Lecture 29: Review — Subspace examples

Example V6. Is W = {|x,y,z) € R3 | x4+ y + z = 0} a R-subspace of

R37

A R-subspace of R3 is a subset W C R3 such that

(2) If wi,wp € W then wy +wp € W,

(b) 0e W,

(c) If we W then —w € W,

(d) If we W and c € R then cw € W.

Proof.

(a) Assume wy = |a,b,c) € W and wo = |x,y,z) € W.
Thena+b+c=0and x+y+z=0.
Then wy +ws =|a+ x,b+ y,c+ z) and

(a+x)+(b+y)+(c+z)=(a+b+c)+(x+y+2z)=0+0=0.

Sow; +w, € W,
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0=10,0,0) satisfies0+04+0=10. So 0 € W.
Assume w = |x,y,z) € W.
Then x+y+2z=0.

Then —w =| — x, —y, —2z) and
(—x) + (—y) + (—2) = ~(x +y +2) = —0 = 0.
So—weW.

Assume w = |x,y,z) € W and c € R.
Then x+y+2z=0.
Then cw = |cx, ¢y, cz) and
cx+cy+cz=c(x+y+z)=c-0=0.
Socw e W.
So W is a subspace of R3. ]
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Example V7. Is the line L = {|x,y) € R? | y = 2x + 1} a subspace of
R??
A subspace of R? is a subset L C R? such that

If wi,ws € L then wiy + wy € L,

0el,

If w € L then —w € L,

If we L and c € R then cw € L.

Since 0 =10,0) and 0 #2-0+ 1 then 0 & L.
So L is not a subspace of R?.
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Example V8. Is W = {a;x + a»x? | a1,a» € R} a subspace of R[x]<5?

A subspace of R[x]<z is a subset W C R[x]<> such that
If wi,ws € W then wiy + wp € W,
0e W,
If w e W then —w € W,
If we W and c € R then cw € W.
Proof.
Assume wy = a;x + axx? € W and wy = bix + box? € W.
Then a1,a» € R and by, by € R.

Then
Wi+ Wo = a1X + 32X2 + by x + b2X2 = (81 + al)x + (bl + b2)X2
and a1 + by € R and a» + b, € R.

Sow; +w € W.
0 = Ox + 0x2 satisfies0 c Rand 0 € R. So 0 € W.
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Assume w = aix + arx? € W.
Then a1, a» € R.

Then —w = —(a1x + axx?) = —a;x + (—az)x? and —a; € R and
—ar € R.

So —we W.
Assume w = a1x + a»x®> € W and ¢ € R.
Then a1, a» € R.

Then cw = c(aix + apx?) = (cay)x + (caz)x? and ca; € R and
car € R.

Socw e W.
So W is a subspace of R[x]<>. ]
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Example V9. Is the set of real 2 x 2 matrices whose trace is equal to 0
a subspace of My 2(R)?
A subspace of Myy>(R) is a subset W C My »(RR) such that
If wi,ws € W then wqy + wp € W,
0e W,
If w e W then —w € W,
If we W and c € R then cw € W.
Proof. The set of real 2 x 2 matrices whose trace is equal to O is

a1 a
W = ’ ai1 +ap =05.
{(222) ot am = of

Assume wy = (le 212) c W and wpo = <le 212) e W.
21 a2 21 D22

Then a;1 + a»p = 0 and by; + byy = 0.

aj1 + b1 ap + bio
Then wy + wo = and
' ? (321 + bo1  ax + b22>

(311 + b11) -+ (322 + b22) — (311 + 322) + (b11 + b22) =0+0=0.
Sow; +wy, € W,
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0= (8 8) (0,0,0) satisfies0+0=10. So 0 € W.

di1  ai2
Assume w = c W.
dap1 a?

Then aj1 + axp = 0.

Then —w — — (311 312) _ (—311 _312> nd
ar1 an —d21 —da2
(—a11) + (—ax) = —(a11 + ax») =—-0=0.
So —w e W.
Assume w = (311 312) c W and c € R.
dap1 az
Then a1 + a»» = 0.

(a1 a2\ [cann car
Then cw = ¢ = and
dp1 d22 Cdp1 Carzo
Cail + Cazy = c(all + 322) =c-0=0.

Socw € W.
So W is a subspace of M,,>(R). ]
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Example V10. Is

S = {(i Z) € Mx(R) | ad — bc = O} a subspace of M>(R)?.

A subspace of Mx2(R) is a subset S C My 2(RR) such that
If wi,wo € § then wy + wy € S,
0eS,
If we S then —w € S,
If we S and c € R then cw € S.

