Lecture 30: Review — Linear transformation examples

Example LT3. Is the functionT: My(R) — R given by

T a b — det a b — ad — bc a linear transformation?
c d c d

A linear transformation from M»(RR) to R is a function f: Mh(R) — R
such that

(a) If vi, v € MQ(R) then f(Vl + V2) = f(Vl) + f(V2),
(b) If c e R and v € My(R) then f(cv) = cf(v).

Since =7(s ) -7((60)< (5 1))

is not equal to
1 0 0 0
O—O—I—O—T<O O>+T(O 1)

then condition (a) does not hold and T is not a linear transformation.
265



Example LT4. Is the function T: R3> — R? given by
T(x1,x2,x3) = (x0 — 2x3,3x1 + X3) a linear transformation?

A linear transformation from R3 to R? is a function f: R3 — R? such
that
If u,v € R3 then f(u+ v) = f(u) + f(v),
If c € R and v € R3 then f(cv) = cf(v).
(a) Assume u,v € R3 with u = |uy, up, u3) and v = |v1, va, v3). Then
T(|ug, up, u3) + |vi, vo,v3) = T(|ug + vi,up + vo, u3 + v3))
= |(u2 + vo — 2(u3z 4+ v3),3(u1 + v1) + (u3 + v3))
= |up — 2u3 + vo — 2v3,3u1 + u3 + 3vq + v3)
= |up — 2u3,3u1 + u3) + |vo — 2v3,3vy + v3)
= T(|u1, u2, u3)) + T(|v1, v2,v3))
(b) Assume ¢ € R and u € R3 with u = |uy, up, u3). Then

T(c-|u,up,u3)) = T(|cuy, cun, cus)) = |cup — 2cus, 3cur + cus)
= clup — 2u3,3u1 + u3) = cT(|ur, Uz, u3)).

So T is a linear transformation.
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Lecture 31: Review — Span examples

Example V12, In R3, is |1,2,3) € R-span{|1,—1,2),| —1,1,2)}7?

By definition R-span{|1,—1,2),|—1,1,2)}
={all,-1,2) + | -1,1,2) | c1, & € R}.

So we need to show that there exist ¢1, co € R such that

1,2,3) = c1]1,—1,2) + | 1,1, 2).

C1 — O = 1,
So we need to show that the system —c; + ¢ = 2, has a solution.
2c1 + 2¢c = 3,
2 2 . 3
In matrix form the equationsare | 1 —1 ( 1) =11
1 1)\ 2
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Left multiply both sides by

2 2 .
to get —1 1 (c1> =
0 0/ \*

_ O O
_ = O
W N W

1
0
0

Already this gives an equation Oc; 4+ 0c; = 3, which has no solution.

So [1,2,3) € R-span{|1,—1,2) and | —1,1,2)}.

So |1,2,3) is not a linear combination of |1, —1,2) and | —1,1,2).

So [1,2,3) € R-span{|1,—1,2),| —1,1,2)}. []
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Example V13. In R[x]<2, is 1 — 2x — x? € R-span{1 + x + x2,3 + x*}?
By definition R-span{1 4 x + x2,3 + x*}

={ca(1+x+x°)+ 3+ x2) | cicr € R}
So we need to show that there exist ¢1, o € R such that

a(l+x+x3)+a(3+x%)=1—-2x—x°.
c1+3c =1,
So we need to show that the system ¢; + 0c; = —2, has a solution.
c1+co=-1,
In matrix form the equations are
1

el e
_ O W
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Left multiply both sides by

0 1 O
1 -1 0 to get
0 0 1

—

()
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Left multiply both sides by

1 0 O 1 1 c —1

0 —1 0] toget [0 1 (Cl) = | 1

0 0 1 0 0/ \7? 0
Left multiply both sides by

1 -1 0 1 0 . —2

0 1 O to get 0 1 (cl) =11

0 0 1 0 0/ \? 0
Soc; = —2 and ¢ = 1 is a solution.

So 21+ x+x?)+(3+x%)=1—-2x— x°
So 1 —2x — x? € R-span{1 + x + x2,3 + x?}.
So 1 —2x — x? is a linear combination of 1 + x 4+ x° and 3 + x°. []
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Example V14. Let S be the subset of R3 given by
5$=1{(1,1,1),(2,2,2),(3,3,3)}. Determine R-span(S).
In this case

R-span(S) ={c1|1,1,1) + ©12,2,2) + c33,3,3) | c1, 2, c3 € R}
={|1,1,1) +2¢|1,1,1) +3c3|1,1,1) | c1, 2, c3 € R}
={(c1 + 2 +3c3)|1,1,1) | c1, 0,3 € R}
={t|1,1,1) | t e R}
={|t,t,t) | t € R}.
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Example V15. Let S be the subset of R? given by
S={|1,-1),]2,4)}. Show that span(S) = R?.

Proof. By definition R-span(S) = {c1|1, —1) + 2|2,4) | c1, & € R}.
To show: (a) R-span(S) C R?

