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1 Temperley-Lieb algebras

1.1 Generators and relations

The Temperley-Lieb algebra, CTy(n), is the algebra over C given by generators E1, Fa, ..., Fx_1
and relations

EiEj = EjEia if ’Z —j| > 1,
EiFEin1 B = B, and

If
1 1
2]=g¢+q¢'=n  then q=§(n+M), q‘lzﬁ(n— (n? —4),

since ¢> —ng+1 = 0. Then

P (k+1)/2
_¢ a1 k k—2m+41(, 2 m—1
k] = q—q1  2k1 Z <2m_1>n (n" —4) :
m=1
The problem with this expression is that it is not clear that [k] is a polynomial in n with integer
coefficients (which alternate in sign?).
The Iwahori-Hecke algebra Hy(q) is the algebra over C with generators 11, T, ..., T — 1 and

relations
T.T) = TyT, i i - j| > 1,
TTai T = Tip TiTi, £2<i<k—1,
T? = (¢q—q HT; + 1.

There is a surjective algebra homomorphism

¢: Hip(q) — Tr(n) given by o(T;) = E; — ¢! and o(q+ q_l) =n.
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with
ker o = (I;Ti1 T + TiTiq + T Ty + T + Tiq + 1)

Composing with the surjective homomorphism

Hi(q) — Hy(q)
X& s Tpq--- T2T11T2 Ty
i — T;

1.2 Murphy elements
Let us write
T, =E; —q !, sothat X' =1, and X% =T, 1 X 'T; 4
in the Temperley-Lieb algebra. Then define myq,..., my by
my =0 and (g — qil)mj = qif2X“) — ¢ TiXE 1 for2<i<k.
Soling for X*¢ in terms of the m; gives
X% =(q—q g Pmi+q T mg 44 B my) g0,
from which one obtains
gF (X + X2 4o+ X) — glk] = (g — ¢ ) (mp + [2mpy + -+ + [k — 1]my).
Using the definition of X¢ and substituting for X%-1 in terms of the m; gives
(q—q )ym; = ¢ 2X" — g xEi
=q¢ (B —q )X (Bioy —q ') — ¢ iXE
= ¢ B X B — ¢ (B XT T 4+ XOE )
=¢ B ((g— @ Tmi+ ¢ 3 miy o+ @ )+ 2 B
_ qi_3Ei71((q Y my 4 g3 D 4 @) q—2(i—2))
— (=N TImi+ ¢TIy 4+ 7O my) + 2 B
=¢ q—q e IE_imi B — ¢ g — ¢ g T (EBisimisy + mis1Eiq)
+¢ 2+ a7 MNE 1 (@ — a7 (@ 3 W mg 4+ 4+ g7 my) 4 ¢ 202)
—2¢ B 1 ((g— )@ mi g 4 - g7 my) 4 ¢72072)
=¢ q—q e VE_imi B — ¢ g — g T (EBisimis + mis1Biy)
+qi2(g — qil)Ei_1((q (@ Dy @) q72(i72))
since F;_1 commutes with mo, ms,...,m;_1. Thus
mi =q By + qEioimi1 By — (Eimymi—y + mi—1Ei_1)
+ (=g Dmica +q ' miss + ¢ P mig 4+ ¢ T Ymg) By

It seems to me that this formula provides the easiest way to compute m; in terms of the Es. 1

would not be too worried about the coefficients of E1FE4 and EsF, in my looking strange. One

expects diagrams that are equal to their own flip to act a bit differently in mx. Note also that
[4]

[3}—1:m and [3]+1=[2]",



so these are pretty nice g-versions of 2. Let’s have a look at mg and see if we can get an induction
going. It might help to categorize the terms according to what their flip is to see where the next
level is coming from.

For n such that CTy(n) is semisimple, the simple T} (n) are indexed by partitions in the set

Tr = {\F k | X has at most two columns}.
The irreducible CTj(n) modules have seminormal basis
{vr | T is a standard tableau of shape A}

and

Xeipp = 2Ty,
Since ¢(T'(i)) = ¢(T'(i — 1)) — 1 if the boxes T'(i) and T'(i — 1) are in the same column and
c(T(i)) +c(T(i — 1)) = 3 — i if the boxes T'(i) and T'(i — 1) are in different columns it follows
that

2@ g 2eTl-)
m;vr = 1 = CT(Z)UTa
q9—q
where
@) 0, if T(i) and T(i — 1) are in the same column,
C =
r i — 2+ 2¢(T(3))], if T(i) and T(i — 1) are in different columns.