Let wy = ((1) 8) Sincel1-0—0-0=0—-—0=0 then wy € S.

Let wr = (8 2) Since0-1—-0-0=0—-0=0 then wn € S.
Then

1 O 0 0 1 O
W1—|—W2<O O)—I_(O 1)(0 1) and 1-1—-0-0=1.

So wy + wy Q S.
So S is not a subspace of Max2(R).
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Lecture 30: Review — Linear transformation examples

Example LT3. Is the functionT: My(R) — R given by

T a b — det a b — ad — bc a linear transformation?
c d c d

A linear transformation from M»(RR) to R is a function f: Mh(R) — R
such that

(a) If vi, v € MQ(R) then f(Vl + V2) = f(Vl) + f(V2),
(b) If c e R and v € My(R) then f(cv) = cf(v).

Since =7(s ) -7((60)< (5 1))

is not equal to
1 0 0 0
O—O—I—O—T<O O>+T(O 1)

then condition (a) does not hold and T is not a linear transformation.
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Example LT4. Is the function T: R3> — R? given by
T(x1,x2,x3) = (x0 — 2x3,3x1 + X3) a linear transformation?

A linear transformation from R3 to R? is a function f: R3 — R? such
that
If u,v € R3 then f(u+ v) = f(u) + f(v),
If c € R and v € R3 then f(cv) = cf(v).
(a) Assume u,v € R3 with u = |uy, up, u3) and v = |v1, va, v3). Then
T(|ug, up, u3) + |vi, vo,v3) = T(|ug + vi,up + vo, u3 + v3))
= |(u2 + vo — 2(u3z 4+ v3),3(u1 + v1) + (u3 + v3))
= |up — 2u3 + vo — 2v3,3u1 + u3 + 3vq + v3)
= |up — 2u3,3u1 + u3) + |vo — 2v3,3vy + v3)
= T(|u1, u2, u3)) + T(|v1, v2,v3))
(b) Assume ¢ € R and u € R3 with u = |uy, up, u3). Then

T(c-|u,up,u3)) = T(|cuy, cun, cus)) = |cup — 2cus, 3cur + cus)
= clup — 2u3,3u1 + u3) = cT(|ur, Uz, u3)).

So T is a linear transformation.
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Lecture 31: Review — Span examples

Example V12, In R3, is |1,2,3) € R-span{|1,—1,2),| —1,1,2)}7?

By definition R-span{|1,—1,2),|—1,1,2)}
={all,-1,2) + | -1,1,2) | c1, & € R}.

So we need to show that there exist ¢1, co € R such that

1,2,3) = c1]1,—1,2) + | 1,1, 2).

C1 — O = 1,
So we need to show that the system —c; + ¢ = 2, has a solution.
2c1 + 2¢c = 3,
2 2 . 3
In matrix form the equationsare | 1 —1 ( 1) =11
1 1)\ 2
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Left multiply both sides by

2 2 .
to get —1 1 (c1> =
0 0/ \*

_ O O
_ = O
W N W

1
0
0

Already this gives an equation Oc; 4+ 0c; = 3, which has no solution.

So [1,2,3) € R-span{|1,—1,2) and | —1,1,2)}.

So |1,2,3) is not a linear combination of |1, —1,2) and | —1,1,2).

So [1,2,3) € R-span{|1,—1,2),| —1,1,2)}. []
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Example V13. In R[x]<2, is 1 — 2x — x? € R-span{1 + x + x2,3 + x*}?
By definition R-span{1 4 x + x2,3 + x*}

={ca(1+x+x°)+ 3+ x2) | cicr € R}
So we need to show that there exist ¢1, o € R such that

a(l+x+x3)+a(3+x%)=1—-2x—x°.
c1+3c =1,
So we need to show that the system ¢; + 0c; = —2, has a solution.
c1+co=-1,
In matrix form the equations are
1

el e
_ O W
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Left multiply both sides by

0 1 O
1 -1 0 to get
0 0 1

—

()
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Left multiply both sides by

1 0 O 1 1 c —1

0 —1 0] toget [0 1 (Cl) = | 1

0 0 1 0 0/ \7? 0
Left multiply both sides by

1 -1 0 1 0 . —2

0 1 O to get 0 1 (cl) =11

0 0 1 0 0/ \? 0
Soc; = —2 and ¢ = 1 is a solution.

