Lecture 32: Review — Linear independence examples

Example V18a Let S be the subset of C3 given by
S ={]2i,—-1,1),| —6,—3/,3i)}. Is S C-linearly independent?

To show: If ¢;, ¢ € C and ¢ |2/, —1,1) 4+ ¢»|—6,—3/,3i) = |0,0,0)
then ¢c; =0, o = 0.

Assume ¢, € C and ¢ [2i,—1,1) + ¢|—6,—3i,3i) =0,0,0).
Then

21'C1 — 6C2 = O, 21 —6 c 0
—c1 — 3ico =0, or equivalently -1 -3 <c1> =10
¢ + 3ic, = 0, 1 3 2 0

Skipping the row reduction steps (DON'T skip the row reduction steps
on an exam or an assignment!), this system has solutions

C1 o 0 —3i .
(2) = Q) ++( ). wance

So ¢c; =0, ¢ = 0 is not the only solution.

So S is not linearly independent.
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Example V18b. Let B be the subset of R3 given by
B =1{]2i,—1,1),]4,0,2)}. Is B linearly independent?

To show: If ¢, € C and ¢ |2, —1,1) + »]4,0,2) =|0,0,0) then
ct =0, o =0.

Assume ¢1, ¢ € C and ¢ |2/, —1,1) + ¢»]4,0,2) = 0,0, 0)

Then

2ic1 +4¢c, =0, 21 4 . 0
—c1 +0c =0, or equivalently -1 0 (c1> =10
¢ +2c =0, 1 2/ \7 0

Skipping the row reduction steps (DON'T skip the row reduction steps
on an exam or an assignment!), this system has only one solution

1 = O, Cr = 0.

So S is linearly independent.
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Example V19. Let S be the subset of R3 given by
S =1{(2,0,0),(6,1,7),(2,—1,2)}. Is S linearly independent?

To show:

If c1,c0,c3 € R and ¢ |2,0,0> + C2‘6, 1,7> -+ C3‘2, —].,2> — ‘0,0,0>
thenc; =0, & =0, c3 = 0.

Assume c¢i, ¢, c3 € R and

c112,0,0) + ¢(6,1,7) + c3|2,—1,2) = 10,0,0).

Then
2c1 + 60 + 2¢c3 = 0, 2 6 2 C1 0
co —c3 =0, orequivalently |0 1 -1 o]l =10
(o +2c3 =0, o 7 2 C3 0

Skipping the row reduction steps (DON'T skip the row reduction steps
on an exam or an assignment!), this system has only one solution:
C1:0, CQZO, C3:O.

So S is linearly independent.
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Example V20&26. Let S be the subset of R[x]<, given by
S={1+2x+5x*14+x+x*14+2x+3x%}. Is S a basis of R[x]<2?

To show: If ¢1, ¢, c3 € R and

c1(1+2x +5x2) + (1 + x + x?) + c3(1 + 2x + 3x?) =0
then c; =0, o =0, c3 = 0.

Assume c¢i, ¢, c3 € R and

c1(1+2x 4+ 5x2) + (1 + x + x?) + c3(1 + 2x + 3x%) = 0.
Then

c1+ ¢+ c3=0, 1 1 1 C1 0
2c1 + o +2c3 =0, or, equivalently, |2 1 2 ol =10
5¢1 + ¢ + 3¢ =0, 5 1 3 C3 0

Skipping the row reduction steps (DON'T skip the row reduction steps
on an exam or an assignment!), this system has only one solution:
C1:O, C2:O, C3:O.

So S is linearly independent.

Since dim(R[x]<2) = 3 and S contains 3 linearly independent elements
then B is a basis for R[x]<».
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Example V21. Let S be the subset of M,(IR) given by

1 3 —2 1 1 10
— ' ' ?
S {(1 1) : ( ] _1) , <4 5 ) } : Is S linearly independent

To show: If ¢1, ¢, c3 € R and

13\ (=2 1) (1 10\ _(0 0
“Ul1 1) 72\ 1 —1)7%\a 2) 7 \o o

then ci =0, ¢ =0, cg = 0.
Assume c1, ¢, c3 € R and

1 3 2 1 1 10\ [0 O
aly 1)7t2l1 —1)7T%\a 2)=\o o/

Then
c1 — 20+ c3 =0, (1 —2 1\ - 0
Sa + ¢+ 106 =0, or, equivalentl 5 110 ol =1|0
c1+ ¢ +4c =0, &4 Y 1 1 4 2]~ 0

c1 — & +2c3 =0, \1 —1 2) -
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Skipping the row reduction steps (DON'T skip the row reduction steps

on an exam or an assignment!), this system has solutions

C1 0 —3
ol=10]l+t| 1], with t € R.
C3 0 —1

Soc; =0, ¢ =0, cg =0 is not the only solution.
So S is not linearly independent.

Here is a check that c; = —3, ¢ = 1, c3 = —1 is a solution:

=006 D)0 )+

)
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Lecture 33: Review — Basis examples

Example V23. Is S = {(1,-1),(2,4)} a basis of R??
Let

() e (D)
TAIO-0 e -0

So S is linearly independent.

If |a, b) € R? then |a, b) = c1|1, —1) + c|2,4), where

c 2 I\ /a a—zb
(2)-G D)6 p)
2 6 6 69 T 5
So R? C R-span(S). Since S C R? and R? is closed under addition and
scalar multiplication then R-span(S) C R?. So R-span(S) = R?.

So S is a basis of R2.
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1 O 0 1 0 0 .
Example V24. Is S = {(O _1) , (O O) : (1 O)} a basis of

{Ae My(R) | Tr(A) =0}7

If ¢1,c,c3 € R and

1 0\, _ (0 1)y _(00)y_(0o0
“Clo -1/ 720 o) 7%\1 0/ " \o o

C1 (@) 0 O ‘1= O’
s —ca) \0 0 and @=%
3 L C3 — 0.

So S is linearly independent.

then
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Then

{A € Mx(R) | Tr(A) = 0}

/\\

)
ai1  a
| a11,312,a21,a2 € Rja;1 +a»n =0
a1 a»

(6
) ‘ C1,C2,C3 ER}

( 1 0 + 0 1 + 0 0 ‘ cR

= span(S).

\
-

[
,A

N\
S o

/\\

So S is a basis of {A € My(R) | Tr(A) = 0}.
Example V25. Is

{0 C L) e

Since Eq1, Eip, Ex1, Exp is a basis of My(R) then dim(M,(R)) = 4.

Since S contains only 3 elements then S is not a basis of M,(R).
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