Now we want to define pseudomatrix units in CTy(n) according to the left and right eigenspaces
of the m;. Let
pst € Ls N Ry,

normalized so that the coefficients are in Z[n] with greatest common divisor 1. Then
PSTPUV = YTOUVPSV 5

bstT = Z CS+T+PS+T+;
S+, 17+

psrexpuv = Br-0r-y-Ps+v+,
Ek-+1PSTER+1 = ES+T+05(k)T(k)PSTCk+1

1.3 Examples
Lets start with generic n. First note that

[1] =1, 2] = n, 3] =n? -1, [4] = n(n* —2).
There is an isomorphism

en=1 +— (1) and € = (erenner) = ([2er).

There is an algebra isomorphism

(CTQ(’/Z) — Ml(C) D Ml((C)
1
€12,12 = ﬁellelell = ﬁel — ( 0)
0
611:1_612,12:1_ﬁ€1 — < 1>

22



Abusing notation by identifying CT(n) with M;(C) @& M;(C) with this isomorphism

e (U wt me (M) wt en={( ) facc)

Then
€2€12,12€2 €2€12,12€1 1€2
. 22 | _ (&62 0 >
€2€1 1€12,12€2 €2€1 €2 0 %62
22 22

There is an isomorphism

CTg(n) — MQ((C) & M, ((C)
determined by the elements

e

1 2 1 2 € 2 1 3
3 3 3 2
1 3 1 2 % 3 13
2 3 2 2
1 1
2
3 3
%(612,1262612,12) %(612,126261 1)
2 2
— n(eg 162€12,12) %(61 192¢ 1)
2 2
L=ep 5 1 97¢ 3 13
3 3 2 2
In this basis
1]
n 0 B L 2] 0 1] 0
e1r=(0 0 , e2 = | [3] % , m=|0 0 , me= [0 [3] ,
0 0 0 0
and
a 0 a ai O
CT = 0 a , and CT; = ! = 0 as
az
a a

The special value n = £1, i.e. when [3] =0
We still have that CT; = M;(C) with basis element e;; = 1. Then CTy = M;(C) & M;(C)

with
_ (w(eneren) _ (e
1—e1912 l—e )’

€12,12
e

11
2 2



Then

T U A (P}

inside CT5. Now let’s remove denominators in the basis elements of CT5 and set

When [3] = 0,

and

Rad(CT3) = span{

and

and we introduce

so that

with basis

Rad?(CT3) = span{

3

W = W

L)

W = W
\)

2 P1 9 1 3
3 2
2 P13 13
2 2
[2] [3]61 92 1
3 2
[2] [3]61 3 1
2 2
1 37 P1
2 2
3
1 3°P1 3
2 2
Py 3
2
s =17¢ o
3
=~ M;(C) @ M;(C)
€1 2
3

Py 1
2 2
3 3
3
3
[3]61
2
3
17
2
3
1 2°P1 3
3 2
| 3)
2
1 2
3
1 2
1—e

[\




In the basis

1 2 1 2 P12 1 3
3 3 3 2
Py o3 1 2 P13 1 3
2 3 2 2
(2)
P13 13
2 2
we have
10 11 10
el = 0 0 €9 = 1 1 1= 0 0 s
0 0 1
10 10
my = 0 , may=|( 0 1 )
0 0
and

a2

The special value n = 0, i.e. when [2] = 0.

We still have that CT; = M;(C) with basis element e;; = 1. Remove denominators in the
basis elements of CT5 and set

D12,12 [2]e12,12

When n = 0 then

P22 = =Py 4 and  Rad(CT3) = span{pi2,12},
2 2

and we introduce

2 _
Pi212 = 1

so that CTy/Rad(CTy) = M;(C) with basis element p%)’m. In the basis

P12,12
2
pgz),lz
(o) () me e {(0)]



inside the algebra CT5. with respect to this basis there is a new matrix

2
£ — 62p%2,1262 62]?12,12]?52)71262 _ (n 1) - <O 1)
= 5 : _ _ |
engg),mpm,lzez eg(pg2)’12)262 1 n 1 0
which is not diagonal. In CT3 the basis elements

(2)

pl 2 1 2 P12 1 3
3 3 3 2
(2) (2)
Prrg 1271 31 3
2 3 2 2
P11
2 2
3 3
2 2 2
P12,1262p52),12 p§2),1262pg2),12
P12,12€2P12,12 p12,1262pg22),12
= 1_p(2) _p(2)
1 21 2 1 31 3
3 3 2 2
form a set of matrix units. In this basis
0 1 00 10
€1 = 0 O y €9 = 1 0 s 1= 0 1 s
0 0 1
0 1 -1 0
mo = 0 0 y m3 = 0 -1 )
0 0
a; O a ay a2
CT, = 0 wm and CT2:{<2 a>}: 0 o
al ! ai
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