So 21+ x+x?)+(3+x%)=1—-2x— x°
So 1 —2x — x? € R-span{1 + x + x2,3 + x?}.
So 1 —2x — x? is a linear combination of 1 + x 4+ x° and 3 + x°. []
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Example V14. Let S be the subset of R3 given by
5$=1{(1,1,1),(2,2,2),(3,3,3)}. Determine R-span(S).
In this case

R-span(S) ={c1|1,1,1) + ©12,2,2) + c33,3,3) | c1, 2, c3 € R}
={|1,1,1) +2¢|1,1,1) +3c3|1,1,1) | c1, 2, c3 € R}
={(c1 + 2 +3c3)|1,1,1) | c1, 0,3 € R}
={t|1,1,1) | t e R}
={|t,t,t) | t € R}.
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Example V15. Let S be the subset of R? given by
S={|1,-1),]2,4)}. Show that span(S) = R?.

Proof. By definition R-span(S) = {c1|1, —1) + 2|2,4) | c1, & € R}.
To show: (a) R-span(S) C R?

(b) R? C R-span(S).
(a) Since S C R? and R? is closed under addition and scalar
mutliplication then R-span(S) C R?.
(b) To show: R? C R-span(S).
To show: R-span{|1,0),|0,1)} C R-span(S).
Since R-span(S) is closed under addition and scalar multiplication, we
can show {|1,0),(0,1)} C R-span(5).
To show: There exist ¢1, ¢, di,d> € R such that

all,—1) + o)2,4) = |1,0) and di|l, —1) + da|2,4) = |0, 1).
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To show: There exist ¢1, ¢», di,dr € R such that

(L)@ 2)-=01)

Since , .
(58 7))
—1 4 G 0 1

2|1, —1) + £/2,4) = [1,0), and

then

So |1,0) € R-span(S) and |0,1) € R-span(S).
So R-span{|1,0),|0,1)} C R-span(S).

So R? C R-span(S).

So R-span(S) = R?.
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Example V16. Let S be the subset of R3 given by
S=1{|1,2,0),]1,5,3),]0,1,1)}.  Show that span(S) = R3.
Proof. By definition

R-span(S) = {c1]1,2,0) + ¢|1,5,3) + ¢3|0,1,1) | a1, ¢, c3 € R}

To show: (a) R-span(S) C R3
(b) R® C R-span(S).

Since S C R3 and R3 is closed under addition and scalar
multiplication then R-span(S) C R3.

To show: R3 C span(S).

To show: R-span{|1,0,0),|0,1,0),|0,0,1)} C span(S).

Since R-span(S) is closed under addition and scalar multiplication,
To show: {|1,0,0),|0,1,0),|0,0,1)} C R-span(S).
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To show: There exist ¢, ¢, c3,d1,d>,d3, 1, m, 3 € R such that

C1’1,2,0>—|—C2’1,5,3>—|—C3 0,1,1> — 1,0,0>,
d1’1,2,0>—|—d2‘1,5,3>—|—d3 0,1,1> = 0,1,0>,
r1\1,2,0>—|—r2|1,5,3>+r3 0,1,1> = 0,0,1>,

To show: There exist ¢, ¢, c3,d1,d>,d3, 1, rn, r3 € R such that

1 1 0 C1 d1 5] 1 0 O
2 b 1 Co d2 ) = 0 1 0
0 3 1 C3 d3 r3 0 0 1
Multiply both sides by
1 0 O 1 1 O C1 d1 " 1 =2 0
—2 1 0] toget ([0 3 1 c d ]| =10 1 0
0 0 1 0 3 1 C3 d3 r3 0 0 1
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Multiply both sides by

1 0 O 1 1 0 ct di n 1 -2 0
0 1 0| toget {0 3 1 c d» | =10 1 0
0 —1 1 0 0 O C3 d3 r3 0 —1 1

Since the bottom row on the left hand side is all 0 and the bottom
row on the right hand sides is not all 0 then there do not exist
C1,C2,C3,d1,dr,d3, ri, rn,r3 € R such that

1 1 0 C1 dl 5] 1 0 O
2 5 1 Co d2 g) = 0 1 O
0 3 1 C3 d3 r3 0 0 1

So {|1,0,0),/0,1,0),]0,0,1)} & R-span(S).
So span(S) # R2. ]
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Example V17. Let S be the subset of R[x]<> given by
S ={1+x+x%x%}). Show that span($S) = R|[x]«o.
Proof. By definition
R-span(S) = {ci(1 + x + x?) + &x® | a1, € R}.

To show: (a) span(S) C R[x|<>
(b) Rlx]<2 € R-span($).

Since S C R[x]«2 and R|x|«> is closed under addition and scalar
multiplication then R-span(S5) C R|x]<>.

To show: R[x]<2> C R-span(S5).

To show: R-span{1, x,x?} C R-span(S).

