a GL,-crystal structure on B()), in
particular that B()\) is closed under the action of é,...,é,_1, f1,..., fa_1. Before
launching the general proof do some illustrative small and smallish examples.

(3) (RSK insertion) Let A be a partition with k£ boxes and let
B(\) = {column strict tableaux of shape A}.

Give (with proof) a crystal isomorphism
BB @ Bl
p/A=0

where the sum is over partitions p obtained from A\ by adding a box. Before launch-
ing the general proof do some illustrative small and smallish examples.

(4) (RSK insertion) Let A be a partition with k£ boxes and let
B(A) = {column strict tableaux of shape A}.

Give (with proof) a crystal isomorphism

BB\ = P B,

p/A=0

where the sum is over partitions p obtained from A by adding a box. Before launch-
ing the general proof do some illustrative small and smallish examples.

(5) (Knuth transformations) Define S-crystal operators on B®* so that the RSK bijec-
tion
B* =~ B B()) @ S(\).
AFk

is a (GL, x Sg)-crystal isomorphism. Before launching the general proof do some
illustrative small and smallish examples.



(6) (The dimension of CSy) Let f* be the number of standard tableaux of shape .

Prove that
KL= ()2
AFE

Before launching the general proof do some illustrative small and smallish examples.

(7) (The character of B®*) Let f)‘ be the number of standard tableaux of shape A.

Prove that, as elements of Clz7, ... 2},

rn

(214 2o+ ) =) P
Ak

Before launching the general proof do some illustrative small and smallish examples.

(8) (The dimension of B®*) Let f* be the number of standard tableaux of shape \. Let

dy be the number of column strict tableaux of shape A filled from {1,...,n}. Prove
that
n* = Z f Ady.
AFk

Before launching the general proof do some illustrative small and smallish examples.

(9) (The Weyl denominator) Let

Clai, ...,z = {f e Clz7, ..., 2" | if w € S, then wf = det(w)f}, and

Clzft,. . o = {f e ClzF!,..., 2] | if w € S, then wf = f},
and let

ap = (i — x;)
1<i<y<n
Show that the map
Clzf', ...,z |V — Clzf?,.. ., p]de
f —> a,f

is an isomorphism of C[z3, ..., 2" modules (C[zi!, ..., 21" acts by left multi-
plication). Before launching the general proof do some illustrative small and smallish

examples.

(10) (The Vandermonde determinant) Show that, as elements of Clxy, ..., x,],

det(a? ) = T (a5 —ay).

1<i<j<n

Before launching the general proof do some illustrative small and smallish examples.



(11)

(12)

(13)

(14)

(The Weyl character formula) Prove that, as elements of C[zy, ..., x,],
Sy = —,
"= detta ;J)

where, as defined in class sy is the character of the GL,-crystal B(\). Before
launching the general proof do some illustrative small and smallish examples.

(The Cauchy identity) Show that, as elements of C[[z1, ..., Tm, Y1, .-, Yml],

L1 - St

=1 j5=1
where s)(z) € Clxy,...,2,] is the Schur function labeled by A in zy,..., 2z, and
sx(y) is the Schur function labeled by A in vy, ..., y, and the sum is over partitions

A with at most min(m,n) rows.

(The dual Cauchy identity) For a partition A, let A’ be the conjugate, or transpose,
partition, obtained by flipping A about the main diagonal. Show that, as elements
of C[[zb e Tms Y1y - - >ym]]>

HH 1+:)31y] ZSA S)\/

i=1 j=1
where s)(z) € Clxy,...,2,] is the Schur function labeled by A in zy,...,z,, and
sy (y) is the Schur function labeled by X in yy, ..., ¥y, and the sum is over partitions

A such that A has at most m rows and X\’ has at most n rows. Before launching the
general proof do some illustrative small and smallish examples.
(The sA[Q—crystal B(Ao)) A partition u = (1, ft2, - . .) is p-reqular if p satisfies:

it ke€Zsy then Card{j|p; =k} <p.

Let
f)% — Z_span{gl’ 52} ~ Z2 and f)]}kg = R—Span{el, 82} = RQ

and let w; = e1, Ag = &9 and
a1 = 2wy and g = —ayg.
For A = A\jgq + Ageq let
(A af) = Ay, and (N, ay) = A1 — Aa.
Let p™ be the straight line path to Ay and let

B(Ay) be the crystal generated by the action of fy and f; on p™,

4



where fo, fl (and éy and é;) are the root operators on paths corresponding to aq
and «q. In other words,

B(Ao) = {fi - fir | k € Zoo, v, ..., i1 € {0,1}}.
Find a bijection between
B(Xg) +— {2-regular partitions}

(If the action of fo and f'l is not clear enough to get going drawing some pictures
of these paths then come ask me.) Before launching the general proof do some
illustrative small and smallish examples.