(b) R? C R-span(S).
(a) Since S C R? and R? is closed under addition and scalar
mutliplication then R-span(S) C R?.
(b) To show: R? C R-span(S).
To show: R-span{|1,0),|0,1)} C R-span(S).
Since R-span(S) is closed under addition and scalar multiplication, we
can show {|1,0),(0,1)} C R-span(5).
To show: There exist ¢1, ¢, di,d> € R such that

all,—1) + o)2,4) = |1,0) and di|l, —1) + da|2,4) = |0, 1).
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To show: There exist ¢1, ¢», di,dr € R such that

(L)@ 2)-=01)

Since , .
(58 7))
—1 4 G 0 1

2|1, —1) + £/2,4) = [1,0), and

then

So |1,0) € R-span(S) and |0,1) € R-span(S).
So R-span{|1,0),|0,1)} C R-span(S).

So R? C R-span(S).

So R-span(S) = R?.
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Example V16. Let S be the subset of R3 given by
S=1{|1,2,0),]1,5,3),]0,1,1)}.  Show that span(S) = R3.
Proof. By definition

R-span(S) = {c1]1,2,0) + ¢|1,5,3) + ¢3|0,1,1) | a1, ¢, c3 € R}

To show: (a) R-span(S) C R3
(b) R® C R-span(S).

Since S C R3 and R3 is closed under addition and scalar
multiplication then R-span(S) C R3.

To show: R3 C span(S).

To show: R-span{|1,0,0),|0,1,0),|0,0,1)} C span(S).

Since R-span(S) is closed under addition and scalar multiplication,
To show: {|1,0,0),|0,1,0),|0,0,1)} C R-span(S).
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To show: There exist ¢, ¢, c3,d1,d>,d3, 1, m, 3 € R such that

C1’1,2,0>—|—C2’1,5,3>—|—C3 0,1,1> — 1,0,0>,
d1’1,2,0>—|—d2‘1,5,3>—|—d3 0,1,1> = 0,1,0>,
r1\1,2,0>—|—r2|1,5,3>+r3 0,1,1> = 0,0,1>,

To show: There exist ¢, ¢, c3,d1,d>,d3, 1, rn, r3 € R such that

1 1 0 C1 d1 5] 1 0 O
2 b 1 Co d2 ) = 0 1 0
0 3 1 C3 d3 r3 0 0 1
Multiply both sides by
1 0 O 1 1 O C1 d1 " 1 =2 0
—2 1 0] toget ([0 3 1 c d ]| =10 1 0
0 0 1 0 3 1 C3 d3 r3 0 0 1
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Multiply both sides by

1 0 O 1 1 0 ct di n 1 -2 0
0 1 0| toget {0 3 1 c d» | =10 1 0
0 —1 1 0 0 O C3 d3 r3 0 —1 1

Since the bottom row on the left hand side is all 0 and the bottom
row on the right hand sides is not all 0 then there do not exist
C1,C2,C3,d1,dr,d3, ri, rn,r3 € R such that

1 1 0 C1 dl 5] 1 0 O
2 5 1 Co d2 g) = 0 1 O
0 3 1 C3 d3 r3 0 0 1

So {|1,0,0),/0,1,0),]0,0,1)} & R-span(S).
So span(S) # R2. ]
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Example V17. Let S be the subset of R[x]<> given by
S ={1+x+x%x%}). Show that span($S) = R|[x]«o.
Proof. By definition
R-span(S) = {ci(1 + x + x?) + &x® | a1, € R}.

To show: (a) span(S) C R[x|<>
(b) Rlx]<2 € R-span($).

Since S C R[x]«2 and R|x|«> is closed under addition and scalar
multiplication then R-span(S5) C R|x]<>.

To show: R[x]<2> C R-span(S5).

To show: R-span{1, x,x?} C R-span(S).

Since R-span(S) is closed under addition and scalar multiplication,
To show: {1, x,x?} C R-span(S).
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To show: There exist ¢, ¢», di,db, ri, » € R such that

c1(1 —|—X—|—X2) + ox? =1, di(1 —|—X—|—X2) + dhx? = x,

and
rn(l + x4+ x°) 4+ nx? = x°.

To show: There exist ¢, ¢, di,do, ri, » € R such that

1
(Cl d1 rl) _ 0
Co d2 ) 0

O = =
= O O

Multiply both sides by

0 0 o di oy 1
toget |1 O (cl dl r1> =10

o O
O = =
= O O
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Since the top row on the left hand side is all 0 and the top row on
the right hand sides is not all 0 then there do not exist
C1,Cp,d1,d>, 1, € R such that

C1 dl ny
o d n)
So {1, x,x%} Z R-span(S).

So R-span{1, x,x?} Z R-span(S).

So R[x]<2 € R-span(S5).
So R-span(S) # R|x]<o2. ]

_ =
_ O O
O O ==
o = O
= O O
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