Since R-span(S) is closed under addition and scalar multiplication,
To show: {1, x,x?} C R-span(S).
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To show: There exist ¢, ¢», di,db, ri, » € R such that

c1(1 —|—X—|—X2) + ox? =1, di(1 —|—X—|—X2) + dhx? = x,

and
rn(l + x4+ x°) 4+ nx? = x°.

To show: There exist ¢, ¢, di,do, ri, » € R such that

1
(Cl d1 rl) _ 0
Co d2 ) 0

O = =
= O O

Multiply both sides by

0 0 o di oy 1
toget |1 O (cl dl r1> =10

o O
O = =
= O O
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Since the top row on the left hand side is all 0 and the top row on
the right hand sides is not all 0 then there do not exist
C1,Cp,d1,d>, 1, € R such that

C1 dl ny
o d n)
So {1, x,x%} Z R-span(S).

So R-span{1, x,x?} Z R-span(S).

So R[x]<2 € R-span(S5).
So R-span(S) # R|x]<o2. ]

_ =
_ O O
O O ==
o = O
= O O
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Lecture 32: Review — Linear independence examples

Example V18a Let S be the subset of C3 given by
S ={]2i,—-1,1),| —6,—3/,3i)}. Is S C-linearly independent?

To show: If ¢;, ¢ € C and ¢ |2/, —1,1) 4+ ¢»|—6,—3/,3i) = |0,0,0)
then ¢c; =0, o = 0.

Assume ¢, € C and ¢ [2i,—1,1) + ¢|—6,—3i,3i) =0,0,0).
Then

21'C1 — 6C2 = O, 21 —6 c 0
—c1 — 3ico =0, or equivalently -1 -3 <c1> =10
¢ + 3ic, = 0, 1 3 2 0

Skipping the row reduction steps (DON'T skip the row reduction steps
on an exam or an assignment!), this system has solutions

C1 o 0 —3i .
(2) = Q) ++( ). wance

So ¢c; =0, ¢ = 0 is not the only solution.

So S is not linearly independent.
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Example V18b. Let B be the subset of R3 given by
B =1{]2i,—1,1),]4,0,2)}. Is B linearly independent?

To show: If ¢, € C and ¢ |2, —1,1) + »]4,0,2) =|0,0,0) then
ct =0, o =0.

Assume ¢1, ¢ € C and ¢ |2/, —1,1) + ¢»]4,0,2) = 0,0, 0)

Then

2ic1 +4¢c, =0, 21 4 . 0
—c1 +0c =0, or equivalently -1 0 (c1> =10
¢ +2c =0, 1 2/ \7 0

Skipping the row reduction steps (DON'T skip the row reduction steps
on an exam or an assignment!), this system has only one solution

1 = O, Cr = 0.

So S is linearly independent.
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Example V19. Let S be the subset of R3 given by
S =1{(2,0,0),(6,1,7),(2,—1,2)}. Is S linearly independent?

To show:

If c1,c0,c3 € R and ¢ |2,0,0> + C2‘6, 1,7> -+ C3‘2, —].,2> — ‘0,0,0>
thenc; =0, & =0, c3 = 0.

Assume c¢i, ¢, c3 € R and

c112,0,0) + ¢(6,1,7) + c3|2,—1,2) = 10,0,0).

Then
2c1 + 60 + 2¢c3 = 0, 2 6 2 C1 0
co —c3 =0, orequivalently |0 1 -1 o]l =10
(o +2c3 =0, o 7 2 C3 0

Skipping the row reduction steps (DON'T skip the row reduction steps
on an exam or an assignment!), this system has only one solution:
C1:0, CQZO, C3:O.

So S is linearly independent.

283



Example V20&26. Let S be the subset of R[x]<, given by
S={1+2x+5x*14+x+x*14+2x+3x%}. Is S a basis of R[x]<2?

To show: If ¢1, ¢, c3 € R and

c1(1+2x +5x2) + (1 + x + x?) + c3(1 + 2x + 3x?) =0
then c; =0, o =0, c3 = 0.

Assume c¢i, ¢, c3 € R and

c1(1+2x 4+ 5x2) + (1 + x + x?) + c3(1 + 2x + 3x%) = 0.
Then

c1+ ¢+ c3=0, 1 1 1 C1 0
2c1 + o +2c3 =0, or, equivalently, |2 1 2 ol =10
5¢1 + ¢ + 3¢ =0, 5 1 3 C3 0

Skipping the row reduction steps (DON'T skip the row reduction steps
on an exam or an assignment!), this system has only one solution:
C1:O, C2:O, C3:O.

So S is linearly independent.

Since dim(R[x]<2) = 3 and S contains 3 linearly independent elements
then B is a basis for R[x]<».
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